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FOREWORD 


With the rapid maturity of reactor technology and its growing application 
to industrial power reactors, there has developed an urgent need for a com¬ 
prehensive and critical compilation of nuclear engineering data. At the re¬ 
quest of Dr. L. R. Hafstad, Director of Reactor Development, and in accord 
with an over-all program for the organization and consolidation of AEC- 
developed technical information, the Commission’s Technical Information 
Service has issued this Reactor Handbook for convenient reference use by 
scientists and engineers engaged on AEC reactor projects. 

The material presented in this first edition of the Handbook represents 
the efforts of specialists in the various areas of reactor science and tech¬ 
nology, and summarizes the accomplishments of the Commission’s nuclear 

reactor program to date. Future editions are planned as continuing advances 
in this field may require. 

The Commission extends its appreciation to all participants in the Re- 
actor p ro g ram for the time and effort expended in the completion of this 


Lewis L. Strauss 
Chairman 


United States Atomic Energy Commission 
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REVIEW BOARD PREFACE 


The Review Board was appointed by the Director of the Reactor Devel¬ 
opment Division in December of 1951. The Board found itself in agreement 
with the objective of preparing a reactor handbook at an early date, although 
it was recognized that this placed the effort under a considerable handicap as 
did the necessity of combining the efforts of numerous author groups. 

The Board instituted a mechanism for review of the material as pre¬ 
pared by the author groups. In the work of review the members of the Board 
called upon many individuals in the various Laboratories for critical com¬ 
ments. Without this assistance the review could not have been performed in 
the two or three weeks usually available, and the members of the Board ex¬ 
press their indebtedness and thanks to these reviewers. 

The general format of the Handbook received consideration and the re¬ 
sult is recognized as a compromise of what is most desirable in a handbook 
and what is practical under the present circumstances. 

The ultimate success of the Handbook will depend a great deal upon the 
refinements in subject matter and presentation which will come about in sub¬ 
sequent revisions. It is expected that such revisions will profit enormously 
from suggestions from the users of the Handbook. 

To the Editorial Coordinator, John F. Hogerton, to Donald F. Mastick 

who represented the Technical Information Service, and to William W Gal 

breath who served as secretary, the Board expresses its appreciation’for a 

cordial working relationship. Above all, thanks are due to the various author 

groups who made the task of review easier by their patience in receiving 
criticism and suggestions. K 


THE REVIEW BOARD 


Harvey Brooks 
Paul F. Gast 
John P. Howe 


Stephen Lawroski 
Miles C. Leverett 
W. H. Zinn, Chairman 




EDITORIAL PREFACE 


The purpose of the Reactor Handbook is to provide a condensed source of 
reliable data and reference information for those working in the reactor field 
Work on this first edition, jointly sponsored by the Division of Reactor Devel 
opment and the Technical Information Service, started in January 1952 with 
a fifteen-month publishing target. The authors, most of whom had heavy’proj¬ 
ect commitments, had one month in which to plan their work, and three months 
to a year in which to survey the field and prepare their compilation. Those 
preparing large sections were called upon to submit their material in parts 
and were allowed on the average of one month for reworking a given part after 
review The Review Board had the difficult task of reviewing the Handbook 
material in random increments, with two to three weeks in which to review a 
given increment. The schedule did not permit a second review following the 
author s reworking. The editors had from one to three weeks in which to pre- 

at Oak Ridee materlal for the Polisher. To distribute the publisher’s load 
at Oak Ridge, parts of sections were put into the publishing machinery while 
other parts were still in preparation by the authors. 

To meet the schedule, it was necessary to make certain compromises 
which should be noted here: ^ 

1. A somewhat arbitrary approach has necessarily been taken nn th*> 

™ mrti- rrsr ~» t* ■ a “ ,, “ ^ 

however, source identification is restricted Drimirii references are given; 

been taken intact from project reports or the open literature ° r f ' gUreS WhiCh HaVe 

of hmu 3 : .n ssru wouw r - - - 

interest primarily to “scientists “ and tho p u k ^ d ^ are considered to be of 
considered to be of interest primarily m ’VnXers ” An^ternm T'l ““ ** 

8 ln the ^ of tawes - d —zz 

early ~ “~ 

is felt that this practice can and should be extended^ to'" ^ Pr ° dUCed with e rid “ d « 

m the present edition of the Handbook each vlme °' 7 
rately. The organization is the same throughout SecTi mdeXed Sepa ~ 
consecutively within a volume- chapters enn* ♦ f ctlons are numbered 

figures, tables, and formulae executively within mpiTr^" “ SeCti ° n: ^ 
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EDITORIAL PREFACE 


The first edition combines elements of a “Handbook of Chemistry and 
Physics, ' a Marks’ “Mechanical Engineer’s Handbook,” a Mellor’s “Treatise 
on Inorganic Chemistry," and an industrial data book. This result is in some 
degree inherent in a work that cuts across a number of scientific and engi¬ 
neering disciplines; however, greater unity of presentation should be possi¬ 
ble in future editions. 

The editors are most appreciative of the attention their problems have 
received from the Review Board and the author groups, and from Alberto F. 
Thompson and Donald F. Mastick of the AEC staff. They are most apprecia¬ 
tive^ also, of the cooperation of William W. Galbreath of ANL, W. H. Sullivan 

°,°™ L * nd Dennis p ^eston of BNL, who did much to advance the Handbook 
effort at their respective sites, and of R. L. Cummins, E. C. Schulte, and their 
publishing personnel in the Technical Information Service at Oak Ridge. 


John F. Hogerton and Robert C. Grass 
VITRO CORPORATION OF AMERICA 
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Author’s Preface 


1 th ,; rrrrrx- sssl-ss r; r'r - 1 n? 

:=i“r“:”'r"s^i~rr^HF^r“‘ 

a mutual effort ’ as a llrst small contribution to 

r“- ~ =35 S E=r 

discussion of “Collision Reactions " ’ particularl y ™ the 

5 “!“““' N “»«^ :rr-' 

ss 1 ,r:i?st ixt *? c r*-- ■»■"■ ■■ 
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CHAPTER 1.1 


Experimental Methods 


Ira Pullman 


NEUTRON SOURCES 

NEUTRONS FROM NATURAL ALPHA EMITTERS 

Neutrons can be produced by bombarding many of the light elements with alpha particles 
which are emitted by some of the natural radioactive elements. This is the oldest, cheap¬ 
est, easiest, most reliable, and most compact method for obtaining neutrons with energies 
up to 13 mev and average intensity of 10' neutrons/sec. 1 Neutron yields obtained from 
thick* targets of various elements using alpha particles of 5.3 mev from a polonium source 
are given in Table 1.1.1. Beryllium furnishes the highest yield; the main reaction is: 

Be 8 + He* — C 12 + n l + 5.76 mev (1) 

The neutron yields obtained by bombarding Be with alpha particles from U and Ra and its 
decay products are listed in Table 1.1.2. 


Ra-Be SOURCES 


The Ra-or-Be source is the most common type. A very compact form can be produced 

by slurrying finely ground beryllium powder in an aqueous solution of radium bromide 

evaporating to dryness, and compressing the residual powder into pellet form. A pressure 

of 10 tons/sq in. yields a density of 1.75 gm/cm 1 . The pellet is then sealed in a gas-tight 
metal container to confine the radon decay product. 

Because of the slow accumulation of the alpha-emitting decay products of radium the 
intensity takes a few weeks to reach a steady state. The rate of increase is given approxi- 


1 + 5 


A = A 


( 1 - exp - o) 


6 


( 2 ) 


where: A 0 = equilibrium intensity 

t = time in days after sealing 

eaumbrC ed ih that ^ Ra /' pha rays contribute one sixth of all the neutrons produced 
equilibrium, the source decays with the half-life of Ra”' 1600 yr 

maui e y by: enBth * ‘ ** * fUnCti ° n ° f by weight is given approxi- 


At 


*' ™ Ck ” means here of sufficient size to stop all a-particles. 
References appear at end of chapter. 
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Table 1.1.1 — Po-a Neutron Yields from Thick Targets 

(Anderson. Neutrons from Alpha Emitters. Prelim. Rep. 
No. 3, Nuclear Sci. Series, Nat. Res. Council, Dec. 1948) 


Element 

Yield, n/10 6 

Li 

• 

2.6 

Be 

80 

B 

24 

C 

0.11 

N 

.01 

O 

.07 

F 

12 

Na 

1.5 

Mg 

1.4 

A1 

0.25 

Si 

.16 

Cl 

.11 

A 

.38 



Table 1.1.2 Neutron Yields from Thick Beryllium Targets 

(Anderson, Neutrons from Alpha Emitters, Prelim. Rep. No. 3 
Nuclear Sci. Series. Nat. Res. Council, Dec. 1948) 


Alpha emitter E a , mev 


Yield, n/10 G alphas 


U 

Ra 

Rn 

RaA 

RaC' 

RaF (Po; 


4.18 

4.791 

5.486 

5.998 

7.680 

5.298 


40 

55 

90 

120 

200 

80 


A 0 = 1.7 x 10 7 


M 


Be 


M Be + M RaBr 


- neutrons/(sec)(gm Ra) 



r 6 e s sr [iiZrZrz an v* r n/sec can be prepared *■> a 

6 x 10 s n/(cm 2 )(sec). ’ neutron flux has the relatively high value of 

a maximum energ^o/u ^mev'The' 68 ’ energy 3 P ectrum is continuous up to 

energy is about 2^ mev a Tk ‘ probable en ergy »■ about 5 mev, and the average 

5-4 ^v, eT( 1) buMarge " "1 ° f Zer0 WOuld pr ° duce a neutron with g 

ated with gamma rayi and are n" 8 ° f "T™™ exist witb >ess energy. These are associ- 
with energies below 1 mev and sometT Y e * clted states of C ■ Neutrons are also emitted 
come from another reaction: mGS ° n y a few electron volts. They are believed to 


Be 9 + He 4 - C ls * - Be 9 * + He 4 
Be 9 * — Be 8 + n 1 
Be 8 — 2He 4 
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CHAP, l.l 


The complete reaction is: 

Be 8 + He 4 — 3He 4 + n 1 - 1.62 mev 

(V 

Finally, because the product nucleus C 12 has a low mass it attains significant velocities in 
the laboratory frame of reference and causes a large spread in the neutron energies. 

The neutron spectrum from the Ra-a-Be source has not been measured in detail 
especially at low energies. Above 1 mev, the best available spectrum is that given by 
Demers and shown in Fig. 1.1.1.* The photographic plate method was used. 



Fig. 1.1.1 — The Neutron Energy Spectrum from 
from Dacey, Paine, and Goodman, Tech. Rep. No. 
and Eng., M.I.T. Oct. 1949. 


a Ra-o-Be Source. Reprinted 
23, Lab. for Nuclear Sci. and 


Besides the non-homogeneous neutron energy, an important disadvantage of the Ra-«- 
Be source is its high gamma ray intensity which constitutes the main health hazard One 
curie of Ra will produce 0.05 roentgen in 3.5 min at a distance of X meter TMsTs ihe 
maximum.allowable dose for an 8-hr day. At 1 meter, the neutron flux from a - gm 
Ra —a —Be source is not dangerous. 4 

ah i bOU U 00 ° Ph f° nS are emltted f ° r eaCh neutron sources prepared as described 
bove. The great majority of these gammas are primary radiation emitted by Ra and its 

decay products since only about 1 in 10* alphas will disintegrate the Be nucleus T^e 

gamma spectrum of a radium source is given in Tahi„ i i o , c nenucleus - The 
Table 1.1.5.) g Table 1 - 1 - 3 * ( See also footnote (Jt) of 


Po-BeSOURCES 


One 


Where it is desirable to eliminate gamma activity p n ’io „ no 
" c>r “ m p ° '* ■“* *—™ 


•Demers’ experiments are discussed by Dacey, Paine, and Goodman;’ see also Anderson.* 
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REACTOR PHYSICS 


Table 1.1.3 — Gamma Spectrum from Radium and Its Decay Products 
(R. D. Evans and R. O. Evans. Rev. Mod. Phys. 20, 1948) 



Energy per photon 

Average qua 

Transition 

(hv), mev 

alpha ray of 

Ra — Rn 

0.184 

0.012 

RaB — RaC 

.241 

.115 


.294 

.258 


.350 

.450 

RaC — RaC' 

.607 

.658 


.766 

.065 


.933 

.067 


1.120 

.206 


1.238 

.063 


1.379 

.064 


1.761 

.258 

Total 

2.198 

.074 

2.290 




Total photon energy 
per alpha ray (rhv), mev 

0.0022 

.0277 

.0758 

.1575 

.4000 

.0498 

.0625 

.2310 

.0780 

.0882 

.4540 

.1626 

1.789 




trum'reported* U show , /t ° f oI The most recent spec- 

lowTr nmtfto th , g ‘ 1 ’ 1 - 2 - The P hot °gr a Phlc plate method was used, putting a 

haTtheTrIt d, 7 ° d ; teCtable at ab °ut 0.5 mev. Po’<° Is difficult to prepare and 

can now* pu^^s^m^R^r" haU - 1 ‘ fe (14 ° ^ 8 “ 

Rn^-Be SOURCES 

° f i it ® avallabllit y *rom hospitals, has been used as an alpha source, 
gas, only about 100 mg of Be is needed to realize the full efficiency of the 
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source To achieve the same yield using RaBr 2> about 13 gm of Be would be needed. How 
ever, R n has a half-life of only 3.825 days, and therefore the neutron intensity decays 


Ra-B AND Po-B SOURCES 

Boron is sometimes used as a target because the neutron energy distribution is smaller 
and more homogeneous. The yields, lower than those from Be, are listed in Table 1.1.4. 



Table 1.1.4 — Neutron Yields from Thick Boron Targets 

(Anderson. Neutrons from Alpha Emitters. Prelim. Rep. No. 3. 
Nuclear Sci. Series. Nat. Res. Council. Dec. 1948) 


Alpha emitter E a , mev 


Yield, n/10 6 alphas 


Ra 

Rn 

RaA 

RaC' 

RaF 


4.791 

15 

5.486 

30 

5.998 

40 

7.680 

100 

5.298 

24 



Ra-o-B sources can be prepared in a similar manner to the Ra-a-Be sources de¬ 
scribed above. The intensity as a function of composition is given by: 


A = 6.8 x 10 6 


Mr 

vt, = n/(sec)(gm Ra) 


(5) 


re^t r ion b is: 0n C ° n8iStS * ^ ‘ SOt ° PeS ’ 812 P6rCent B " and 18 ‘ 8 p —B«. The main 

B 11 + He 4 — N 14 + n 1 + 0.28 mev 
Neutrons are also produced by: 


( 6 ) 


B 10 + He* — N 15 + n 1 + 1.18 


mev 


(7) 


but this is less favored than the reaction: 

B 10 + He 4 -*■ C 18 + H 1 + 4.14 mev 

( 8 ) 

a»“: -iz% zszxsissz sr ns po ’ 10 ’ and « 

B source is shown in Fig. 1.1 3 1 The neutrons ^ 6nt ' The spectrum trom a Po-a- 

tion chamber. The average energy of mea f ured ln a hydrogen-filled ioniza- 

B energy 01 Ra-a-B neutrons is about 2.9 mev. 

PHOTONEUTRON SOURCES USING RADIOACTIVE NUCLEI* 

to Set neutrons' terWHum* “ 7 h T™? ^ hi ^ h energy 

energies of the elements. The main advantages ’ofSch Trees* Sf 
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Fig. 1.1.3 The Neutron Energy Spectrum from a Po-a-B Source. Reprinted 
from Anderson. Neutrons from Alpha Emitters. Prelim. Rep. No. 3. Nuclear Sci. 
Series. Nat. Res. Council. Dec. 1948. 


neutron sources are that the emitted neutrons are monoergic if the gamma ray is mono- 

ergic and that the source strengths are easier to reproduce. However, the neutron yield is 

lower and the high-intensity, high-energy gamma radiation can be a health hazard and may 

interfere with detection of neutrons. The artificial radioisotopes have short half-lives 

(days or less), and sources utilizing them are not as permanent as those using natural 
radioactive materials. 

The y, n reactions in Be and D are: 


Be 9 + y — Be 8 + n 1 - 1.666 ± 0.002 



9 


D 2 + y — H 1 + n 1 — 2.226 ± 0.003 


( 10 ) 


From conservation of energy and momentum, the energy of the neutrons is given by: 





E* 


1862(A - 1)^ 


+ 6 


( 11 ) 


where: 


E n = neutron energy in mev 
A = mass number of target nucleus 
Q = threshold energy for reaction in mev 
Ey = gamma energy in mev 

6 = a small energy spread containing the angular distribution; that is: 


6 ^ Ey 


2(A - l)(Ey -Q) 
931 A 3 


'/a 


COS 0 


( 12 ) 


0 
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CHAP. 1.1 


where: 0 = angle between gamma ray and neutron. 

If the gamma rays fall upon the target in an isotropic manner, there is an inherent 
spread in the energy of the emitted neutrons which is given by: 


6 


max 



2(A-l)(E y -Q) 
931 A 5 



The fractional spread, 6max/En> decreases with increasing neutron energy and is 5 to 

10 times greater in deuterium than in beryllium. For 100-kev neutrons, the fractional 

spread is about 4 percent in Be and 25 percent in D. For 100-kev neutrons from Be, 6 ma x 

is generally negligible compared to other causes of energy spread. One can lower this 

inherent spread by collimating the gamma rays, but this greatly reduces the neutron yield 
per photon. 

The spectra for some photoneutron sources are shown in Fig. 1.1.4 (see footnote (J) of 
Table 1.1.5). The observed energy distributions (obtained with the source dimensions 
shown in Fig. 1.1.6) have a spread of about 20 to 30 percent full width at half-maximum 
and the mean energy is 5 to 15 percent below the theoretical neutron energy. This smear- 






Fig. 1.1.4 — The Photoneutron Energy Spectrum from the Following Sources- 

Na«-Be and Na*-D; In«'-Be; Mn“-Be; and Sb'«-Be. Reprinted from Hughes and 
Eggler, Phys. Rev. 72, 1947. B 
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^ * REACTOR PHYSICS 

ing is caused by scattering in the beryllium or deuterium which are good moderators. 
Reducing the target thickness unfortunately also reduces the yield. Table 1.1.5 lists the 
more important photoneutron sources and their neutron energies and T ields. Only long- 
lived isotopes and only gamma-ray energies above 1.65 mev are give/,. The theoretical 
neutron energies were calculated from Eq. (11) using the latest values for threshold 
energies of Be and D as given in Eqs. (9) and (10). 

MANUFACTURE OF PHOTONEUTRON SOURCES 

To obtain a high neutron yield with minimum energy degradation in the source, the 
specific activity of the gamma emitter should be as high as possible. Thus, carrier-free 
sources with the highest possible atomic density are desirable. This generally means that 
the metallic form of the element should be used except in the case of sodium where fused 
NaF has a higher atomic density than metallic sodium. For thick sources or targets at¬ 
tenuation of the gamma-ray intensity by the Compton effect may have to be considered. 

e Compton effect is about 10 3 times more probable than the photodisintegration process: 
thus even in an infinitely thick target, one can expect only 1 neutron per 10 3 gammas 
Sphencai, concentric sources in which a uniform thickness of target surrounds a sphere 
of the radioisotope give the highest yield in the smallest volume and will emit neutrons 
with spherically symmetric distribution. This is often of great value. Figure 1.1.5 shows 



A iJ u/ V 1 * Desl 8 n of a Spherical Photoneutron Source. Reprinted from 
. Wattenberg, Photo-neutron Sources. Prelim. Rep. No. 6. Nuclear Sci. Series. 
Nat. Res. Council, July 1949. The shell is made of beryllium. 
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a design by the Bureau of Standards for this type of source. This shape has the disad¬ 
vantage that it is difficult to change gamma emitters or remove the target material to de¬ 
termine effects of the gamma rays alone. A plug of beryllium may be cut out to facilitate 
removing the source. 

A spherical source may also be made by dissolving the gamma emitter in D,0 or by 

preparing a homogeneous mixture of the source and Be. This method, of course con¬ 
taminates the target. ’ 

Con ce ntr ic- cylinder - type sources are much easier to assemble and interchange although 
the yield is lower because of losses along the cylindrical axis and the neutron distribution 
is asymmetnc. To a first approximation if the source is large, the number of neutrons 
will be proportional to the surface area of the target seen at the detector. Figure 1 1 6 

shows the design of the cylindrical source used by Wattenberg 10 and Hughes" in their 
measurements of neutron energies and yields. 


Separating the gamma emitter from the target to collimate the gamma beam reduces the 
neutron energy spread and makes the geometry somewhat more reproducible. The neutron 
intensity drops rapidly, and the solid-angle factor becomes critical. The angular distribu¬ 
tion of the neutron must be considered. The cross section for the photodisintegration of the 
deuteron is shown in Fig. 1.1.7. a magnetic is spherically symmetrical and o electric varies 

as sin 6; above 2.5-mev gamma energy, therefore, most of the neutrons will travel off 
at right angles to the gamma beam. 


PARTICLE ACCELERATORS 

Neutrons can be produced by bombarding many of the isotopes with charged particles in 
“ ' ' Cockcroft-Walton and electrostatic generators are used to make neutrons 

with carefully controlled energies up to 20 mev. Higher-energy neutrons with a much 
broader energy distribution can be made in cyclotrons of various types and in linear 

ducedTn rectors n6rgy neU ‘ r ° nS ^ here SinCe the V are »«* Pro- 

non ^ elativistie analysis of a two-body collision with a target stationary in 

for the neutron spectrum 

(see Pig. 1.1.8 for schematic diagram). By definition: 

E, = 0 


E 3 + E 4 = E, + Q 


Ei - kinetic energy of i-th particle 
0 3 varies from 0 to n. 



As a good approximation for the masses, since Q « 931 


mev in all cases: 


M, + M 2 = M 3 + M 4 



The neutron energy in the laboratory coordinate system 
incident-particle energy by the following equation which is 
and energy conservation laws: 


is given as a function of the 
derived from the momentum 



M t M 3 


(M 3 + M 4 ) 


2 cos 2 0 3 + 


M 4 (M 3 -f M 4 ) 
MjM 3 
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STRING TO SUPPORT SOURCE 


5.08 cm 


0.79 cm k 


I % 

IsmHj 

Z _ / 


3.8 cm 



GRAPHITE CAP 


BRASS TUBE 


GRAPHITE 

CYLINDER 


BERYLLIUM 

CYLINDER 


/-RAY SOURCE 


T g ' V, 1 ® - D ®® lgn of a Cylindrical Photoneutron Source. Reprinted from 

Nat ReTco^cn Tr n 7To° n f UrCCS ' Pre “ m - Rep - No ‘ 6 ’ Nuclear Sc‘- Series, 
renian h'k ' Y T ° USe dcuterlum . the beryllium cylinder can be 

replaced by a thin-walled brass cylinder containing heavy water. 
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Before Collision 




Fig. 1.1.8—Schematic Drawing of a Two-body Collision in the Laboratory 
System. * 


It is assumed that the bombarding energy is not large enough to excite higher levels 

For exoergic reactions (positive Q), only the plus sign is used, and the neutron is 
monoergic at each angle 0 3 . 

For endoergic reactions (negative Q), the reaction cannot proceed unless: 


^threshold-Q 


(M t + M 2 ) 

m 2 


(17) 


At the threshold, the neutrons are emitted only at 9, = 0 and travel, together with the 

ar f« T! S ! dUe ’ Wlth the velocity of the center of mass. As E, increases, the neutrons are 
emitted into a cone in the forward direction with a limiting angle given by: 


COB o - ,/M 4 (M, + M<) 

m i 1 Q 

V m,m, 

[M 4 Ey 


(18) 


h T v h ;r e nir "! Utr ° nS at each an B‘ e e 3 Within the core is double-valuedand is given 

y q. ( ) with both plus and minus signs before the radical. When E, reaches the value: 



of 6 posittvcTQ are emitted in a11 dlrectlons with a unique energy at each angle, as in the case 

, Tl ? e "!° 8t lm P° rtant reactions now in use 12 having high-neutron yields and requiring low 
bombarding energies are shown in Eqs. (20), (21), and (23) to (28). 


D 2 + D 2 — He 3 + n 1 + 3.256(±0.018) mev 


( 20 ) 


For deuteron energies of 400 kev or less, the neutron energy will be -2.5 mev at 90°. 

“ C hT B 8 i eCtl0n ° 4 the ° rder 0f 0-1 barn i0r E ° o{ 1103 mev “d decreases to 
nf!^ 1 meV ' As a " a PP roxiraate monitor for neutron intensity, the companion 
eaction D( d ,p)H can be used since the protons have nearly the same yield and angular 

distribution and have an energy of about 3 mev. The present usefulness of the D,D source 
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lies in its ability to provide neutrons in the energy range of 4 to 7 mev. Such neutrons are 

not available from T(p,n)He 3 and Li 7 (p,n)Be 7 sources in existing accelerators with con¬ 
trolled voltages. 


T 3 + D 2 He 4 + n 1 + 17.577 mev 


( 21 ) 


This reaction can produce neutrons having energies from 12 to 20 mev. Because of the 
large value of the cross section at a few hundred kev, large quantities of 14-mev neutrons 
(about 10 n/pcoulomb of deuterons) can be produced utilizing thick targets. The reaction 
can be accurately monitored by counting the alpha particles. The total cross section is 
given empirically as a function of incident deuteron energy, E, in mev by: 


o(E) = 


58e 


-1.72//E 


1 + 


E - 0,096 \ 2 
0.174 / J 


barns 


( 22 ) 


for 0 < E < 2.5 mev 


N 14 + D z —• O 15 + n 1 + 5.122 mev 


(23) 


Tt™:, r r ti0n .^ a differentlal Cross section ran e in g from V 4 to '/, Of the D-D reaction 
d!d and DtTreactions 5 “ m0 " 0ergiC neUtr °" ,,,lin * the gap between the 


C 12 + D 2 — N 13 + n 1 - 0.281 mev 

Yi'-*d is low, and there is a contamination of about 
coming from: 

C 3 + D 2 — N 14 + n 1 + 5.317 mev. 


(24) 

1 percent of high-energy neutrons 


The source has the advantage of a low threshold. 


Li 7 + H 1 — Be 7 + n 1 - 1.645 mev 


The total cross section is about 0.2 to 0.5 barns for proton energies in the range 1.9 to 
2.5 mev. To obtain usable yields of monoergic neutrons below 80 kev, it is necessary to 
use very large proton currents on thin targets and to observe at back angles. 

T 3 + H 1 - He 3 +n' - 0.764 mev 

Large neutron yields near threshold. Monoergic neutrons up to 5 mev. Contamination 
by 20-mev gammas from proton capture by T 3 can interfere with neutron detection With 
the same tritium target, one can shift from low-energy neutrons to high-energy neutrons 
by changing from a proton beam to a deuteron beam. 


V 51 + H 1 — n 1 + Cr 51 - 1.50 mev 

(27) 

Very thin targets can be easily made, and with a well defined proton beam, monoergic 

neutrons in the range 2 kev to 20 kev can be produced. The energy is roughly independent 

of angle in this region. The neutron intensity is distributed more symmetrically than in 
the Li(p,n) reaction. 3 


Sc 45 + H 1 —* Ti 45 + n 1 - 2.8 mev 

(28) 

t Je^a^reT “ SimUar l ° ** (V ’ P) reaC “ 0n ’ and the y ield at ‘hreshold is about 40 
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REACTOR NEUTRON SOURCES 13 

The reactor can be used as an internal source by simply placing materials to be 
bombarded inside the reactor or by sending them through the reactor via a pneumatic tube 
(rabbit). 14 ' 15 The latter is used when the activities produced have a short half-life (order 
of seconds). It was applied to the measurement of delayed neutrons in fission. 15 External 
beams of neutrons can be obtained by piercing a hole or extending a thermal column 
(block of graphite) through the shielding of the reactor. 

In a thermal reactor, the highest thermal flux is found inside the reactor, but the 
thermal column yields thermal neutrons with negligible contamination by intermediate 
neutrons. A material can be irradiated with the highest flux of fission neutrons by being 
placed inside a hollow lump of centrally located fissionable material. Thermal neutron 
contamination can be removed by wrapping the sample with Cd, but intermediate neutrons 
are still present. Fission neutrons free from intermediate neutrons are obtained by al¬ 
lowing thermal neutrons (from a graphite column) to fall on a plate of fissionable material. 
The sample or target may be wrapped in Cd and held against the converter plate. Fast 
neutrons (15- to 20-mev) may be obtained by placing a mixture of Li compound and D z O 
inside the reactor. The neutrons are produced by the consecutive reactions: 

Li 6 (n,or)H 3 

H 2 (H 3 ,n)He 4 


Samples may be irradiated by neutron fluxes of varying median energies by placing them 
inside variously designed filter arrangements as described later under “Filters." 

Since the detailed space-energy distribution of the flux depends strongly on the particu¬ 
lars of the reactor, the following remarks are restricted to approximate results of a 

general nature. Some data appear in the Appendix which lists flux values inside several 
reactors. 

The energy integrated flux, 4>(r) = /</>(r)dE, when averaged over the fuel-bearing regions 

of the reactor to give $, is related to the specific power and to the energy spectrum by the 
formula: 

x _ 1.2 x 10 13 P 

*-b M (29) 


where P is the power in kilowatts, M is the mass of fissionable atoms in kilograms, and 

b is the fission cross section in barns per fissionable atom averaged over the energy 

spectrum whose average integrated flux is *. Thus, in a thermal reactor, b is simply the 
thermal cross section, and: 


*th w 2 x lO 10 for b 


600 


while in a very fast reactor, b ~ 2 and: 
* « 5 x 10 12 for b - 2 

M 


It is seen that a fast reactor has a much larger 
Equation (29) applies to the local core values 
P/M and b are regarded as local values. Thus, 


flux for the same specific power. _ 
of 4>(r) (as well as to the average, <f») if 
4>(r) varies with position because of 
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buckling (variation in P/M) and because of variation in energy spectrum (variation in b). 
Bare reactor distributions for uniform loading in simple geometries are given in 
Table 1.4.3 and the maximum-to-average ratios, <f> maL x/$, are listed in Table 1.1.6. The 
effect of a reflector is usually to lower the values of <f»max/^ towards unity. 


Table 1.1.6 — Maxi mum-to-Average Flux Ratios for Bare Reactors 

with Uniform Loadings in Simple Geometries 

(CL-697, Chapter rVE; MonP-147) 


Geometry 

<b /d) 

r max' ^ 

Infinite slab 

1.57 

Sphere 

3.29 

Circular cylinder 

3.64 

Rectangular parallelepiped 

3.88 

Hemisphere 

4.38 


The net leakage of neutrons into the reflector is equal to the excess of production over 
absorption in the core and is given by: 


L = 3.3 x 10 10 v -—- - 

k A 



where L is in neutrons per cm 2 per sec., P is the power in kilowatts, and A is the core 
surface area in square feet, v and k have their usual meanings. If diffusion into the re¬ 
flector is governed by a one-group theory, then the flux 4> at a distance s into the re¬ 
flector is given by: 


$ as 




(31) 


where D and K are respectively the diffusion constant and inverse diffusion length of the 
reflector material, and “a” is the radius of the assumed spherical core. 

If a hole of cross-sectional area A is pierced through the shielding and reflector termi¬ 
nating at the core-reflector boundary, a rough formula that gives the beam intensity at a 
distance r from the core-reflector boundary is:* 

$ % 

4r 2 132) 


where L is given by Eq. (30). If the hole terminates at a different position inside the re¬ 
actor, the quantity L in Eq. (32) should be multiplied by the ratio of the flux at the termi¬ 
nation position to the flux at the core reflector boundary. Also, the distance r is somewhat 
changed, when considering a fixed position outside the shield. 


•The product LA is the total leakage from the end face; l/27rr 2 is the fraction hitting a square 
centimeter at r if the leakage is directed uniformly, and tt/ 2 is the factor measuring the forwardness 
of the leakage. The contribution to the intensity from the reflector lateral surface of the hole is 
. small, especially when r is large compared to the reflector thickness 
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The above considerations for a beam may be adapted to yield approximate formulas for 
the leakage into a thermal column. Rough formulas for the transmission through the 
column of both thermal and fast neutrons (T th and T f ) appear below: 



~ e 


-Kx 



(33) 


T f % e 


-27r2r/A 


- f( 


(34) 


where x is the length of the column, A the cross-sectional area (assumed square), L the 
thermal diffusion length, r the age of the fast neutrons entering the column, and F the 
error function. The fraction, T fth of entering fast neutrons which emerge as thermals is: 


as e r/L J „-x/l/L J +2r J /A 


T f,th ~ e ' “ e 


(35) 


The above formulas for T f and T f th are based on plane-geometry age-theory* and neglect 
any l/r‘ attenuation. 

The energy spectrum in a large thermal-reactor core consists of a thermal groupt of 

^ove-thermal neutrons of constant flux 6 per unit logarithmic energy in¬ 
terval dE/E. Neglecting leakage, 4> t h and 6 are related by: 


0 = 


th 


(36) 


The cadmium ratio, C.R., is defined by: 


C.R. = 


activation of bare foil 
activation of Cd-covered foil 


e 


C.R. 


f 

•'0.4 


ev 


dE ^ 

aact E + *th a act,th 


e 


dE 


J a act |7 
* / 0.4ev 


(37) 


and gives: 


e 


l 


C.R. - 1 


act.th 


f ° 

•'0.4 ev 


dE * th 


act 


(38) 


For a 1/v absorber (a act - b/v) and taking Et h = 0.025 ev, Eq. (38) becomes 


e ~ 


24> 


th 


(C.R. - 1) 


♦See Chapter 1.3 for a discussion of validity. 

tin an approximate Maxwell distribution. See Chapter 1.3. 
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MOCK FISSION SOURCES 

The U 235 fission neutron energy spectrum (for fissions induced by thermal neutrons) can 
be represented approximately by the analytical expression (intensity normalized): 1 ® 

F(E) = 0.475 sinh /2E e“ E (39) 

This equation gives 0.72 mev for the most probable energy of a fission neutron; 2 mev for 
the mean energy; and 1.58 mev for the median energy. 

The spectrum can be imitated 17 by a source consisting of a mixture of sodium fluorobo- 
rate (NaBF 4 ) and sodium fluoroberyllate (2NaF-BeF 2 ) with a mole ratio of B/Be = 96/4 im¬ 
pregnated with Po. By carefully mixing and compressing to a pill, a source strength of 
2 x 10 5 /(curie)(sec) can be attained. 


PRODUCING MONOERGIC NEUTRONS BELOW 10 KEV 

Above 10 kev in energy, photoneutron sources and charged particle accelerators are the 
best methods for obtaining monoergic neutrons. Below this energy, other methods are 
used. These include time-of-flight spectrometers, crystal monochromators, scattering 
filters, 1/v filters, and resonance filters. These methods do not produce neutrons di¬ 
rectly but select neutrons out of a beam and then transmit them (or the remainder in the 
case of absorbers) with the exception of the time of flight spectrometer. This instrument 
can only select neutrons. A general discussion of these methods is given by Hughes. 15 

TIME-OF-FLIGHT SPECTROMETER 


The neutron energy is determined by measuring the time the neutron takes to traverse a 
known distance The neutrons are produced in bursts either by pulsing a charged acceler- 
ator source ■ ■ • or by routing a mechanical chopper in front of a reactor neutron 
beam. • • The time is measured by registering only those counts from a detector which 
take place after a known delay with respect to the time of the burst. Many such channels 
with known delays are operated simultaneously. This greatly increases the relative ac¬ 
curacy of the spectrum as well as reducing the time needed to go through the spectrum 
The neutron energy is related to the time of flight by: 


E - 5150/(t/m) 2 = electron volts 

(40) 

where: t = time in microseconds 
m = path length in meters 


The customary manner for designating the resolution is the uncertainty in time meas- 

At/m en Th P r T Path Iength ' (inVGrSe velocit y) with the units of microseconds per meter 
At/m. Then the energy resolution is given bv P * 


AE = o At 
E t 



and the energy spread by: 


AE =-0.028E 3/2 ~ 

m 



The energy resolution 
of a given instrument. 


drops as /E which ultimately sets an upper limit to the usefulness 
At is determined mainly by the burst and detection widths while L 
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path length, m, is limited by intensity considerations. If the burst width and detection 
widths are rectangular, then the resulting spread in time of flight for those neutrons de¬ 
tected will be triangular. Actual resolution functions are roughly triangular and the spread 
is generally given now by the full width at half maximum. (Formerly the width of the base 
was used.) The most efficient operation (maximum counting rate for a given resolution) is 
obtained when the burst time and detector time are made equal. Table 1.1.7 lists the 



Table 1.1.7 Time-of-Flight Selectors Now in Operation for the Energy Region 10 ev - 10 kev 


(Hughes, Conf. on Classified Nuclear and Reactor Physics at Oak Ridge, Sept. 1952, 

ORNL-52-9-9) 


Machine 

Columbia cyclotron 
Argonne chopper 
Oak Ridge chopper 

Brookhaven cyclotron 
GE Betatron 
Harwell el. acc. 
Brookhaven chopper 


Sample size 

At,* psec 

Flight path, m 

Resolution, jisec/m 

Large 

5 

10 

0.5 

Small 

5 

20 

.25 

Small 

12 

12 

1.0 


6 

40 

0.15 

Large 

2 

7 

.3 

Large 

2 

10 

.2 

Large 

(t) 

• • • 

.5 

Small 

2 

20 

.1 


1 

20 

.05 


* Full width at half max. of resolution function, including burst width, counting channel 
time, detector length, and the like 

tThe minimum At = 4psecs, m = 10, giving a resolution of 0.4 /isec/m 21 



machines useful in the range 10 ev to 10 kev with their resolutions in inverse velocity and 
their operating status. The Brookhaven fast chopper which has the highest resolution has 
an energy resolution of 0.4 percent at 10 ev and 14 percent at 10 kev. 

In fast choppers, the shutter is a long, rotating, steel cylinder with slits down the out¬ 
side edge which permit neutrons to pass when the slits line up with similar slits in a 
stationary collimator. In general, the counting rate per channel is independent of rotor 
speed because the fractional open time of the rotor is independent of motor speed. How- 
ever, the burst width is reduced by increasing the speed so the resolution can be 

tensitr! fvT UPP " llmit is set b V mechanical strength considerations as well as in- 
10 Onotnlnnnn C ° Unting rate decr eases with sharpening of the resolution. Speeds of 

source * a J ?° 7 *, U8ed - T ° lnCrease the COUnting rate - the apa « between the 

detector is evacuated to eliminate air scattering of the neutrons. This adds 

counter , Veme " t ° ° 6 percent per meter. It has also been suggested that a scintillation 
counter be^used in place of the usual BF S detector which has a low efficiency at high 
energies (hundreds of ev). * 


For examining thermal neutrons and cold neutrons (<0.01 ev), a slow chopper is used. 

simpler design since thin cadmium can be used to stop the neutrons and longer 
are permitted. A slow chopper of more advanced design has been built at Brook- 
haven using curved neutron channel paths. This selects the velocity of the neutrons to 
some extent as well as letting them pass so the duty cycle can be increased. The lower 
limit to the energy which can be measured is set by the overlap between successive 
bursts. It can be reduced by slowing down the chopper but this reduces the resolution 
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because the burst width is increased. Measurements down to 0.0004 ev have been re¬ 
ported using the Brookhaven slow chopper (see Neutron Cross Sections, AECU-2040). 

Pulsed cyclotron techniques suffer from two disadvantages compared to the mechanical 
shutter reactor method: They have less intensity, and they have a beam 50 to 100 times 

the size of the beam which can be used with a shutter. Much smaller sources (milligrams) 
can be used with the shutter method. 

The time-of-flight spectrometer and the crystal monochromator have the highest reso¬ 
lution of all the low-energy-neutron sources. The following comparison is taken from 
Selove. 24 

The variation of resolution with energy is the same for the crystal and the chopper. For 

a given available beam size at the reactor, the crystal can give higher counting rates than 

the chopper by a ratio of about 50/(AE/E), where AE/E is the fractional energy resolution. 

The crystal also has an advantage over the chopper in giving an essentially monoenergetic 

beam, thus making possible activation measurements, for example, as a function of energy. 

Since the time-of-flight spectrometer can only select neutrons of a given energy, it can 

only be used to measure transmission through a sample. However, there are many points 

in favor of the chopper. It does not suffer from the higher-order contamination present in 

the reflected beam from a crystal (owing to overlapping of orders). (No longer true; see 

below). The lower counting rate of the chopper is offset by the possibility of measuring at 

as many as 50 to 100 energies simultaneously; moreover, the fractional background is 

much smaller for the chopper, especially at higher energies. For fixed construction, the 

resolution of a chopper is easily adjustable; that of a crystal is not. Finally, the problems 

in the development and construction of a chopper spectrometer appeared to be much 

simpler than for a crystal spectrometer of comparable performance, the most uncertain 

feature of the latter being to obtain a large crystal specimen of suitable composition 
mosaic structure, and curvature. ’ 


CRYSTAL MONOCHROMATOR 

Neutrons can undergo Bragg reflection from a crystal lattice in the same manner as 
X-rays. Only those neutrons will reflect which satisfy the Bragg equation: 


nA = 2d sin 9 

where: A = neutron wavelength 
d = lattice spacing 

9 = glancing angle for the nth order reflection 
The wavelength is related to the neutron energy in electron volts by: 

„ 0.2801 

A - f=— = Angstroms 




Neutrons in the thermal region have wavelengths corresponding to 
(a few A). 


crystal-lattice 


spacings 


Because of the finite range of incident angles (AS), there will be a corresponding 
reflected wavelengths (AX) centered at the wavelength given by Eq. (44). 

The resolution is a function of 9 only and is given by: 


range of 
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The lowest possible order is used because the crystal reflectivity varies as 1/n 2 . The 

reflectivity also varies as 1/E, and because of the high collimation needed (of the order of 

0.1°), the intensity of the neutron source beam must be quite high. The method is feasible 
only with reactor neutron sources. 

The crystals in use are LiF and, more recently, Be. The former has a d of 2.32 A for 
the (111) plane and will give a resolution of 16 percent at 10 ev for a A 0 of 0.1°. A Be 
single crystal has an unusually small d of 0.75 A for the (421) plane, and in the Brookhaven 
instrument using this crystal with a A0 of 9 min, a resolution of 10 percent 50 ev and 
1 percent at 1 ev is attained. Because of the loss in resolution, 10 ev is the present useful 
upper energy limit. The lower limit is the thermal region. Below 0.03 ev, the higher- 
order reflections coming from the intense thermal region cause too much interference. 
Recently, however, it has been shown that by taking advantage of the total reflection 
properties of mirrors for neutrons incident at very small glancing angles, it is possible to 
eliminate higher-order reflections in the beam from the crystal. In this way, the range 
has been extended to 0.005 ev or lower, depending on the intensity available. 26 

Since the instrument produces a beam of monoergic neutrons, in contrast to the time- 

o -flight spectrometer, it can be used for activation and scattering experiments as well 
as measurements of total transmission. 

To improve focussing and intensity, a bent-crystal spectrometer has been described. 2 * 

A quartz crystal is bent tangent to a Rowland circle with source and detector on the circle, 
as in the optical case. The lower energy limit is 0.03 ev because of higher-order re¬ 
flections interfering, and the upper limit is 0.7 ev because of intensity losses and rise in 
background. An energy resolution of 2 percent at 0.028 ev is claimed. Samples of the 
order of milligrams can be examined. 


FIL TERS 


Filtration by Absorbers 

Filters of various elements can be used to absorb or transmit certain sections of 
therma and resonance neutrons. The method is crude but simple and does not require 

a studTo/thJ rrr° UrCeS - There are three cases of P ractical importance, based on 
study of the Breit-Wigner equation for one-level capture cross section, cr(E): 


a(E) 


■( 


irf 


1 + 


( 


_^0_ 

E^ErV 
T/2 




(46) 


where: Er = 
a o = 

r = 


energy of resonance level 
cross section at Er 
total width of level 


Case 1: r » E 

the?efo t r h e e bT 1 /;“il L !lh nd reactions > T is about 10* ev; these absorbers will 

are absorb^ ex neutrona bel ™ «>» ev. This means that such neutrons 

*“ “■ “* •“** - “»—*"» 

Case 2: r ~ Er 

For radiative neutron capture, r ~ Tr ~ 0.1 ev. The condition r ~ Er is equivalent to 

Dv! Cd U tL re8 °T Ce ° CCUr8 ^ ° r " ear the th6rmal reglon < e * a “Ple«: Cd, Gd, Sm, and 
Dy). Cd Is the most common thermal absorber and below 0.1 ev has an average cross 
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section of about 3000 barns. Thus, the transmission of such neutrons through a 0.5-mm 
thick cadmium sheet will be less than 1 percent. The cut-off energy for cadmium is 
usually taken as 0.4 ev where the cross section is 300 b. 


Case 3: r « Er 

This implies that Er > 1 ev. Absorption is 1/v throughout the thermal region, and in the 
neighborhood of Er, the cross section rises steeply to orders of 10 5 to 10 6 barns. The 
important resonance absorbers and their energies are: 

Hh 1.25 ev 

In 1.44 ev 

Au 4.9 ev 

Ag 5.1 ev 


Filtration By Scatterers 

The Bragg relation, Eq. (43), shows that the longest wavelength that can be reflected by 
a given crystal occurs when sin 9 = 1: 



where: d m = maximum lattice spacing in the crystal 

Neutrons of wavelength greater than A m are essentially not scattered at all (except for in¬ 
coherent scattering which is usually small) and are removed from the beam only bv 
capture. J 

Since capture cross sections vary as 1/v, filters for cold neutrons (<0.01 ev) must have 
a very low capture cross section. Also wavelengths greater than A m should be highly 
scattered so that a clean break can be achieved. Only graphite and beryllium oxide have 
these properties. Unfortunately, they both cut off in the same wavelength range 4 to 7 A 


NEUTRON DETECTION 

to 0 ri'r/ °J "fr “T. have been deVeloped sl°w-neutron detectors (up 

to 0 1 mev), and fast-neutron detectors cannot generally be used interchangeably. If it is 

desired to ana yze the energy spectrum, the procedure becomes more elaborate and effi¬ 
ciency is usually sacrificed. Only properties of the detectors will be discussed here but 

a brief summary and bibliography for work done through 1950 is available. 2 ' References 
for construction details will be given throughout the section. 


SLOW-NEUTRON DETECTORS 

the 1 °w^u° n H Ch f m ! >e L 8 and proportlonal counter « containing boron either as a coating on 

" ■■ ■ bp - ■"» *<«*■« t„. 


B 10 + n 1 — He 4 + Li T + 2.792 mev 

B 10 + n 1 — He 4 + Li T * + 2.314 mev 
k* 7 * “*■ Li 7 + 0.478-mev gamma 


(48) 

(49) 


23 



CHAP. 1.1 


REACTOR PHYSICS 


The branching ratio of the two states may be strongly energy dependent. 28 At thermal- 
neutron energies, the excited state is produced 93 percent of the time. The cross section 
is almost pure 1/v up to 10-kev neutron energies. This holds if pure B 10 is used, but if 
normal boron is used, scattering will limit the 1/v effect to 1 kev. For a 1/v-absorber, 
the counting rate is proportional to the total neutron density, p(neutrons/cm 3 ), since: 


R = NV / n(v) v <r(v)dv 


(50) 


but: <r(v) = cr 0 v 0 /v 


therefore: R = NV a 0 VoP and p = /n(v)dv 



where: R = reaction rate in counts/sec 

N = No. of B 10 atoms per cc 
V = sensitive volume of chamber in cc 
n(v) = neutron density distribution in speed, i.e. 

n(v)dv = no. of neutrons per cm 3 with velocities between v and v + dv 
v = neutron velocity 
<t(v) = cross section in cm 2 
a o ,v 0 are at same arbitrary energy, say 

E = 0.025 ev where <7 0 = 3960 barns, v 0 = 2200 meters/sec 


Ionization counters are somewhat simpler to build and operate, but proportional 
counters offer better pulse discrimination against gamma-ray background, better energy 
resolution and are less sensitive to electrical pick-up.* Boron is easier to handle and 
preserve than BF, gas which must be carefully purified; 80 .’ 1 however, the gas should give 
cleaner pulse discrimination in a proportional counter. Using separated B 10 will of 

eff^fe’ lnCrea8e 016 d ® t f^ l0n efflclenc y ^ a factor of 5. In a B ,0 F S counter, the detection 
are us^ y < P< T Cent lf SufficienU y large dimensions and high pressures 

1 to 2 ^„ m^ 8 cylindrical BF, proportional counters are: diameter, 

4000 v To S’ m k t ’ gaS Pressure - 60 to 110 cm H g; operating voltage, 2000 to 

Ultillte sensiH the neutrons must be sent down the counter axially. An 

acSttS S 88 neutron/sec can be attained. If the sensitive volume is 

accurately known, the absolute neutron density can be measured using Eq. (51). 

uses 8iZ n e ,o L ° Wde " describes a X2-chamber ionization chamber that 

volume of n a S p ated B >sotope on alternate electrodes and which has an active 
c7encv of 24 oe “ ’ /S' dime " 8lon8 of ab out 1 by 2 in., and a thermal-neutron effi- 
70 votts 18 fUled wlth argon t0 5 atm P^sure and operated at 


FISSION COUNTERS 

““ltt oi *‘"‘ ro " " c “ d - “*• * 

Of hnrnn fu « 7 ? BF s» then the fission process can be utilized in place 

Pu^ cao hTnl l 8 ° n , fragmen ts g‘ve much larger pulses. U»« as enriched U,0 8 or 
Mvher tLn thi 7 “ ulUple - electrode chambers, and efficiencies comparable to or 

e ectr n 1 S 7°" ^ attalned ' 110881 88(1 Staub2 ’ descrlb e a spirally wound 

1* 77 a88e y WhlCh can have u8eful areas of several hundred square centimeters 

havir^ttole n y ia°t ne S S A mUCh gating type of fissio'n ion chamber 

measurTmeltl in a de8Crlbed by the above authors) is suitable for relative flux 
measurements in very dense slow-neutron atmospheres. 

* A ® tUdy ^Parameters involved and many constructional details for these types of counters as 
well as recoil and fission counters are given in Rossi and Staub. 2 * 
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INDUCED RADIOACTIVITY 

Elements with a large activation cross section for the (n,y) reaction and whose products 
are radioactive can be used in the shape of foils to detect slow neutrons. A big advantage 
of such foils is their complete insensitivity to gammas of less than 6 mev energy. Another 
advantage is the small space they occupy (a square inch or less in area and mils in thick¬ 
ness). However, they are not satisfactory for continuous monitoring purposes since the 
foils must be removed and counted. A list of useful detectors is given in Table 1.1.8 with 


Table 1.1.8 — Some Useful Neutron Detectors Based on Induced Radioactivity 
(Data taken from Neutron Cross Sections, AECU-2040 and Nuclear Data, NBS Circular 499) 


Element 




or 

Isotope 

(thermal), 

<r act (thermal) 

Isotope 

abundance, % 

barns 

bams 

Mn 55 

100 

12.6 ± 0.6 

12 ± 2 


Rh 103 

100 

150 ± 7 

12 ± 2 

140 ± 30 

Ag 


60 ± 3 


Ag 1 ” 

51.9 

30 ± 2 

44 ± 9 

Ag 108 

48.1 

84 ± 7 

2.8 ± 0.5 
110 ± 20 

In 


190 ± 10 



In 113 

4.2 

56 ± 12 

2.0 ± 0.6 

In 1 * 

95.8 

145 ± 15 

52 ± 6 

Dy 

1100 db 150 


Dy 1M 

28.2 

2600 ± 300 S 
<10008 

Dy 166 

(2.4 hr half-life) 

5000 ± 2000 

Au llT 

100 94 ± 1 

96 ± 10 

Au 188 

(2.7 days half-life) 

18000 ± 8000 


Important resonances 

Half-life of Type of Energy, Peak a. 


activity* 

activity! 

ev 

barns 

2.6 hr 

0. y 

310 

501 



2900 

29 



8200 

27 

4.3 min 

0.08y 

1.25 

4500 

44 sec 

2.6 y 

5.1 

7700 

2.3 min 

2.8 0 



270 days 

0, y 



24.5 sec 

0. y 

1.44 

27500 



3.9 

460 



9.1 

125 

50 days 

0.192y 



72 sec 

20 



54 min 

0, y 



13 sec 

? 

1.7 

350 



5.5 

300 

1.3 min 

0.109y 



2.4 hr 

0. y 



81 hr 

0.40 



2.7 days 

0.970 — 0.411y 

4.9 

15000 

3.3 days 

0. y 




* Arrow means isomeric transition 

t Numbers are energies in mev; 0, y means complex spectrum 
X Mn resonances are mostly scattering 
S Reactor neutrons 


their thermal-absorption and activation cross sections, the half-life of the resultine 
activity, the type of radiation emitted, and the more important resonances 
fadinm is the most common element used for thermal (0.01 to 0.4 ev) and epithermal 

L. ev " eutron8 - measuring activities with and without a cadmium cover around the 
h«Uum, thermal and epithermal neutrons can be separated since cadmium absorbs thermal 
neutrons strongly and is relatively transparent to neutrons above 0.4 ev. In using this 
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method, the following precautions and corrections should be made in order to interpret 
the counting rates correctly. 33,34 

(1) The 54-min activity is the one measured, and the foil should be allowed to stand at 
least 3 min before counting to allow the 13-sec activity to die out. 

(2) If the beta rays are counted, the optimum foil thickness for counting thermal neutrons 
is about 125 ± 25 mg/cm 2 . With thicker foils, the counting rate drops because of internal 
absorption of betas and the “self-protection” of the absorber. The internal absorption ef¬ 
fect can be reduced greatly if the gamma radiation (in a scintillation counter, for example) 
is counted instead of the beta rays (but see Note 4 below). The “self-protection” effect, 
which is the depression of the neutron flux around the absorber owing to the high absorption 
rate, can be corrected by Bothe’s equation in the case of thermal neutrons. The factor by 
which the counting rate should be multiplied is: 





3R 


L 2X tr R + L 



if R > 2Xt r 


(52) 



, . 0.34 aR .. _ 

1 +-7-if R « A tr 

*tr 



where: R = foil radius 

Atr = transport mean-free-path in the medium around the foil 
a = probability that a neutron will be absorbed by the foil on one transversal. 

Bothe gives an expression for a as: 

a = 1 -e _Md (l - pd) + p 2 d 2 Ei(—jid) ... 

(54 

where: p = neutron absorption coefficient in the foil material 
d = foil thickness 
Ei = logarithmic integral 35 

A plot of a vs d is given in Fig. 1.1.9; p should be calculated at the effective energy for 

absorption of thermal neutrons which, for a 1/y absorber and a Maxwellian speed distri¬ 
bution, is Eeff = 4/n kT or 0.032 ev at 20°C. 

The neutron diffusion length (L) in the medium around the foil is given by: 



where: A a - absorption mean-free-path = 1/Naa a 

aa - °a,thermal /!• 128, i.e., at E e ff 

Atr = transport mean-free-path = A s /[1 - (cos 0) av ] 
A s = scattering mean-free-path 


i8otro D icTn _ thT r T °T angleS ° f incidence the toil- Above 1 ev, the scattering is 

elves S ffnsin center of ma8s system and (cos fl) av = 2/3A; A = mass no. Table 1.1.9 
gives diffusion constants at thermal energies for various media. 

he calculated value for F sp agrees very well with experimental observations usually to 

^H, rCe H ° r Jr tter - Nelther eqUation tor Fs » can -ed for the case of a small Mi'a 
^! y . a rbln6 medlura - 1,1,1 fortunately, here F sp is close to unity. 

on lotl tVTTT S ° me ° f the “Sher-energy neutrons. The correction depends 

on both the cadmium and indium thicknesses. The correct counting rate can be determined 

experimentally by measuring the counting rate at the given indium thickness for different 

cadmium thicknesses and extrapolating to zero cadmium thickness. Figure 1.1.10 gives 
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Table 1.1.9 — Diffusion Constants of Various Media 
(Title. Nucleonics, 9, No. 1, July 1951) 


Medium 

Paraffin 

Water 

d 2 o 

Be 

Graphite 


Density, gm/c 3 

0.895* 

1.00 

1.1 

1.8 

1.62* 


L, cm 

2.42 ± 0.04 
2.76 
171 ± 20 
31 
50.2 


\ u , cm 

0.395 ± 0.021 
0.425 
2.4 
2.6 
2.7 


X a , cm 


44.9 ± 1.9 
53.8 
37,000 
1,100 
2,800 


* Varies with the sample 


0060 inch Cd 


0.040 inch Cd 


•1 


Q020 inch Cd 




INDIUM FOIL THICKNESS, mg/cm* 

Fig. 1.1.10 — The Factor for Correcting Counting Rate of Indium Foils when 
Covered with Cadmium (F cd ) by Which the Counting Rate is to be Multiplied, 
Versus Indium Foil Thickness for Various Cadmium Thicknesses. Reprinted 
from Title, Nucleonics, 9, No. 1, July 1951. 
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F C d by which the observed rate is to be multiplied for indium thicknesses from 0 to 100 
mg/cm 2 and for 3 cadmium thicknesses, 0.02, 0.04, and 0.06 in. 

(4) If fast neutrons are present, the 4.5-hr isomeric state of In 115 can be excited by in¬ 
elastic collision. The level is at 0.37 mev and emits a gamma radiation which is 50 percent 
internally converted. The threshold is about 1 mev, and the cross section is constant at 
about 0.36 barn above 2.2 mev. This activation is usually small compared to the 54-min 
activity if short exposure times are used. Its effect on beta counting can be reduced 
somewhat by using a counter that is relatively insensitive to gamma radiation, e.g., a 

Geiger counter or an argon ionization chamber, of which the latter can be made the more 
stable. 

The neutron-induced activity in the foil increases as: 




The counting rate can be corrected for decay back to the time at the end of exposure to 
neutrons and also to saturation activity by the equation: 

C °' Sat T(e~ l ' /r - e -^ /T )(l - e-t/r) (56) 


where: t = length of exposure to neutrons 

*i = start of counting, measured from end of exposure 
t 2 = end of counting, measured from end of exposure 
N = number of counts (background subtracted) in time t 2 -1, 
r = mean lifetime of activity. For indium, t = 77.8 min 

Indium foils offer a sensitive method for slow-neutron detection, and intensities as low 

as 1 neutron/(cm )<sec) can be measured. The lower limit is probably set by the natural 

activity of In which has recently been found to be a beta emitter with a half-life of about 

10 yr. Another sensitive method for thermal-neutron detection is to use manganese in an 

aqueous solution such as calcium permanganate. 38 The active Mn 58 precipitates out as 

MnO; by the Szilard-Chalmers process and can be filtered off and counted With the 

source in the center of 11 liters of a 2.4 N solution of Ca(Mn0 4 ) 2 surrounded by an external 

paraffin reflector, a detection efficiency of 8 percent and a sensitivity of about 1 

neutron/sec can be obtained. This method is unaffected by gamma radiation provided the 

gamma energy is below the deuterium photoneutron threshold (2.23 mev). The deuterium 
in water limits the ultimate sensitivity. 

Instead of using the Szilard-Chalmers reaction, MnSO, or Cal 2 can be dissolved in water 

and the active element precipitated out later. It may be easier and quicker, at the expense 

of sensitivity, to remove a small aliquot of the solution (after sufficient stirring) and treat 

this or count it directly. Although iodine has only half the activation cross section of 

manganese, the shorter half-life of I 8 (25 min compared to 2.6 hr for Mn 66 ) makes iodine 
more convenient in some cases. 

By using combinations of thermal and resonance absorbers, thermal-energy neutrons 
at energies of a few electron volts can be separated. 


RESONANCE SCA TTERERS 

At higher energies of the order of a few hundred electron volts or a few kilovolts ne„ 
irons can be detected by resonance scattering. The counter consists of BF, proportional 
counters embedded lengthwise in circles in a paraffin ring. 33 ’ 38 The paraffin sIows^Joto 

scan 6 r the detectl0n efficienc y is about 15 percent in the kilovolt region The 
scatterer is placed in the center of the ring. Collimated neutrons must be used For clear 
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interpretation, the scatter should have just one resonance or only a few widely-spaced 

resonances. Only a few elements satisfy this requirement. Table 1.1.10 shows three 
elements which may prove useful. 



Table 1.1.10 — Some Useful Resonance Scatterers 



Resonance 

Neutron 

Total cross 
section at 

Next-nearest resonance 

Element 

energy, ev 

width, ev 

peak, barns 

Energy, ev Peak o t , bams 

Co 

120 

2.6 

1100 

6000 

17 

Mn 

345 

13 

50 

2900 

29 

Na 

3000 

170 

50 

55000 

10 


PHOTOGRAPHIC EMULSIONS 

Slow neutrons can be detected in a photographic emulsion by loading it with lithium and 
boron and counting the tracks of the reaction products under a microscope. 39 ' 40 ' 111 The 
reactions which will take place in an emulsion are listed in Table 1.1.11. Loading and de¬ 
veloping of the emulsions must be done carefully to get uniform absorption and to be able 
to differentiate between alpha or triton tracks and proton tracks. 40 Up to 72 mg B and 12 
mg Li per cc of dry emulsion can be absorbed in 200 M-Ilford C 2 plates from an aqueous 
solution of lithium tetraborate, and if separated B 10 or Li e is used, the detection efficiency 
approaches that of BF S counters; this is evident from the transmission curves of 
Fig. 1.1.11. The lithium and boron reactions can be easily distinguished by their different 



Table 1.1.11 Neutron Reactions in Photographic Emulsions Loaded 

with Boron and Lithium Nuclei 


(Kaplan and Yagoda, Rev. Sci. Inst. 23, 1952) 


Reaction 

En 

B ,0 (n.a)Li T 

0.025 ev 

B 10 (n,p)Be 10 

Thermal 

B n (n f a)Li 8 

~1 mev 

U e (n,Qf)H 3 

0.025 ev 

Li 7 (n,a)a 

Thermal 

N u (n.p)C M 

Thermal 

H‘(n,p) 

E 


cr, barns 


crN,* cm" 1 


3800 89 
< 0 . 2 89 
85 x lO" 6 ® 9 
910 89 
0.033 90 
1.71 90 

9.42/(E + l) 91 * 92 


1.35 

<7.1 x 10" 5 
1.31 x 10" T 
6.96 x 10" 2 
3.18 x 10" 6 
4.88 x 10" 3 

t 


♦ Based on the composition of Ilford C-2 plates loaded from a 10-percent 
lithium borate solution which picked up 3.56 x 10 2 ° atoms of B 10 and 7.65 x 
10 1 * atoms of Li 6 

t The loading process increases the normal hydrogen content of the 
emulsion by the addition of plasticizer and water of crystallization associ¬ 
ated with the lithium borate compound. Measurements of neutron spectra 

from the ranges of proton recoil tracks are best made on a nonloaded 
plate 
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NEUTRON ENERGY, ev 


Fig. 1.1.11 The Transmission in a Photographic Emulsion as a Function of 
Neutron Energy for 200-micron Ilford C2 B 10 -loaded Plates Containing Various 
Amounts of B 10 in Milligrams per Cm 3 of Emulsion. Reprinted from Blau. 
Ruderman, and Czechowski, Rev. Sci. Inst., 21. 1950. The cross section of B 10 
was taken to be a = 627"% (E in ev). The transmission of a conventional BF, 
proportional counter, 10 cm long and filled to 50 cm pressure with pure 
B °F 3 is included for comparison. 


lengths. The alpha and triton tracks from lithium are 180° apart and have a total , 

about 44 microns while the alpha tracks from boron are 7 

colls also present in the emulsion have a range of about 7 microns; therefore tracLTn" a 
similar non-loaded emulsion must be counted and subtracted. Angular criteria «hr- 
lectors (resulting from developing), and geometric escape factors are given in K 
Yagoda. Either set of tracks can be used to obtain the neutron flux The • t ^ 

“ l ' B " “ * “ 10 «*"•«. «»■ »•».» 
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By selecting the proper emulsion, such as Ilford D,, the sensitivity to beta and gamma 
radiation can be kept relatively low. After an exposure of a D, plate to about 80 roentgens 
of gamma radiation the background was still low enough to allow short alpha or proton 
tracks to be counted easily. 


SCINTILLATION COUNTERS 

Efficient scintillation crystals and liquids used in conjunction with photomultipliers for 
detecting slow neutrons have only been reported very recently. Hofstadter et al 42 have 
grown natural Lii crystals activated with 1 percent Til which will discriminate against 
gamma radiation by virtue of the much larger pulse height from the neutron reaction. Be¬ 
cause of the large cross sections at thermal energies (910 b for Li 6 , 7.4 percent abundant, 
at 0.025 ev) a 1-cm-thick crystal of Lii will have almost 100 percent efficiency. By using* 
a mixture of 7 percent Li 6 I and 93 percent Nal plus 0.1 to 1 percent Til, the pulse height 
can be greaUy increased without loss of counting efficiency. An energy resolution of 
7 percent is claimed. Boron has not been successfully incorporated into crystals up to 
the present time, but Muehlhause and Thomas 44 have mixed an alkyl borate such as tri- 
ethyl, tri-methyl, or tri-butyl borate with a terphenyl-phenyl-cyclohexane solution to get 
a scintillator which is 100 percent efficient for slow neutrons. 

A combination of scintillation counter and induced activation techniques has been recently 
proposed by Grimeland 45 to measure absolute neutron densities. Advantage is taken of the 
1/v capture cross section of Na 23 to activate a sodium iodide crystal mounted on a photo¬ 
multiplier. The activity of Na 24 has a half-life of 15.06 hr while that of I 128 is only 25 min; 
the two activities can therefore be separated easily. 


FAST-NEUTRON DETECTORS 

Since the cross sections for fast neutrons are on the order of barns or fractions of a 
barn, fast-neutron detectors have a relatively low efficiency compared to thermal detectors, 
usually only a few percent or less. Most fast detectors are energy sensitive and can indi¬ 
cate the energy distribution to some extent. However, by surrounding the source with a 
moderator like water or paraffin of sufficient size, high-energy neutrons can be slowed 
down and detected by thermal counters or foils, or in the case of water, by dissolved 
manganese or iodine compounds as discussed under thermal neutrons. The efficiency in a 
water bath can be made to reach 100 percent, but the use of a bath is often awkward or 
impossible; a BF 3 proportional counter surrounded in a suitable manner is frequently used 
as a monitor for neutrons of all energies up to a few mev. 46,47 Such a counter is called a 
flat-response” or “long” counter because the energy response is uniform between 1 and 
5 mev and decreases to only 85 percent relatively at thermal energies. The neutrons are 
sent in axially. The lower efficiency at thermal energies is because of the higher proba¬ 
bility that such neutrons will be reflected back from the paraffin and away from the 
counter. The absolute efficiency is about 1 percent or less. 


PROTON RECOIL COUNTERS 

lonizaUoi and proportional counters filled with gases containing hydrogen atoms can 
detect fast neutrons by the ionization produced by the recoil protons. Hydrogen gas or 
methane s used, the latter having the advantage of a higher hydrogen content per mole¬ 
cule^ Instead of a gas, a solid or liquid hydrogenous radiator can be put into an argon- 

r r s triStearate ' (C ” H 3 sC 0 2 ), C,H S , is preferred over paraffin because 

of its definite chemical composition. It can be evaporated to form thin, uniform layers of 

the order of microns. A great many types of such counters are described in Rossi and 

Staub, loc. cit. Skyrme et al describe a cylindrical proportional counter filled with 

ydrogen or methane which can reproduce neutron-flux measurements to better than 
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5 percent in the energy range 0.1 to 1 mev. The efficiencies are of the order of tenths 
of a percent. 

FISSION CHAMBERS 

Fission chambers with coatings of pure thorium or separated U 238 are useful for de 
tecting energies above 1 mev. 


THRESHOLD DETECTORS 49 

Activation of certain elements by (n,2n) or (n,p) reactions can be used to measure neu¬ 
tron energies and fluxes in the range 1 to 25 mev. The (n,2n) reaction offers a sensitive 
method for energy measurements above 9 mev while (n,p) reactions are suitable at lower 
energies. The latter reaction has a low cross section at threshold and thus is not a sharp 
detec or. Tables 1.1.12 and 1.1.13 list convenient (n,2n) and (n,p) detectors and some 
quantities useful in correcting the observed counting rates. 

The quantity measured by a threshold detector is: 


I = / B *° F(E)o(E)dE 

(57) 

where: E = energy 

B = threshold energy 
F(E) = neutron flux distribution in energy 

Experimentally, I is found from: 

I = Xn ° 

Q[1 - exp(-AT)] (58) 


where: A 
T 


n o = 

Q = 


decay constant of activity = 0.093/half-life 
bombarding time 

number of radioactive atoms at end of bombardment 

number of atoms of the reacting isotope per unit area perpendicular to the 
neutron beam 


An 0 is obtained from: 


ln (*"5r) = ln(Xn °) “ xt 


(59) 


dn 


i Ull 

where: -—= rate of decrease of number of radioactive atoms 


t - time after end of bombardment at which rate is measured 

-dn/dt is obtained from the observed counting rate R measured in some counter by cor 
reeling for the geometrical solid angle the counter sees and for various scattering and 
absorption effects on the radiation counted. If betas are counted, correcting for self 
absorption in the detectors is usually important. The absorption of the betaL can be 
represented in an approximate manner by an exponential relationship: 

F = e “ d/a 


where: F 
d 

a 


fraction transmitted per unit incident intensity 
absorber thickness 

1/e thickness, a constant depending on maximum beta energy and annr^i 
mately independent of the absorbing material ^ Pp 1 


(60) 
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On integrating across the detector thickness, the factor by which the observed counting 
rate is to be divided is obtained: 



where: d 0 = detector thickness 


Absorption in the counter window is corrected for by using Eq. (60). Back scattering from 

the pan holding the detector is usually not important unless the betas are very high in 

energy and the detector very thin (correction is about 10 percent for 3 mev betas and zero 

thickness detector). If other radiations are emitted in cascade with the betas and the 

counter is sensitive to them, corrections may have to be made in order to get the true 
absolute intensity. 

In obtaining A no care must be taken that other activities are not interfering. The 
counting rate vs time is plotted on a semi-log scale, and the activity which has the correct 
half-life is extrapolated back to zero time. Longer-lived activities are also extrapolated 
back to zero time and subtracted to give the true Ano. For accurate results, the counting 
rates should be measured over several half-lives of the various activities. ’ 

To determine the neutron flux, the energy spectrum must be known. The total flux over 
3 mev can be obtained without a knowledge of the energy spectrum by using the (n p) re¬ 
action on P or S . For phosphorus, o = 0.14 barn, and for sulfur, <j = 0.32 barn.’ 


PHOTOGRAPHIC EMULSIONS 

By exposing emulsions such as Ilford C 2 edge-on and counting the proton recoils in the 
forward direction (making an angle of less than 10“ with the neutron direction) Nereson 
and Reuies were able to obtain resolution of 10 to 20 percent in the range 0.5 to 1 5 mev 
The efficiency per unit cross section is independent of energy in this energy range but ' 

tracks 0 5 f ° 0 2 meV ’ tHe effiC ‘ enCy decreases because of the low grain counts in the proton 

Using Li s -loaded plates, one can use the Li 6 (n,a)H 3 reaction to measure the neutron 
energy although not the flux at present. 51 ^ The energy is a double-valued function of the 
sum of the alpha plus triton tracks for each value of the angle 0 between the alpha and 
triton; however, by counting only these tracks for which 0 is 175” to 180“ a unique enerev 
can be chosen and a resolution of at least ±0.1 mev is claimed. Detection of energies f™ m 
thermal up to 10 mev or more should be feasible. The method is well suited for energv 
measurements on monoergic neutrons within a medium where perturbations introduced bv 
the detector must be minimized and where collimation cannot be achieved. For continuous 
neutron energy spectra, the capture cross section would have to be known (it is known only 
up to 0.7 mev) as well as the angular distribution of the reaction. Work on this is going on 


Scintillation Counters 

Hydrogenous materials such as anthracene or stilbene crystals or the many liquid 
organic scintillators can be used with good efficiency. For example, Jastram et al M claim 
that a solution of 2 gm/liter of terphenyl in xylene in a cylinder 6 cm long and 4 cm in 
diameter has an efficiency of 50 percent for 1- to 10-mev neutrons. However such de 

! Ct M S u are , alS ° falrly sensitive to gamma radiation. By applying coincidence’techniques 

in which only those recoil protons which receive almost all the energy are counted the 

resolution can be considerably improved and the gamma background greatly reduced with 
a corresponding sacrifice in counting efficiency. ’ W1 ** 1 
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Molding a button of lucite mixed with ZnS produces a scintillator which can be made 
relatively insensitive to gamma rays by proper discrimination. 55 Table 1.1.14 gives 
efficiencies at some energies. 


Table 1.1.14 — Neutron Detection Efficiencies for ZnS Scintillation Counter 

(Hornyak, Rev. Sci. Inst. 23, 1952) 


Background 

Discriminator 

Percent efficiency for neutrons of 

limitation 

setting 

14.2 mev 

—4 mev 

0.50 mev 

Tube noise 

10 

8.0 

2.5 

0.70 

E y < 3 mev 

15 

6.8 

1.7 

.28 

Ey < 17 mev 

30 

4.0 

0.86 

.12 


STANDARDIZATION 13 ' 56 


Measurement of absolute neutron source strengths and fluxes is difficult, and the ac¬ 
curacy is at best about 5 percent. Relative measurements can be carried out much more 
easily with accuracies better than 1 percent. 


SOURCE STRENGTH 

A BSOL UTE ME A S UREMEN TS 
Boric Acid Bath 

The source is surrounded by enough boric acid solution to absorb all the neutrons. The 
source strength is given by: 


Q = 4b(Mb + M h ) r 

ct b Jq 


nva B (l + g)r 2 dr 


(62) 


where: Q = neutrons/sec emitted by source 

M B» M h ~ moles °f boron and hydrogen, respectively, per cc of solution 
ct B> °h = absorption cross section/mole of boron and hydrogen, respectively 
a H/ a B = 2270 (Reference 57) 

g(r) = neutrons absorbed/(cc)(sec) at the distance r at energies above the 
cadmium cut-off per neutron absorbed at thermal energies 
nvcr B = absorption rate of slow neutrons/(cc)(mole B) at r 

The fraction g is determined by measuring the counting rates of a small boron chamber 
at various distances in the solution with and without a cadmium cover. 

The function nvcr B is measured in the following way. A BFj counter with accurately known 
counting volume and gas composition is placed in a thermal flux produced by some second- 
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ary source. The counting rate I B of the chamber gives the neutron flux (nv) B at the counter 
Dy: 


*B = (nv) B o B Nb 

where: N B = moles of boron in the counting volume 


(63) 


The ratio of saturated activities of In or Mn foils at a position r in the bath A lh and at 
the BF 3 counter in the secondary flux, A a is equal to the ratio of the fluxes at the’points 


nv 


(nv)B 


Ath 

a B 


Thus: nva B = 


Ath I 


B 


Ab Nb 


(64) 


and the integral in Eq. (62) can be evaluated bv measnrintr a ^ t 

Ala^ 1,6 ‘ hin e 4 n “ Ugh . n0t t0 disturb the neutron flux distribution. In this way" the 1 IT f °' 1S 
lam os No. 44 Standard Ra-a-Be Source was calibrated to yield a Q = (5 9 ± 0 3) x lo 8 

p p er i0 sec m Oct. 1944. The Q increases by 0.54 percent per Jear becausi of the giowlh of 


Production of Helium From Boron 

Since one helium atom is produced for each neutron absorbed in B 10 a 

>■ * - containing , * 

neutron source strength. Most sources are too weak to produce enough helium 
measured; therefore, the calibration is done indirectly bv measuring fhp q 

produced by reactor neutrons and then measuring the relative neutron densTti™ of the 110 ™ 
reactor and the source by some other method, such as activation of.™ , 6 

5 t 5 h i 8 0 W 4 T; t , h n e 6 Arg ° nne Standard S ° UrCe No - 38 was found *1 

(5.5 ± 0.4) x 10 s per sec in Oct. 1944. v 

Balancing of Sub-critical Reactor With Calibrated Absorber 

w* H ™- a t S0U J Ce WaS calibrated balancing the neutrons produced by the source 
with a samp'e of sodium. Determining the disintegration rate of the sample gives Q after 
making certain corrections, such as for the resonance capture of the fast neurons 9 

RELATIVE SOURCE STRENGTH MEASUREMENTS 

If two sources are known to have similar spectra thev can he k 

any suitable detector in a fixed geometry. * spared by setting up 

For sources with different spectra, all the neutrons must be captured or all slowed dn 
to the same energy before detection. The following methods have been used 

Long Counter 

The accuracy with such a counter is about 5 
Infinite Medium 

The sources are put into a standard graphite reactor and th* ci™,™ ^ 
is measured with indium or manganese fotis. A st^rd relcU LTr^? 11 ^ 0 ™ 
graphite from 5 to 7 ft on a side, 8 to 10 ft high, and covered with cad i t 8 'l* ar array of 
neutrons from the surroundings. The source L’put tZZe 


percent. 
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end. The detecting foils are also placed along the center line. Such a reactor is also used 
for flux measurements (see below). For high accuracy, a source strength of 5 x 10 5 n/sec 
or greater is desirable: 

Q jf q r ' dr 

QS “ " JT qS ta r * dr (65) 

q _ A res 

qstd _ std (66) 

^ A res 


where: r is the distance from the source along the center line 

Ares is the saturated foil activity owing to neutrons above the cadmium cut-off. For 
indium foils, the activity is produced by 1.44-ev neutrons; for Au, 4.8-ev neutrons; and 
for Mn, 300-ev neutrons. An analytic form for A res (r) is needed to integrate the equation 
and is found, on the basis of Fermi age theory (see Chapter 1.3), by fitting the measured 
distribution to the sum of Gaussians, three usually being sufficient: 



(67) 


where Ai and ri are empirical constants. When indium is used, corrections to the ob¬ 
served A res have to be made for absorption in the cadmium of the 1.44-ev neutrons, for 
the sink effect of the indium, and for absorption in indium of higher resonances 58 (see also 
preceding discussion in this chapter). 

If the two sources are not very different in their spectra, the relative source strengths 
are simply equal to the ratio of the saturated foil activities when measured at a properly 
chosen distance 60 in the standard reactor. 

This method, while not as accurate as the integration method, is much faster and can 
measure weaker sources (down to 10 4 n/sec or less). 

A water bath or paraffin sphere can be used to slow down the neutrons to thermal 

energies and the distribution measured with foils or small boron counters. The bath should 

be large enough to capture all the neutrons. A radius of less than 2 ft will be effectively 

infinite for neutrons up to fission energies. For high accuracy, a strength’of 2 x 10 5 n/sec 

or more is needed. An equation similar to Eq. (65) is used with q replaced by Ath* The 

integrals are evaluated graphically until A t ^ r 2 becomes an exponential, and then A*h is 
fitted to the equation: 

Ath = p e~ rA * (68) 

for r up to ■». a and X s are constants. 

Because of the steep distribution curve, the positions of the foil must be measured to 
better than a millimeter and the finite size of the foil taken into account; i.e., the root- 
mean-square distance from the center of the source to all parts of the foil is used. The 
disturbance of the neutron distribution caused by the sink effect of the foils will cancel 
out to a large extent in the ratio of the integrals if the same foils are used for both 
measurements. 

A water solution of a manganese or iodine salt surrounding the source is stirred after 
irradiation to saturation to spread the activity uniformly throughout the solution. The ac- 
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tivity of an aliquot is measured. Then Q/QS td = a /A std Thu 

Which is independent of the angular distribution of S /he neutrons ° ^ 


Subcritical Reactor 

rrr xzsESXsi sr rrrr- 

01 «MHIWK». tmd ou, one r.adihg 1™“"“'“ 

the spectra are very different, corrections for differences in leaka^P max, ho * k 
applied. This method is rapid and has an accuracy of 1 percent. g * V * ^ 

FLUX 

Standard fluxes may be obtained by measuring reaction rat P « i™ 

1/v detectors such as boron or gold will actually civ ? , Cr0SS SectionS ' 

-eon, . thermal „mt can i ebtlm, TyTm J ^»/£" “> 

™ be earned , n l , 

The standard graphite reactor with a standard source is used to nrnW . 58 

The distribution of resonance neutrons, A res is expressed bv thP R ^ 0Wn nuxes * 
Eq. (67). The slowing-down density is given by: 7 semi “ em Pirical 


^res ” ^ res A 


res^res “ 


y .-rVr! 
id 


-e - 


(69) 


where: Q = source strength 

F i is the fraction of the Q n/sec emitted which 
the range rj: 


are 


in the synthetic energy group having 


p. _ ^res^i ff3/2 rj 

Q 


(70) 


k re s is evaluated from the relation: 
£ F t - 1 . **.„*£ AlP , 



The thermal flux is given by: 


= v 0 £ n, 


where: v 0 = thermal velocity = 2.2 x io 5 cm/sec 



n ‘ =F ‘ Q SEc )k fe 

J=1 k=l 





+ 
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r i(th) = r? + 4 (r th - r^) 

4(T- th -Ti,,) = 268 

t = neutron age 
L = thermal diffusion length 
X = transport mean-free-path 


The reactor has its small sides of equal length with a = geometric length + 1.42 X. The 
origin of coordinates is taken at the center at one end of the reactor. The source is at 
(x g , y 8 , 0) and the foils are at (x, y, z). Since even a graphite reactor 8 to 10 ft high is 
not infinite in height for the thermal diffusion process for points very near the top, the 
observed neutron density near the top will be less than the value calculated from Eq. (73) 
by the factor: 


1 _ e -2(z t -z)/b n 


z t = (z coord, at the top of the block) + 0.71X. A reactor 5 ft wide will be effectively infi- 
from the sides for points along the axis (x = y = 0). 

By measuring the thermal foil activity, Ath, at various points along the axis of the 
column and by comparing this with the calculated flux, (nv)th, at these points, an average 
K t h such that (nv) th = K th A th may be obtained. This standardizes the foils for the meas¬ 
urement of thermal flux. 

To convert from graphite to water: 


K re s( water) = K res (graphite) 


X(graphite) g(water) 
X(water) ^(graphite) 


(74) 


MEASUREMENT OF FAST NEUTRON FLUX 69 

For monoergic neutrons, hydrogen recoil counters with known sensitive volumes can be 
used. Three types of counters have been described: (1) Hydrogen-filled proportional or 
ionization counters or counters having a thin hydrogenous radiator. The ultimate limit to 
the accuracy is set by the accuracy of the elastic scattering cross section, which is equal 
to the total cross section at high energies, capture being negligible. This is known to 
2 percent up to 1.5 mev and 5 percent up to 14 mev. The lower limit to the neutron 
energies that can be detected is about 200 kev. (2) Integration ionization chambers in 
which the current is measured and is directly proportional to the flux. The accuracy is 
about the same as the pulse-type counters, and this counter has the advantage of being 
able to detect neutrons down to tens of kev. However, background effects are more diffi¬ 
cult to eliminate. (3) Photographic plates have been used, but errors in defining the solid 
angle and the concentration of hydrogen atoms makes the accuracy at best 15 to 20 percent. 

If the neutrons are emitted by a reaction such as H 2 (H 2 ,n)He 3 or H 2 (H 3 , n)He 4 , an accu¬ 
rate estimate of the neutrons coming off at angle 9 per unit solid angle with respect to the 
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incident particle in the lab system can be made by counting the helium atoms at the 
corresponding angle <p: 

sin 0 = >4^7tjj; sin 9 ( 75 ) 

This method is potentially capable of the highest accuracy (about 1 percent) for neutrons 
above 3 mev using the d,d reaction and for neutrons above 13 mev using the t,d reaction. 

Threshold detectors with known cross sections which vary smoothly with energy are 
suitable secondary standards. Fission detectors are convenient because of the ease in de¬ 
tecting the fission fragments. NP 237 has a threshold of 0.4 mev, and natural U has a thresh¬ 
old about 1 mev. 

Relative fluxes can be compared using the long counter (see discussion earlier in this 
chapter) or the various moderating media with a detector at one point, assuming the 
sources are isotropic. ’ 

For polyergic sources, fluxes can be measured by the methods just described for rela¬ 
tive fluxes. The highest accuracy is obtained with a moderating medium. Care must be 

taken when using the long counter because it is energy independent only over a limited 
energy range. 

The recoil particle method is suitable for measuring polyergic sources. The energy 

distribution of the primary neutrons, S(E)„is related to the energy distribution of the 
recoil particles, H(E), by: 

S(E) = Er mE) 

K ' Na(E) dE r (76) 

where: E r = energy of recoil 

N = number of detecting nuclei/cm 2 
a(E) = scattering cross section 

The principal difficulty is to determine dH/dE r . The various types of hydrogen counters 
are most suitable. One method that has been used successfully with about 10 percent 
accuracy is to count the recoils from a thin radiator in a photographic plate. 


CROSS-SECTION MEASUREMENTS 

The atomic cross section, o, for a reaction produced by neutrons is defined as follows: 

n = Events of given type per unit time per nucleus 

(neutron density) (neutron velocity) (77) 

The neutron can be isotropic or in a beam. Dimensions are in area units A given tvue 

means absorption, scattering, and the like or the total cross section which involves the 
sum of all processes that can remove neutrons from the beam. 


TOTAL CROSS SECTION 


The total cross section, o* is found very accurately by a transmission experiment using 
monoergic neutron beams. The transmission is defined as the ratio of neutron flux at 
distance x in the material to the initial flux and is given by: 



. e ~ Ncr t x 

(nv) 0 
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where N is the density of nuclei in the material. The beam intensity is measured by a de¬ 
tector with and without the sample in the beam. It is not necessary to know the detector 
efficiency because only the counting ratio is needed. The conditions for accuracy are: 

(1) Well collimated beam. 

(2) Uniform, accurately known, sample thickness. 

(3) Accurate knowledge of impurities, especially the water content and impurities with 
large cross sections. 

(4) Small angle subtended by detector at absorber (to avoid scattered neutrons). 

The most accurate measurements of a t as a function of energy have been made using 
time-of-flight spectrometers and crystal monochromators (see previous discussion). 


ABSORPTION CROSS SECTION, a a 


TRANSMISSION METHOD 

If a* » cr s , then = o a . If <r t > 500 b, the error in o a will be less than 5 percent. This is 
the case with B, Cd, U 235 , and Pu 249 . If cr^ — 50 — 200 b using a reasonable guess for ct s will 
give a a with an error of about 10 percent. 


SUBSTITUTION METHOD 


This is a relative method used for 1/v absorbers. A source is surrounded first with the 
material of unknown cr a and then with material of known cx a , using enough material to absorb 
all the neutrons. The rate of neutron production will be the same in both cases, but the 
rate of absorption will depend on o a . The total number of neutrons present in each medium 
is found by measuring the density distribution using 1/v detectors. Then: 



where: n = neutron density 

N = density of absorbing atoms 

For an isotropic source, it is only necessary to measure the activity, I, along one 
radius, plot Ir 2 vs r, and graphically integrate. 

If o a (unknown) > 10 b, water is used for the standard, and the unknown is dissolved in 
water. Then: 


( f ndv ) h 7 o 

( f ndV )so,„. 


Nhcth + N x q x 

N H a H 


(80) 


(The absorption of oxygen is negligible compared to hydrogen) 

In this way, the ratios <7Li/ a H> a B/ a H> an< * CT Mn /°H have been measured. 

If <7 a (unknown) ~ 10 b large volumes of concentrated solutions are usually needed. This 
can be avoided by the following modification of the method. Boron, because of its large 
cross section, is used as a standard in place of hydrogen. The source is kept at a fixed 
position outside the solution, the detector at a fixed position within. The concentration of 
boron atoms, Ng, which produces the same decrease in the slow-neutron density as is 
caused by a concentration, N x , of the element x is determined. The cross section, ct x , of 
this element is then given by obN b = a x N x . 
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This modification is equivalent to the measurement of a single point on the activity 
integral curves discussed above. A basic assumption is that the fixed geometrical con¬ 
ditions and the low concentrations involved render negligibly any differences in the 

scattering properties of the elements investigated and any changes in the absorption and 
scattering properties of the water. 

” OdifiCatl0n 18 necessar y in order to study elements with o a < 1 b. Because 
a a of H(0.31 b) lS comparable to the cross sections to be studied, water is replaced by a 
moderator of negligible absorption, i.e., graphite. A powdered sample of the element to be 
investigated is intimately mixed with graphite powder. The reduction in the neutron density 

by a known concentration of the element is compared with that produced by varying mix- 
tures of boron and graphite powder. 


CHANGE IN REACTOR REACTIVITY 

Adding an absorber to a critical reactor will reduce the reactivity k by an amount Ak 
which, to a first approximation, is proportional to the absorption cross section The 
method has been applied to thermal reactors in two variations; the danger-coefficient" 

T h T nd ^l P Ct0r ° SCillat ° r 6MM3 is a relative met ^d "quires 

absorbers with known cross section, such as boron or gold, which are 1/v and thus yield 

the thermal cross section. The unknown must also have the same cross section spectrum 
regions he Cr ° SS 8eCU ° n ^ S ° me aVerage value over the thermal-reactor energy 

In the danger-coefficient method, the reactivity change is measured by the position of a 
control rod which has been calibrated. The reactivity, in turn, is obtaiZd from a meas- 

i^r^ssr 1 as observed on a sensiuve 

The change in reactivity is observed for both the unknown and a standard absorber 
placed near the center of the reactor, and the ratio is equal to the ratio of the cross 
sections. Instead of using boron as a standard, it is convenient to use thin cadmium wires 
about 1mm in diameter. Cd is black to neutrons up to 0.4 ev and in an isotropic flux 
presents a cross section of ‘/ 4 „dl, where d - diameter and 1 = length. To convert a cross 
section measured with cadmium as a reference to a thermal cross section it h 

rZent:^ ““ ™“ 0 be ‘ Wee " - — The ^“^rsmay 

(1) Impurities with high cross section. This is probably the most important external 
source of error and according to Hughes,” limits the accuracy to about 5 percfnt 

Hi i h b °i " eUtr ° n denSUy by high absor Ption. This is reduced by using thin or 
dilute absorbers and distributing them over many graphite cells Y g ™ 

(3) Self-absorption. This effect is minimized by adjusting the thickness of tho i™ 

unknown to give the same absorption per unit area in each known and 

(4) Scattering effects. By placing the absorber in a region of zero neutron h—i* 

gradient, i.e., in the center of a moderator cell svmmetrirai wk ensity 

r r~ asar 

(5) In air-cooled reactors, barometric and ^ ... 

the amount of gas in the reactor and therefore the absnrV n S fluctuati ons change 
drifts are slow and can be compensated for bv meas • P IT ^ reactlyit y* Temperature 

z 3 ~r :i 

01 S»* « SS LTe. l ,£“S" on * 
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from an ion chamber placed close to the path of the moving absorber. By proper design 
of the ion chamber and recording circuits, the signal because of a scattering event can be 
made quite different from one due to absorption. The two types can be put out of phase and 
the scattering signal almost completely cancelled out. Corrections for scattering have to 
be considered when the absorption cross section becomes less than 1 percent of the 
scattering cross section. The main advantage of the reactor oscillator is that much 
smaller amounts of materials can be used, of the order of milligrams instead of the grams 
to kilograms required by the danger-coefficient method. The materials can be oscillated in 
a region of the reactor containing only graphite so that resonance effects can be greatly 

reduced. As an estimate of the over-all error, measurements of the indium thermal cross 

# 

section showed an uncertainty of 5 percent for a 150-mg sample and a 20 percent un¬ 
certainty with a 5-mg sample. 62 

A CTIVA TION ME THOD 

By studying the induced radioactivity of a sample, the activation cross section can be 
measured. The activation may result from (n,y) and (n,p) reactions, and thus the activation 
cross section may or may not be equal to the absorption cross section. If the product 
nucleus decays in a simple manner to a stable daughter, the activation cross section is: 

Ccvsat 

aact ~ nvN* < 81 > 


where: C 0fS at = saturation activity at end of irradiation; see Eq. (56) 

nv = neutron flux 

Nj = total number of atoms in beam 

If the daughter of the product nucleus is also radioactive, the equation for C 0 sat is more 
complicated. 

If the flux is not known, relative measurements can be made. Then: 


_ N std (Co.sat) 

X N x '(Co.sat )std Std 


(82) 


DEPLETION METHOD 

Some of the elements have large absorption cross sections but the product nucleus Is 
stable (Cd, Gd, Sm). The cross section can be obtained by irradiating in a reactor of 
known flux for a few months and analyzing the sample for initial and final nuclei concen¬ 
trations in a mass spectrograph. The accuracy is poor because of uncertainties about the 
reactor flux. The method has also been applied to determining the cross section of Xe 13B 
which has the largest absorption cross section known. Xe 135 has a half-life of 9.2 hr and 
decays to the very long lived Cs 135 (half-life > 10 6 yr) which can be considered stable. Two 
samples are put into similar counting chambers, and the ratio of activities before and after 
one of the chambers has been irradiated is taken. The non-irradiated sample decays ac¬ 
cording to: 

I = I 0 e“ xt 

and the irradiated sample according to: 

I = I 0 e”* x+nvCT * t 

from which a can be obtained. 
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MEASUREMENT OF DIFFUSION LENGTH 

This method complements the other methods because it requires o a « <j s . A rectangular 

reactor of the absorber is built with square cross section. A source is put at one end and 

the relaxation length along the central longitudinal axis is measured. This is the length for 
the neutron intensity to drop by a factor e: 


1 


relaxation length 




2tt 


(83) 


where: a 
L 

V 

a tr 

N 


= sho rt edge length + 1.42 A tr 

= ^^ a a a tr = diffusion length 
= transport mean-free-path = 1/Na tr 
= transport cross section 
= nuclei/cm 3 


(84) 


ffranhitp 1 ^^ quMitieS 0fthe absorber are needed. Measurements on D 2 0 
graphtte, and Be have been carried out. The method has been especially useful in assaying 
impurities in graphite that would increase the absorption assaying 


SCATTERING CROSS SECTION 

THE DIFFERENTIAL SCATTERING CROSS SECTION 

to by" SS S6Cti0n Per Unit 80lid angle at the angIe 9 respect 


da 8 (0) 


(nv)o 


dw (nv) 0 NX Aw 


(85) 


where: (nv)# 
(nv) 0 
N 
X 
Aw 


scattered flux measured by a detector at the angle d 
incident beam flux 

density of scattering atoms 
thickness of scatterer 

solid angle subtended by detector at the scatterer 


the T s h :rr n s : u r r r r city ° f 

with energy must be considered 6 Since ti 

radians, the scattering intensities are low and the accuracy is not as great as for a t . 

RECOIL COUNTERS FOR DIFFERENTIAL CROSS SECTION 

If the scatterer is a gas, conservation laws give a relationship ^ 

in angle of the scattered neutrons and the distribution ine P een the dlstrit>u *ion 

incident beam of monoergic neutrons. The recoil energy distribution 6 . reC h ° iIS ’ US ‘ ng an 
putting the gas in an ionization chamber or proportion^,. tribution can be measured by 

produced in a gas it is also possible to employ a thi hT'v Instead of usi "g recoils 
the only nuclear interaction because other Lj, f racUator - Elastic scattering must be 

The differential cross section in the center ofTaJ . the energy distributi °n- 

of the recoil energy distribution in the hbT^ T t. * a " gl6 * ™ a function 

= -g" A , N(E i 

dw tT(A + l) 2 

7 ( 86 ) 
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where: N(E) = recoil particles per unit energy interval at energy E in lab system 

E n = incident neutron energy 
A = mass number of recoil particle 

The relationship between the scattering angle, <p , of the neutron in the center of mass 
system and the recoil energy, E, in the lab system is: 



2A 


(1 + A) 


rE n (1 - cos (p) 


(87) 


The method has been successfully applied to hydrogen, helium, and oxygen. 65,66,67 


METHOD OF POOR GEOMETRY 

A poor-geometry scattering experiment in which the scatterer is a large disk placed 
halfway between the (point) source and (point) detector will give the cross section for 
scattering through angles larger than <£ m , the angle the scatterer subtends at the source 
or detector. 68 The scattering disk must be thin, and the neutron source and detector 
response must be isotropic. The method is particularly useful for heavy elements and for 
small scattering angles of the neutrons. 

The cross section is found from: 


I f n 

”T“ = 1 — N a(0)2?Tsin0d0 

A 0 J< t> m 

where: the integral represents the partial total cross section for <p from <£ m to rr 
I 0 = flux measured by detector without scatterer 
I = flux measured by detector with scatterer 
N = scattering nuclei per unit area 


( 88 ) 


LARGE-ANGLE SCATTERING 

For isotropic scattering, the amount of large-angle scattering (>90°) can be measured 
and compared with graphite whose scattering cross section is accurately known from 
transmission experiments. 


THE TOTAL-SCATTERING CROSS SECTION 

The total scattering cross section, <y s , is obtained by integrating the differential cross 
section as defined by Eq. (85) over the unit sphere. 


TRANSMISSION METHOD FOR TOTAL-SCATTERING CROSS SECTION 

The scattering cross sections of the elements are > 1 b for thermal neutrons. If a 
rough absorption measurement indicates that o a is « 1 b, then a t ** o s . This method has 
been applied to H, D, Be, C, O, F, Pb, and Bi. 

If a a > ct s and an accurate spectrum of a t vs E is obtained from velocity spectrometer 
measurements, it may be possible to analyze the curve into a constant scattering term 
plus a 1/v absorption term. The effects of crystalline structure and molecular binding 
on the scattering cross section are discussed in Chapter 1.2. Because of the interference 
effects at thermal energies, scattering cross sections of the atoms in a molecule are not 
additive. 
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INELASTIC SCATTERING CROSS SECTIONS 
TRANSMISSION METHOD 

The transmission is measured by putting a sphere of the scattering material round 
either the source or the detector. If the neutron source is not isotropic, the sphere should 
be put around the detector. Use of a sphere eliminates elastic scattering effects 
The detector is of the threshold type so that the experimental cross section is'that for 
all neutrons degraded below the threshold energy, including absorption. By using detectors 

can be obt r aTned ldS ’ 3 F0Ugh ° f SP6CtrUm ° f the Contributio " absorption 

effect "l eth0d ^ ves the total inelastic cross section since the sphere has an integrating 
effect. To a V01 d geometric perturbations, the distance between source and detector should 

f d T; h r tlm6S the radiuS of the s P here - Errors from this effect are thereby 
reduced o less than one percent under the assumptions of isotropic scattering A large 

greater! may be USed in place of the s P he ^e, but the corrections are much 

In order to correct for scattering from the surroundings, variations in source strength 

betwee 6 T’ * m ° nit0 ' °J ^ deteCting material is put ‘he side about halfway ’ 
between the source and detector. ah way 


DIRECT SPECTRUM METHOD 

The neutron energy spectrum is measured at different angles an d tho 4 . , 

scattering spectrum is thus obtained. Corrections for absorption are not ne^esla^rVMs 0 
is the best method but requires sensitive detectors with known energy dependence Re 
suits have been published for the scattering at about 90° for Fp ncino- u * - q 

and for Fe and A1 using an anthracene scinUUa^^ 

within the experimental error which is about 25 percent Measurements th l * gree 
elements are being performed at Los Alamos wifh , r „T* 

photographic plate for detector. 71 P ° Und the S0Urce and a 

GAMMA -RA Y METHOD 

The yield of gamma rays coming off as a result of inelastic scattering h. k 
ured by means of a pair of calibrated Geiger counters in roinriH g ~* S bGen meas " 
was measured with a proton recoil ionization chamber If only one level flUX 

number of gamma rays can be correlated one-to-one with the^ratte • ^ 6XClted ’ the 

cross section determined. If several gamma rays are emitted events and the 

tion becomes more difficult. ln cascade > the interpreta- 


FISSION AND CAPTURE CROSS SECTIONS AND a 
FISSION CROSS SECTION, a f 

(1) By using a known flux, one can measure nwr v w , . 

ber. meaSUre nva t N b y absolute counting in a fission cham 

(2) The sample is irradiated in a reartnr with . 

analysis of the fission products is then carried n t™ p" U *’ a ° d * quantitative chemical 

(3) The cross section is measured relat v to th t ^ be C3lCUlated - 

to know the flux. 6latlVe t0 that of u ” 5 > thereby eliminating the need 

CAPTURE CROSS SECTION, a e 

(1) A sample with mass number A is , 

amount of A + 1 isotope formed in a mass . “ kn0Wn flux and analyzed for the 

mass spectrograph. This is the method used for U 235 
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(2) If the A + 1 nucleus is radioactive, the amount of capture can be found from the de¬ 
cay process. This is done for Pu 239 by counting the spontaneous fissions in Pu . 

(3) ct c can be found by difference: 

<j c = <r t - <7f - o s 


MEASUREMENT OF a = a c /oy 

a c and can be measured separately as described previously. 

Danger Coefficient Method 73 

The fission sample is inserted in the reactor, and the fractional change in reactivity, 
(Ak/k) t , is observed: 


^ = Af t [vY h - (1+ <*)F l ] W) 

where Af t is the fission rate of the sample, v the number of neutrons emitted per fission, 
and F h and F L the importance functions (see Chapter 1.4) suitably normalized. F H and F L 

are found as follows: 

A non-fissionable absorber is put into the reactor at the same place, and the reactivity 
change and absorption rate, Aa, are determined to get F^ 


^ <s< " 

Fh is obtained by two measurements. The fission sample is inserted in the reactor and 
is surrounded first by the cadmium-covered paraffin can shown in (a) below and then in the 
can shown in (b). In both (a) and (b), the over-all transmission is the same, but the inner 
Cd linings keep the thermal neutrons from reaching the sample in (b). The fission rates 
are measured for each case. 







Af, [i>F h -(1 + a) y - Aa‘F L 



-Af 4 [(l + a)F L ]- Aa J F L 




Aa 1 = absorption rate of paraffin and cadmium 
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The four equations can be solved for a: 


/Ak\ 

\ k )i Aa Af 3 
/Ak\ Afj Af 4 
\k /2 



(92) 


MEASUREMENTS OF REACTOR CONSTANTS 
NEUTRON TEMPERATURE 

The temperature, T, of neutrons is defined for thermal neutrons in a Maxwell distribu¬ 
tion* by: 

kT = ^ Mv o (93) 


where v 0 is the most probable velocity. T can be found by measuring the energy distribu¬ 
tion of the neutrons in a high resolution spectrometer, such as the crystal monochromator. 
T can also be found by measuring the average absorption cross section of a 1/v absorber 
using a 1/v detector. If: 

K 


then: 




To carry out the measurement, a transmission experiment is performed using boron as 
the 1/v absorber because the factor k in Eq. (94) is accurately known. A thin BF 3 detector 
is used also because of its 1/v nature. Such a detector will see the Maxwellian velocity 
distribution of the thermal neutrons, and therefore the observed cross section will be just 
the average cross section. Corrections have to be made for the constant scattering cross 
section, which is subtracted, and for the flux changes due to the finite absorber thickness 
(“hardening” of the beam). Temperature measurements carried out on beams inside and 
outside thermal columns have varied over about 100°. This variation is caused by non¬ 
equilibrium conditions as well as experimental uncertainties. The following results are 
quoted from Hughes. 13 

330°K for a beam from the thermal column of the Argonne deuterium reactor. 

287°K—same location as above but with a slightly different graphite geometry. 

255°K for beam emerging from a shallow hole in the thermal column of the Argonne 
graphite reactor. 

285°K—deep hole in the thermal column of the Argonne graphite reactor. 


measurement of neutron age 


The neutron age is determined in the general case 

relationship: 


by measuring r 2 and applying the 



*8ee Chapter 1.3. 
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r 2 is defined by: 



(96) 


Ag is the activity of a resonance foil, usually cadmium-covered indium. The source is 
placed near* one end of the moderating medium which should be sufficiently large in 
volume to thermalize the neutrons. For the important practical case of measuring fission- 
neutron age, the neutron source usually consists of an enriched uranium disk placed in and 
near the end of the medium with the medium placed on top of a thermal column. A s is 
measured as a function of r, the distance from the source. To extend the limit of the inte¬ 
gral to infinity, a plot of In A s r 2 vs r is made. At large distances from the source, the 
slowing-down distribution will be given to a first approximation by the distribution of 
first collisions. This distribution will result in the activation decreasing exponentially: 

k e“ r/x 

As=-^ - (97) 


A straight line will appear in the semi-log plot, and the constants k and X can be deter¬ 
mined. 

The integrals can now be evaluated graphically up to some point, r 0 , which lies on the 
straight line and then evaluated analytically from r 0 to «. The general form of the 
Integrals is: 


k r- e -r/X r „ dr = toe-r./X £ j-jj c 
o i=0 



where: n = 0, 2, 4, ... 

n C i = n!/[i! (n-i)!] 


At large distances, the counting rate in Cd-covered In foils may become very low. The 
counting rate may be improved greatly by using bare or Al-covered In foils. Where the 
first collision processes predominate, the counting rate with Al-covered In will be pro¬ 
portional to the Cd-covered In, and the proportionality constant can be evaluated by 
taking overlapping points. Activation from higher-energy neutrons can be checked by 
measuring with In covered with enough boron to remove the 1.44-ev resonance neutrons. 
The error in ?*from this effect is reduced when the ratio of the integrals is taken. The 
correction can be quantitatively made. 68 In another technique 74 for eliminating the higher- 
energy activation, a single Cd-covered In foil is activated followed by a Cd-covered In 
sandwich consisting of three similar indium foils. The activity of the interior foil of the 
sandwich is subtracted from the single foil measurement, and the result is the activation 
of solely the 1.44-ev resonance. 

To correct for the finite sizes of the source and detector, the following equation 76 may be 
used: Case I . Circular source of radius a' and circular detector of radius a: 

A(r 0 )=A m lr 0 )-(^)(^) ro (99) 


* But not so near (</t) that the effect of the boundary is felt at the positions of measurement. 
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Case II. Rectangular source of dimensions 2a' by 2b'and rectangular detector 2a by 2b: 




dr /r 0 

Case HI. Circular source of radius a' and rectangular detector of dimension 2a by 2b: 


( 100 ) 


A(r 0 ) = A m (r 0 ) - 


4(a : 


+ b 7 + 6a' 2 ) / dA m \ 
24r 0 \ dr Jr. 


( 101 ) 


A m (r 0 ) is the observed activity at the distance r 0 between the centers of the source and 
detector, and A(r 0 ) is the ideal activity owing to point sources. Other combinations, such 
as point source and circular detector, can be obtained from the above equations by simple 
modifications. The assumptions used in deriving the equations require the use of foils 
and sources small in dimension with respect to r 0 . However, the equations have been 
shown to be valid for corrections_up to 20 percent. 

The same data used to obtain r 2 can be used for higher movements: 




/"A 

J o 


r n+2 dr 


f A s r 2 dr 


n = 2, 4, 6, .. 


( 102 ) 


The accuracy decreases however with increase in n. 

The above measurements give the age for the energy drop from the energy of emission 
to the resonance energy of the foil. The age from the resonance energy to thermal is 
calculated from: 


T th T res 


r InEres 

& 

JinEu, 

34(1 - cos 9) 

x tr 

\ n 

34(1- 

cos 6) E th 


d In E 


(103) 


where the symbols have their usual meaning. 

If the neutron source is monoergic, the log of the slowing-down density plotted against 
the square of the distance from the source will give a straight line the slope of which is 
equal to - l/4r. 


THE RESONANCE ABSORPTION INTEGRAL 


The resonance absorption integral, fa dE/E, can be measured by activation of the 
substance when this gives unambiguous results (i.e., all neutrons absorbed produce the 
same radioactive isotope) or by using the reactor oscillator (see previous discussion 
“Change in Reactor Reactivity”). ’ 

In the activation method, 76 the cadmium ratio for the substance, x, is determined in a 
reactor (dE/E) flux, and the resonance absorption integral is given by: 




K(gjh)x 
(CdR - l) x 


- k <°th)x 


(104) 


where: (<r t h)x = thermal activation cross section for the substance (assumed known) 
CdR = cadmium ratio 

K = constant depending on flux only 

k = constant related to epi-cadmium 1/v absorption 
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K and k are found by measuring the cadmium ratios of a substance with a standard 
having a known resonance absorption integral, such as gold or indium, and of a substance 
with pure 1/v absorption, such as boron: 



(’ dE/E L 


(^th)std 


1 


L(CdR- l) std (CdR- lh/ 


vJ 


(105) 



K 

(CdR - l) 1/v 


(106) 


The lower limit, E 0 , to the integral will be 0.4 ev if a 0.01-in. Cd shield is used around 
the sample in an isotropic flux or if 0.02-in. Cd is used in a collimated neutron beam. The 
lower limit to the dE/E flux may be set at 0.17 ev since this energy will divide equally the 
intensities of the Maxwellian and dE/E distribution. The resonance integral can be calcu¬ 
lated to 0.17 ev if the absorption cross section is known. If it is 1/v as is usually the case, 
then: 




dE 

E 


= 0.69 or th 


(107) 


In the activation method, it is important that the sample be as free from water as possi¬ 
ble because H causes moderation and additional thermal absorption. To reduce self pro¬ 
tection, very thin samples must be used. If the sample has a CdR of less than 5, indicating 
a strong resonance, the sample thickness will have to be 0.1 to 0.2 mg/cm 2 or less. 

In using the reactor oscillator, 13 the technique is similar to that described earlier under 
Change in Reactor Reactivity.” The samples are oscillated inside a cadmium tube and 
the amplitude of the reactor oscillation is calibrated with indium or gold. The advantages 

of the oscillator are that small samples can be investigated and that the total absorption 
is measured. 


In measuring the resonance absorption of U 238 , thin foils of separated U 238 may be acti¬ 
vated. However, in actual reactors, the amount of uranium present is so large that the 
dE/E spectrum is depleted at the resonance energies, the amount of depletion depending 
on the shape and concentration of the uranium. Thus, an effective resonance "absorption 
integral should be measured. This is done by putting the thin U 238 foils in a sample of 
the homogeneous uranium-graphite mixture which is large enough to ensure equilibrium 
depletion at the resonance levels—usually about a liter in volume. For unhomogeneous 
reactors, the uranium slugs are slotted to receive small thin U 238 foils. The effective 

integral is determined for various sizes of slugs in order to get semi-empirical equations 
of the type of Eq. (9). 


MEASUREMENTS OF DIFFUSION LENGTH 

The diffusion length, L, for thermal neutrons in a substance may be obtained by meas¬ 
uring the space distribution of the neutrons in a rectangular block of the material. The 
neutrons may come from a source such as Ra— a —Be placed in the material near one end 
in which case the arrangement is called a sigma pile, or by locating the block adjacent 
to the thermal column of a reactor. The latter method gives more accurate results because 
of the higher intensity and more complete thermalization of the neutrons. The flux is 
measured with small boron counters or, more usually, with indium or dysprosium foils. 

The usual precautions for preventing perturbations of the flux distribution by the foils must 
be taken. In the case of the sigma pile, the cadmium ratio should be taken to check on 
the constancy of the thermalization. 
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To prevent scattering of thermal neutrons back into the block, it is covered with cadmi- 

T'n°ZT T : thlS WlU n0t keep 0Ut fast neutrons - and ‘he only way to avoid this is to place 
the block far from the walls of the room, the equipment, and the like. In the sigma pile 

the source should not be placed too near one end. ' 

The flux distribution along the longitudinal axis (z axis) is given by: 



e “ z/Bj k k odd) 


(108) 


where: S = source strength 

a,b = extrapolated lengths of the reactor in x and y directions 
D = diffusion coefficient 

B Jk = relaxation length for (j, k) harmonic 
The diffusion length is related to the relaxation lengths by: 



(109) 


Far enough away from the source, the first harmonic, B,„ will predominate leaving 
just one term in the equation for the flux. A piot of log nv vs z will give a straUn"f 
with slope —1 /Bjj. Corrections may have to be made for: g 

(1) Higher harmonics 

(2) End effects 

(3) Incomplete thermalization 

-2r r •scssxszx?* 

slo d p U e C tct h made arm0nlCS an<1 ““ *° ^termination of'the 

The correction for the next higher harmonics is given by: 


1 + ^ eZ/B “ [ 0 i3 e” z/B i3 + b 3i e“ z/B ” + B 33 e- z/B 33] 


( 110 ) 


The observed flux is to be divided by this factor Since thp 4 

error method is used, the first rough measurement of B trivia w™ 1S * trial and 

harmonics are calculated by Eq. (109). The corrected Slues of the a^I^^ **** 

plotted and a better value of B u thus obtained. The process is rP n P ♦ w 1 thGn re ~ 

L converges to the required accuracy. repeated until the value for 

At points near the end of the reactor, the flux will Hoov 0 ,« n * 

The correction factor by which the obsLrved'T *££££££ 

I - e - 2 < c -z)/B,i 

( 111 ) 

where C is the extrapolated reactor length (in the z 

Again an iteration method is used. For a determination of th 1 !l! aSUr f d fr0m the 80urce - 
Measurement of Extrapolation Distance" which follows xtra Polation length, see 

y using a pile with a square cross section a bv a and hv 
equal strength at the points (±a/4, 0), the chief hi/her T* by putting two sourc es of 

“■ ”• ,s ' 11 - *• — 
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at 3 ft along the longitudinal axis in the Brookhaven graphite sigma pile. 77 Then, the 
thermal neutron flux along the z axis is given by: 

1 - 5 — e z / B " (b 33 e- 2/B « 

+ 2 B 35 e~ z/B M + B 55 e " z/B 55 - 2 B 17 e~ z/B ") 

In actual practice at Brookhaven for measurements on the stacked moderator, the 
following equation was used to the neutron density: 


nv(z) 


= 3^2 S B tl — z/B u 


tr 


( 112 ) 


n(z) = 


Ae“ Vz 2 +h 2 /L 

J z 2 + h J 


1 - 



z z + h 


(z + 2 z 0 ) + h 


e — y (z+ 2 z 0 ) 2 +h 2 /L 
V(z 2 +h 2 ')/L 


(113) 


where: h = separation between the two equal sources 
z 0 = distance from source plane to boundary 

In nVz 2 + h 2 is plotted against Vz 2 + h 2 to get L. The quantity in the bracket is small and 
can be evaluated by iteration. 

If the neutrons are not completely thermalized, the neutron density will be a function of 
the age in a complicated manner; see Eq. (73). The correction to L is usually small (a 
few percent or less) and can be made a posteriori. The uncorrected L is calculated. Then, 
using this L together with the age as determined from the best available spectrum for the 
source, the neu tron de nsity is recalculated, and a more refined value of L is obtained by 
replotting In nVz* + h J as described above. 


MEASUREMENT OF EXTRAPOLATION DISTANCE 

The extrapolation distance which is theoretically equal to 0.71*^, can be found in sever¬ 
al ways, all basically related to the end effect in a sigma pile. Measurements of the 
flux are carried out in the same way as for the diffusion length. After correcting for the 
higher harmonics, the longitudinal flux is represented by: 

nv cr e“ z/B " (1 - e ” 2(C-z)/B “) ( H4 


where: C = extrapolated reactor height above the source 
C - z = Extrapolated distance 

z 0 = geometric reactor lengths above source 

(1) In one method, the value of C which gives the best fit of the data to a straight line 
plot of: 



1 — exp 


nv 

Pi?) 


vs z is guessed by trial and error. 

(2) In another method, 78 flux measurements are made throughout the interior of the re¬ 
actor and near the surface. An average value for Bjj is obtained from points in the interior, 
and the negative exponential intensity, N(0)e“ z//Bl1 , is plotted past the surface on a semi- 
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log plot as a straight line. The observed intensities, N(z), near the surface are subtracted 
from the straight line to yield another line of opposite slope 

N(0)e" z/B “ - N(z) = Ke 2 / 0 !! 

-2C/B 

We can assume K = N(0)e 11 . The two straight lines are extrapolated to their inter¬ 

section point which is at z = C and N(z) = 0. 

(3) In a third method, 79 the flux is measured at three equally spaced points along the 
longitudinal axis at z, z + e and z + 2e. The observed neutron fluxes are <p 2i and 0 3 , 
respectively. Then, from the equations: 




U15) 


tanh 


C-Z-€__4>,+ 03 


B 


n 


01 “ 03 


tanh 


B 


n 


(116) 


C can be obtained by trial and error, assuming a value for B n . 

THE EXPONENTIAL PILE 80 

The exponential pile is a subcritical assembly built so that leakage prevents a chain 
reaction even if K becomes larger than 1. The pile is used to determine the optimum 
arrangement of the core elements once the basic constituents have been chosen. Since the 
pile is subcritical, it requires a neutron source such as Ra-Be or the thermal column 
of a full-scale reactor. 

The exponential pile has the main advantage over a critical assembly in requiring 
less material; it also requires less shielding and fewer safety devices. However, besides 
having a lower flux available for activation measurements and necessitating extrapolation 
of many of the results to critical conditions, certain special effects in full-scale reactors 
cannot be simulated well in an exponential pile. These effects include reactor kinetics, 
reactor control, temperature effects, and poisoning by fission products. 

In practice, a graphite pedestal is usually placed between the exponential pile and 
the neutron source. The graphite pedestal serves as a cheap method for ensuring more 
complete thermalization of the neutron and for damping out the higher harmonics. 

The most important parameter which is measured in the exponential arrangement is 
the buckling. For a cylindrical shape: 


2 _ (2.405) 2 2 

B - - K 


(117) 


R 2 and K 2 are determined from radial and axial flux measurements using foils. The 
radial measurements are fitted to the radial solut on of the diffusion equation: 


0 = A t J 0 


2,405r \ 

. R ) 


(118) 


which gives R. The axial measurements are fitted to: 
0 = A 2 sinh K(t - z) 

where t = extrapolated height of the system 
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L 2 , the thermal diffusion area, can be measured in an exponential pile by replacing 
the fissionable material with a non-multiplying substance having the same absorption and 
scattering cross sections. For example, a 2.5-percent mercury in lead alloy has 2 a and 
E s within 10 percent of ordinary uranium. Then, L 2 is found from: 




(2.405) 2 

R 2 


(119) 


The multiplication factor is then calculable from: 

K = (1 + L 2 B 2 ) (1 + tB 2 ) 

where r is the two-group neutron age. For further details see Ref. (80); the effect of gaps 
is discussed in Ref. (81). 

MEASUREMENT OF MIGRATION AREA AND CRITICAL RADIUS 

The experimental value of the migration area of a thermal reactor is best obtained from 
period measurements in loadings just above critical. 81 

The reactor period, T, is measured as a function of the leading radius, R, in a cylindri¬ 
cal geometry. From T, the excess reactivity, k ex , is computed from the inhour equation, 
Eq. (36). k ex is related to the loading radius and migration area, M 2 , by: 

kex=(2.405) 2 M 2 (^-^) (120 ) 

which is a specialized form of the equation: 

k ex = M 2 Bex (121) 

where: B 2 ex = B 2 C - B 2 

A plot of k ex vs 1/R 2 is linear, the intercept yielding R c and the slope, M 2 . 

The critical radius can also be determined from an exponential experiment in which the 
maximum flux in the pile is measured as a function of the radius. 



where A is a constant. 

MEASUREMENT OF MULTIPLICATION* 

The multiplication, M, in the intensity of a neutron source due to a surrounding sphere 
of multiplying material is directly measurable as a ratio of intensities with and without 
the sphere. Such a measurement is useful mainly for fast assemblies, in which case cor¬ 
rections due to change in neutron spectrum (via fission and inelastic scattering) are not 
too large. The interpretation of such an experiment is very simple in a one-velocity 
transport approximation (see Chapter 1.4). 

In this case, the multiplication is a function of <rR, rj - 1, and o tr /cr a 


* Further references are given by Carlson. 82 
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where: R = sphere radius 


(7 a — (7f + (7c 
7j = Wf/ a a 

a tr = transport cross section 
a = total cross section 


The formula for M is: 


P 1 - B(1 + f)Q fQ 
Ql-B(l + f)P 1 - (1 + f)Q 


(123) 


where: 


f = 

(124) 



P = 1 - e _orR 

(125) 

Q =|[(1 - B) + BK) 

(126) 


Table 1.1.15 presents values of B and K for selected values of aR. For other values of ctR, 
quadratic interpolation is suggested. 



Table 1.1.15 — Values of B and K for Selected Values of aR 

(LA-1273. July 1951) 


aR 

B 

K 

0 

0.3600 

1.5136 

0.4 

.4084 

1.5763 

.8 

.4571 

1.6292 

1.2 

.5047 

1.6729 

1.6 

.5509 

1.7099 

2.0 

.5946 

1.7405 

2.4 

.6353 

1.7661 

2.8 

.6728 

1.7872 

3.2 

.7069 

1.8053 

3.6 

.7376 

1.8201 

4.0 

.7650 

1.8318 

4.4 

.7895 

1.8422 

4.8 

.8111 

1.8507 
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CHAPTER 1.2 


Nuclear Physics 


Mathew M. Shapiro 


PROPERTIES OF STABLE NUCLEI 

This chapter is concerned with some fundamentals, definitions, and concepts which are 
Tablel" °* nUC ‘ ear reaCt ° rS ' The nomenclature used in this chapter is de- 

A knowledge of the size, mass, and spin of nuclei is useful in making educated guesses 
of cross sections and other quantities of interest in reactor design. Unfortunately it is 
necessary to make such estimates since all of the pertinent data have not been gathered. 

SIZE 

The short-range character of nuclear forces makes it possible to ascribe dimensions 

fto wUhm about 10 cm) and shape to nuclei. The very small quadrupole moments of 

most nuclei lead to the conclusion that the nuclei are essentially spherical. The nuclear 
radius is given in terms of mass number A by: 

R = r 0 A 1/3 *10“ 15 cm 

where r 0 is generally between 1.3 and 1.5. Table 1.2.2 gives some values of nuclear radii 
These were obtained by fitting the schematic theory of Feshbach and Weisskopf 1 to neutron 

regtonl 60 l0n ^ ^ A dlfferent radius is u3ua Uy required in the high- and low-energy 


MASS 

1 oT Tn OWn maS ?^« f th ! neUtral at0mS are given in atomic mass units (amu) in Table 
formula:^ 6 ma8S ^ ‘° eXaC “ y 16 amu ’ From the Einstein energy-mass 

AE = a me 2 

one finds that 1 amu = 931 mev. 

The binding energy is defined as: 


B.E. = Zm H + (A-Z) m n -M 


( 2 ) 


* Other estimates can be made from lifetimes for a-radioactivitv fhpaw i , 

n eract,on of protons in mirror nuclei flight elements), and charged particle r " S ’ eIectrosiatic 
ar ® generally in agreement with Eq. (1). g d PartlCle cross actions. These 

References appear at end of chapter. 
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where m H and m n are the masses of the hydrogen atom and the neutron, respectively. 
Another commonly used quantity is the packing fraction, f: 



The relationship between f and B.E. is: 

f = 0.00853 + (i - !) (0.00081) amu = 7.94 + (| - |) (0.755) mev 


An empirical formula proposed by Fermi for the isotopic mass is: 



1.01464A + 0.014A 2/3 


0.041905 Z A + 


0.041905 

Z A 


(Z -Z A ) 2 + a 


0.036 

a 3/ * 


where: 



+ 1 if A is even, Z odd 
-1 if A is even, Z even 
0 if A is odd 


and: 



_A_ 

1.98067 + 0.0149624 A* 





The binding energy of a neutron added to the target nucleus gives the excitation of the 
compound nucleus formed by slow-neutron bombardment. It is useful, for example, in ob¬ 
taining the total energy of capture y rays. Table 1.2.3 contains known values of the binding 

energy of an additional neutron, (B.E.) : 

Z»A 


(B -E.) Z .A= M Z,A + m n- M Z,, 



For a given A, very often several isobars of different Z are stable. The values of A-Z 

for stable nuclei are plotted vs Z in Fig. 1.2.1. The solid line is a plot obtained from 
Eq. (5a). 

In Fig. 1.2.2, experimental packing fractions from Table 1.2.3 are plotted against A. 

The cusps which show up at low values of A are indicative of the special stability of a 
clusters. The effect of the greater stability of the so-called “magic” nuclei does not show 
up well on a plot of this type, but from other evidence,* it appears that nuclei with Z or 
N = 2, 8, 20, 50, 82, and 126 are particularly stable and abundant. (There is also evidence 
for a special effect at Z or N = 28.) It should be noted, however, that much of the evidence 
is somewhat marginal. In general, these “magic nuclei” have wider level spacings and 
smaller capture cross sections than their neighbors (see Fig. 1.2.16). 


♦For a review of this evidence see References (4) and (5) and numerous more recent articles on 
nuclear shell structure. 
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SPIN 

Every nucleus possesses an intrinsic angular momentum which can interact with that of 
other nuclei. It is measured in units of h and takes integral or half-integral values ac¬ 
cording to whether the mass number is even or odd, respectively. Known spin values for 
the ground state are given in Table 1.2.4. 


SPONTANEOUS REACTIONS — RADIOACTIVITY 

Nuclei that are unstable and decay by the emission of one or more particles (a photon is 

here regarded as a particle) are found in nature and can be produced artificially. Many of 
these have sufficiently long half-lives to be observable. 

The amount of substance which decays in the very short time dt is proportional to the 

amount of the substance present. This is the radioactive decay law and may be mathe¬ 
matically expressed as follows: 


dN(t) 

dt 


= -AN(t) 



where N(t) is the number of nuclei remaining at time t and A is called the disintegration 
constant. If the number of nuclei initially present (at t = 0) is designated by N(0) then by 
integration of Eq. (7), the number present at time t is: 


N (t) = N(0)e~ xt 

The mean-life T is the reciprocal of 




and is related to the half-life, the time required for half of the 
the relation: 


initial atoms to decay, by 


Ti^ = T In 2 = 0.693T 

(9a) 

The actual number of nuclei that will decay in a given time interval can only be given 
statistically. In this sense, Eqs. (7) to (9a) describe the mean behavior. If the number of 
disin egrations in time interval t which is small compared to the mean-life is much less 

ow G f 1 nUmber ° f at ° mS PreSent ’ 4t Can be Sh0wn that the Probability for m disinte¬ 
grations, p(m), is given by the Poisson distribution law: 


P(m) = 


m m e~ m 
m! 



^ ^ nUmber ‘° ** 6XpeCted in the time interval - Conversely, if m decays 

*-sr,:s :;sr **—• **■ m *—•"* ■«•••■*«-» 

It often happens that the residual or daughter nucleus produced by the decay „ . 

nucleus is itself radioactive. Consider a decay chain of the type: parent 
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Let N a , N b , N c be the number of atoms of substances A, B, C present at time t, respec¬ 
tively, A A , A b , A c be their disintegration constants (reciprocal fnean-lives), and let a 
primary source supply A at constant rate S. Then: 

TTr = s “ A A N A 


dN 

~dt 


- = a a n a - A ° N 


B B 


(ID 


dN r 

~d r ~ x b Nb ~ A c N c 


Eqs. (11) state that the rate of change of the number of nuclei of any substance in the 
radioactive decay chain is equal to the difference between the rate at which they are 
created and the rate at which they undergo decay. 

Case 1: In the case where there is no primary source (S = 0) but where substances A, 
B, and C are initially present in the amounts N A (0), N B (0), and N c (0), respectively, 

Eqs. (11) have the solution: 


-\A 


N A (t) = N a ( 0) e' A A 


N B (t) = N b ( 0) e’V + * a N a ( 0) f + 

\ B A A A A"“ A B 


(t) - N c (0) e" A c l + AbN b (0) 


e -x B t 


-Act 


a C _ a B a B“ a C 


(Ha) 


+ x ^ B n a ( 0) bj— 


e" A A l 


e“ A B l 




a )( a c A a) ( A A a b^ a c “ A B^ ( A a ” A c)( A R ~ A r) 


Case 2: In the case where there is a primary source supplying A at constant rate S but 
where no other radioactive substance is initially present [that is N A (0) = N B (0) = N c (0) = 0], 
then Eqs. (11) have the solution: 


N A (D =T- (1 -e^A 1 ) 

A X A 


NB(t) = (^v[ (1 - e ' V) -^ (1 - e ' V) 

N C (t) = SA A X B [ a7(Xb 1 _^ )( X a A ‘ _ Xa) + x b (X a -"4)X - X B> 


(lib) 


+ _ 1 - _ 

A c( A A “ A C^( A B “ A CM 

These equations are valid only when B and C are produced and destroyed solely by spon¬ 
taneous decay.* 

More complicated problems can be solved by taking linear combinations of the solutions 
of the two cases presented. 


*The case when A and B are removed by other processes (e.g. # neutron capture) has been treated 
by Van Wye and J. S. Beckerley 8 and Rublnson. 7 
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Case 3: A primary source supplies A at constant rate S for time r. The source is then 
removed. The amounts of A, B, and C present t units of time after the source is removed 
can be found by calculating N a (t), N b (t), and N c (r) in Case 2 and then using these values 
for N A (0), N b ( 0), and N c (0), respectively, in Case 1 to calculate N A (t), N B (t), and N c (t). 

0—DECAY 

Some nuclei decay by the emission of either positively or negatively charged 0 particles 
or both. In this case, the energy spectrum of the emitted particles is continuous up to a 


maximum energy, E. For the reaction: 

z A -(z + i) A + ( r (12) 

the available energy is: 

E = m Z.A - M Z+l,A (13) 

For the reaction Z A — (Z - 1) A + 0 + , the available energy is: 

E = M Z,A“ m Z-1,A ~ 2m e (14) 

where m e is the electron mass. The energy available for capturing an atomic electron 
(usually from the K shell) is: 

E = m Z,A " M z-1,A (15) 


Clearly, whenever positron emission is energetically possible, electron capture is also 
possible. In Eqs. (13) to (15) the masses M are those of the neutral atoms. 

A summary of 0-decay theory has been given by Konopinski. 8 

a-DECAY 

Many nuclei with A > 208 (and a few lighter ones) are found to emit a particles spontane¬ 
ously. The a particle energy is given by: 

E = M Z,A “ M Z-2.A-4 4 (16) 

The mean-life of the nucleus against or-decay depends strongly on the a-particle energy. 

An approximate relation known as the Geiger-Nuttall law asserts that the logarithm of the 
disintegration energy is a linear function of the logarithm of the half-life. An empirical 
fit is: 

log E (mev) = 0.86 - 0.013 log Ty^sec) 

This gives the energy from the half-life quite accurately but can be wrong by several 
orders of magnitude when used the other way. A treatment of a-decay systematics is given 
by Perlman, Ghiorso, and Seaborg.® 

Nuclei which emit or-particles from the ground state will not generally emit them from 
an excited state unless the excitation energy is high enough to reduce the life time against 
a-emission to about 10 13 sec, the order of magnitude of that for y-emission. 

y-RAY EMISSION 

The emission of a y-ray signifies the transition between two states of the same nucleus 
The energy of the y-ray is, of course, the energy separation of the two levels. Since the 
intrinsic spin of a photon is unity (in units of fi) all y-emission implies a change of spin 
(either in magnitude or direction) of the nucleus. Gamma-ray emission processes are 
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classified according to the multipole order of the transition. When the spin change is unity, 
we speak of a dipole transition; when it is two, of a quadrupole transition; etc. The type of 
transition, electric or magnetic, depends on the parity change. Dipole transitions are elec¬ 
tric if there is a parity change and magnetic if there is not. Quadrupole transitions follow 
just the opposite rule. Weisskopf and Blatt 10 give the following expressions for the proba¬ 
bility of emission per unit time for electric radiation of multipole order 1: 



4.4 (1 + 1) / 3 \ 2 / Rui \ 21 +‘ 

l[l-3 ... (21 + l)] 2 \l.+ 3/ \197 mev/ 


■ (R in 10 13 cm) 21 10 21 sec -1 



and for magnetic radiation of multipole order 1: 



4.4 


P e (R in 10 -1 * 



sec 


(18a) 


where fio> is the energy of the radiation in mev and R is the nuclear radius. 

It should be noted that the above expressions are only very rough estimates. The actual 
values are likely to be smaller than these estimates by factors up to 1000 or even higher in 
the case where the wave functions of the initial and final states overlap only slightly. 

DATA 

A new table of isotopes supplied by G. T. Seaborg is reproduced here as Table 1.2.4. 


RANGE-ENERGY RELATIONS 

In traversing matter, charged particles lose energy by radiation, by suffering nuclear 
collisions, and, most important, by ionizing atoms in the medium. In air, 32.5 ev is the 
energy dissipated per ion pair produced. 

This figure is about the same for other media. The slowing down and transport of neu¬ 
trons is discussed in detail in Chapter 1.3. Photons lose energy by means of the Compton 
effect, the photoelectric effect, and pair production. These mechanisms are discussed in 
detail in Section 1.2. 

For charged particles, the number of ion pairs per unit path length increases rapidly as 
the velocity decreases, giving rise to a well defined range. 

Electron ranges are usually given in terms of an areal density, milligrams of material 

per square centimeter. The range of electrons in aluminum 11 is given to within 5 percent 
by: 

412E (1 ' 265 “ °- 0954 hE) mg/cm 2 
if 0.01 < E < 2.5 mev, and by: 

530E - 106 mg/cm 2 
for E > 2.5 mev. 

Theoretically, one would expect the range to be inversely proportional to the number of 
atomic electrons per unit volume. The range in mg/cm 2 would then be proportional to A/Z 
and roughly independent of the material. 

The range of a-particles in air at standard conditions is given 12 * 13 to within about 10 per¬ 
cent by: 

R a (cm) = 0.56E (mev) for 0 < E < 4 mev 
66 
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and by: 


R a (cm) = 1.24E - 2.62 for 4 < E < 8 mev 


Experimentally, it is found that the range of protons in air is given quite accurately by: 
R p (cm) = 1.007R a (3.971E) - 0.20 


where E is the proton energy in mev and R the range of a-particles in air at enerev 
3.971E. 

Theory predicts that for given charge Z, the range depends only on the velocity. Hence, 
for all helium and hydrogen isotopes: 



M 

Mo 


r z,m 0 




In substances other than air, the ranges of protons and a-particles 14 are given to within 
15 percent over the energy range of interest here by: 

R (E) [mg/cm 2 ] = 0.56A 1 ' 3 R(E) ajr [cm] 

where A is the mass number of the stopping material. 

The range energy relations for heavy particles is complicated and will not be treated 
here in general. A special case of interest is the range of fission products. Following 
neutron induced fission of U 233 , U 235 , or Pu 239 , the most probable energy of the light frag¬ 
ment is about 92 mev and that of the heavier fragment about 60 mev. 15 ' 16 In about 0.2 per¬ 
cent of fissions, an alpha-particle with a probable energy of about 14 mev is formed. Since 

about 30 ev is lost per ion pair created, about 6 x 10 8 ion pairs will be formed by the two 
fragments. 

Range measurements of the fission fragments show a grouping about two values corre¬ 
sponding to the light and heavy fragments. In air, the ranges for the light and heavy frag¬ 
ments 17 are 2.3 and 1.8 cm, respectively. The ranges in aluminum are 3.7 and 2.8 mg/cm 2 . 
Segre and Wiegand showed that the relative stopping powers for fission fragments in col¬ 
lodion, aluminum, copper, silver, and gold were roughly the same as for alpha particles. 
Not distinguishing between fission fragments, they give for the maximum range in several 

materials the values in Table 1.2.5. Hence, these values are for the most energetic (light) 
fragments. 


THE FISSION PROCESS 

As used here, the term “fission” means the splitting of a nucleus into approximately 
equal fragments. These particles emerge in a highly excited state. This results in the al¬ 
most immediate emission of neutrons and y-rays from them. The resulting fragments still 
have too great a neutron-to-proton ratio to be stable against 0-decay, and they undergo a 
series of 0-disintegrations before becoming stable nuclei. Sometimes these 0-decays are 
accompanied by y-emission and sometimes by neutron emission. These neutrons, appear¬ 
ing after one or more 0-disintegrations have taken place, are the so called delayed 
neutrons. 

The average number of neutrons, delayed and prompt, which appear in fission varies 
according to the fissionable element and probably the incident neutron energy. 
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FISSION THRESHOLDS AND CROSS SECTIONS 

Presumably, any nucleus will undergo fission if its excitation energy is great enough. 
The amount of excitation required is given directly by the threshold for y-induced fission. 
In some isotopes, fission occurs spontaneously. Thresholds for y-induced fission and data 
for spontaneous fission are given in Table 1.2.6 for some isotopes. 

Thresholds for neutron-induced fission in these heavy elements will be smaller by the 
amount of the binding energy of the neutron to the target nucleus. In some cases, thermal 
neutrons can produce fission, and in others, a threshold exists. The known neutron fission 
cross sections are shown as a function of energy in Figs. 1.2.3 to 1.2.12, which are taken 
from the report of the AEC Neutron Cross Section Advisory Group (BNL-170 and 170A). 


THE FISSION FRAGMENTS 


FISSION YIELDS 

The immediate product from a fission is two fragments of which the most probable mass 
numbers are about 95 and 139; the probability of symmetrical fission is very small. Fig¬ 
ure 1.2.13 shows the fission yields for slow-neutron fission of U 235 , U 238 , and Pu 239 plotted 
vs A. The fission yield is the probability of forming a nucleus of mass A. The sum of the 
yields equals two since there are two fragments formed. Table 1.2.7 gives the fission 
yield of various isotopes formed after fission. 18 


KINETIC ENERGY 

The kinetic energy of the pair of fission fragments depends upon the way the nucleus 
splits. The energy distribution of fission fragments has two peaks: one for the heavy frag¬ 
ment around 65 mev and the other for the light fragment at about 95 mev. There is a con¬ 
siderable spread around the peaks when the number of fragments having a given energy are 
plotted vs energy. The width at half maximum around the higher energy is 12 mev and 
around the lower energy is 20 mev. Table 1.2.8 gives the results of Brunton and Hanna 15 
and of Deutsch and Ramsey 16 for the kinetic energy of the fragments. 

The compound nucleus occasionally splits into three particles. In one out of 250,000 fis¬ 
sions, the three particles have approximately equal masses; In one out of every 550 fis¬ 
sions, an alpha particle with a maximum energy of 26 mev and a probable energy of 
14 mev is formed; in one out of 76 fissions, an as yet unidentified short-range particle of 
low mass number is formed. The range of the fission fragments is discussed previously in 
this chapter. 


TIME DEPENDENCE OF THE RADIATION FROM FISSION PRODUCTS 

A modification of the Wigner and Way expression for P s /Po, the ratio of the rate of heat 
generation after shutdown to the rate of heat generation during operation, has been ob¬ 
tained 21 to fit available experimental data for natural uranium. The heat production owing 
to U 239 and Np 239 after shutdown is given in Eqs. (19a) and (19b): 


tW¥t239\ 



0.0025 



(19a) 


P(Np 239 ) 


= 0.0013 


T, 


290000 


/ T » 1 T <A 

\290000/ 
—e 


e 
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where T s =-time in seconds since operation 
T 0 = operation time in seconds 

The authors indicate P(Np 239 ) as given above may be low for T s less than the Np 239 decay 
time since new data point toward a value of 0.0023 instead of 0.0013 in Eq. (19b). 

The Untermyer and Weills natural-uranium data fit is: 


^ = 0.1 |(T S + 10)-°* 2 - 0.87(T S i2x 10 7 )~°- 2 ) 

- 0.1 |(T S + T 0 + 10)-°- 2 - 0.87(T S 4- T 0 + 2 x lO 7 )' 0 * 2 ) (20) 

with the accuracy expected to be: 


under 1 sec 
1 - 10 2 sec 
10 2 - 10 4 sec 
10 4 - 10 6 sec 
10 6 - 10 8 sec 


large error 
± 50% 

± 30% 

± 10 % 

± 50% 


The heat production for U 236 can be estimated by subtracting Eqs. (19a) and (19b) from 
(20). The experimental data and graphs of the results can be found in the reference. 

For the time dependence of y rays, the reader should refer to Section 1.2. The distribu¬ 
tion of energy per fission is given in Table 1.2.11. 


THE CAPTURE-TO-FISSION RATIO 

When the compound nucleus has been formed by neutron bombardment, fission does not 
always occur because it must compete with other processes. The most important one here 
is y-emission, for this process represents a loss of the absorbed neutron. In the following, 
the ratio of the capture cross section to the fission cross section will be denoted by a. 

PROMPT NEUTRON AND GAMMA SPECTRA 

Emission of prompt neutrons and y-rays is probably completed within 10~ 15 sec after 
fission. The energy distribution of the prompt neutrons from thermal fission has been 
measured by B. E. Watt, D. Hill, T. W. Bonner, R. A. Ferrell, and M. C. Rinehart (LA- 
718). The neutron kinetic energy varies over a range exceeding 18 mev. The distribution 
is fairly well represented from 0.1 to 18 mev by the formula: 


sinh V2E e~ E 




where n(E) is normalized to one neutron and E is in mev. 

The energy distribution of the y-rays is discussed in Sect. 1.2. The total y enerev is 

photons. iSSi0n ' “ ^ " 0t C ‘ ear Whe ‘ her there are f ‘ Ve 1 ‘ raev P hotons ° r ‘wo 2.5-mev 


BETA DECAY AND DELAYED NEUTRONS 
The fission fragments have too large a neutron-to-proton ratio to be stable against B 
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decay chain. The /3-emitters that lead to the important delayed neutrons are those in 
Table 1.2.9. Table 1.2.10 gives a summary of the present knowledge of delayed neutrons 
from fission. 

SUMMARY OF ENERGY RELEASE IN FISSION 

Table 1.2.11 summarizes the distribution of energy from an average fission. 

The kinetic energy of the fission products and of the /3-rays appears as heat very close 
to the place where fission took place. This can be seen from the data presented in this 
chapter under “Range-energy Relations.” The y-rays have, relatively, much longer mean- 
free-paths, and their energy is more widely distributed throughout the reactor. 

The neutrino energy is not useful for the generation of heat, and therefore, the heat 
production capacity from fission itself is about 191 mev/fission. On the other hand, ap¬ 
proximately half of the fission neutrons will be captured parasitically in the reactor giving 
rise to capture y-rays of approximately 7 mev total energy. This brings the available 
energy back to about 200 mev/fission. 


COLLISION REACTIONS 

LABORATORY AND CENTER-OF-MASS COORDINATES 

Consider a particle of mass m t and speed v, striking a particle m 2 which is initially at 
rest. Let E be x / 2 mjVj and p =■ mjVj. The kinetic energy available for a nuclear reaction, 
E 0 , is E less the kinetic energy of the center of mass: 

Eo - E ( 22 ) 

where y = m,/m 2 . 

If one defines a reduced mass as p = m,m 2 /(m 1 + m 2 ), then E 0 = Vi 4V?. If the momentum 
of a particle of mass p which has the kinetic energy E 0 is denoted by p 0 , then: 

Po = r~— P (23) 

1 + y 

If the polar axis is taken in the direction of the incident particle and if 0 0 and 9 are the 
angles that its velocity vector makes with this axis after the collision in the center-of- 
mass system and in the laboratory system, respectively, then: 

tan 6 = sin fl ° (24) 

y + cos 9 0 

The differential cross sections in the center-of-mass system and laboratory system are 
related by: 

om - (1 ^ 2 cVs°^ - °< 9 «> (25) 

If the reaction produces two new particles of mass m 3 and m 4 (m 3 + m 4 = m, + m 2 ), and 
an amount of energy Q is transformed from internal to kinetic energy, and if m 3 is the ob¬ 
served particle, Eqs. (24) and (25) still hold but with y now being equal to: 

( m i m 3 E o V* 

\m 2 m 4 E 0 + Q ) 
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The interaction of neutrons with nuclei can often be explained in terms of the formation 
of a compound nucleus (likely exceptions are reactions involving light nuclei) which can 
exist only in more or less well defined energy states. When the kinetic energy of the inci¬ 
dent neutron plus its binding energy falls within the width of an energy level of the com¬ 
pound nucleus, the probability of forming the compound nucleus is greatly increased Cross 

sections for all processes associated with the formation of that level will exhibit a reso¬ 
nance behavior. 

Generally speaking, the widths of nuclear levels are smaller than the spacing between 
levels in all nuclei at very low energies and in light nuclei even for energies of several 
mev. As the mass number of the nucleus increases and as the excitation energy increases 
the levels become wider and more dense. Finally, for neutrons of sufficiently high energy ’ 
impinging on heavy nuclei, the levels overlap and the cross sections become smooth func¬ 
tions of energy. In terms of this model of nuclear reactions, certain general properties of 
cross sections can be given. These, along with some empirical correlations, can be used 
as a basis for informed guesses when the desired cross section has not been measured. 

In the following discussion, the neutron energy is divided into three regions: (1) less 
than i kev, (2) 1-500 kev, and (3) 0.5 to 10 mev. Neutron reactions show different qualita¬ 
tive behavior in these regions, but the regions are not well defined, and the transition from 
one into the other is of course gradual. 

It is also useful to divide the target nuclei into three groups: (1) the light nuclei 
1 < A < 25; (2) the intermediate nuclei, 25 < A < 80; (3) the heavy nuclei, 80 < A < 240 
There is considerable overlap among these categories, and many properties of one group 
can be extended into the neighboring ones. This grouping, convenient for discussion is 
schematically indicated in Fig. 1.2.14. 

REGION A. LIGHT NUCLEI 26 ’** 

Except for the <n,or) reactions in Li' and B"> and the (n,p) reaction in He 5 , the scattering 
cross section is nearly equal to the total cross section and in fact differs from it only by 

the (n,y) cross section until energies sufficiently high for inelastic scattering to set in are 
reached. Other than this, it is almost impossible to give any general rules descHblng nu¬ 
clear reactions with these elements. Levels are few and far apart so that the cross sec 
tions in the neighborhood of these isolated resonance energies should have a dependence on 
energy given by the Breit-Wigner single-level formula discussed below. Some of the nu¬ 
clear radii and the threshold energies are so small that charged-particle emission can 
occur even at energies near thermal. The first level is usually several mev above the 
ground state, and inelastic scattering tends to occur only at energies greater than a few 


REGION B. LOW AND INTERMEDIATE ENERGIES. INTERMEDIATE NUCLEI 

The predominant reactions in this erouD ar P ■ 

Inelastic scattering is usually not possible "neethe first 

nucleus are several hundred kev above the ground state 1 Reactions f ^ ^ ^ C ° mp ° Und 
weak because of the coulomb barrier anri thrpchnM „ \ eactions (n,p) and (n,a) are 

and the capture and elastic scattering cross sections should be^ WeU Separated ’ 
Breit-Wigner one-level formula. This yields for the ^ 


(21 + 1)tt* 2 


r r 

n A a 


®-E r )’ + £ 


(26) 
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and for the scattering cross section: 

2 

+ (21 + 1) (1 -g jf ) 4 tt X 2 sin 2 

+ Y, (21' + 1) 4ir * 2 sin 2 6j, (27) 

r - l 

for a resonance formed by neutrons having orbital quantum number 1. 

gji is a statistical factor;* X is the reduced wave-length of the neutron; T n the width for 
elastic scattering of neutrons; T a the absorption width; and T = r n + T a the total width. E 
is the neutron energy and E r the resonance energy. All dynamic quantities are in the 
center-of-mass system. The phase shifts 6^ are those which would be obtained for scatter¬ 
ing from a “hard” sphere. The first three are given by the formulae: 


°sc = (21 + 1) gji 4 * * 


n/2 


E - E r + iT/2 


+ e i<Sl sin 






x 


<5 2 = -X + 7T - cot 1 




where: 

x = R/X (1/X =■ k = 0.222 VE(mev) 10 13 cm" 1 ) 

In the scattering formula, the first term on the right represents the resonance scattering 
and the coherent part of the potential scattering;t the second, the non-interfering portion of 
the potential scattering; and the last is potential scattering by neutrons having 1 values dif¬ 
ferent from the resonant one. 

Neutron widths in this energy region are given approximately by: 
r nl = 0.15 -fE 10" 3 D Tj (29) 

where E is in ev and D is the order of the distance between levels of the same spin and 
parity. Tj is the transmission factor for penetration of the centrifugal barrier. The first 
three have the values: 

T# = 1 

x 2 

T i = fTJ 2 x = R/X (30) 

X* 

T * = 9 + 3x* + x 4 


♦If the spin of the target nucleus is I, that of the compound nucleus j, and the orbital angular 
momentum of the neutron 1, then: 

(21 + 1 ) 

2(21 + 1) (21 + 1) 

t Potential scattering refers to that portion of Eq. (27) which does not exhibit resonance behavior. 
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The capture width is generally of the order of 1 to 10 ev. If the end products have kinetic 
energies much greater than the incident neutron energy (as is often the case), r a is rela¬ 
tively independent of energy. D varies very much from one nucleus to another, ranging 
from a few to several hundred kev. Because of the large level spacing, elastic scattering 
is usually the predominant process here even at thermal energies. 

REGION C. HEAVY NUCLEI—LOW ENERGY 

The only possible reactions in this group are those induced by 1 = 0 neutrons. These are 
primarily elastic scattering, radiative capture, and neutron-induced fission. The coulomb 
barrier precludes the probability of charged-particle emission. 

The total cross section often shows very close resonances. One finds distances between 

resonances of the order of 10 to 100 ev; often, however, none are found in certain isotopes. 

There are indications that even A nuclei have resonance spacings of much more than 

100 ev and that the nuclei with “magic" numbers of protons and neutrons show very large 
resonance spacings (many kev). 

The neutron width is expected to be much smaller than the capture width which, except 
for fission, is primarily due to (n,y) processes. In all measured cases, it was found that: 

0.03 ev < r r < 0.15 ev ^ 

The Doppler effect (cf., Chapter 1.6) can be important in this energy region. Because of 
the thermal motion of the target nuclei of mass A, the relative energy can be spread over 
an interval which is approximately: 

AE ~ 0.1 /E A - ' 2 ev 


where E is in ev. This can become of the order of resonance widths at several hundred ev 
The thermal capture cross section can be very large owing to the 1/v law. Most ele¬ 
ments exhibit thermal capture cross sections in excess of 5 barns with the exception of 
Ba, Sn, Pb, and Bi which are “magic" nuclei. 


REGION D. HEA VY NUCLEI—INTERMEDIA TE ENERG Y 

The low-energy region was characterized by the absorption width far exceeding the neu¬ 
tron width. The latter increases with energy as /E while the former is expected to be 
relatively constant in the intermediate energy range. For level spacings of the order of 
10 ev, elastic scattering is expected to exceed capture at energies above several kev 
Since level spacings are only of the order of a few ev, one is generally interested in 

average values of the cross sections. The average value of the cross section for radiative 
capture is given by: e 

= (R + *) ! Ie (32) 


For heavy nuclei, T r /u is found to be of the order of 10 


“ m Th glC ” “ftaT" Sh ° W ValU6S less thaiTthis." 6 ^ * 

from Fiv i f , Cr0SS 8eCti ° n aVera S ed over resonances can be estimated 
from Fig. 1.2.15 for neutron energies from a few kev upward for the heavv nuclei Thi = 

cross section is primarily elastic scattering and radiative capture (exceptfor the fis 

“ 5 e mf nt8) ’ meIa8tiC 8Catterln * ^ Cha ^ ed reactionsfing unl'ikely” 
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REGION E. HE A VY AND INTERMEDIATE NUCLEI—HIGH ENERGIES 

This group is characterized by the appearance of inelastic scattering and reactions in¬ 
volving the emission of charged particles somewhere in this energy range. Below the 
energy at which this occurs, the behavior is similar to that in the intermediate energy 
range. For a given energy in this region, the level spacing decreases with increasing mass 
leading to small neutron widths and an increase in radiative capture with A. This is shown 
in the measurements of Hughes which are reproduced in Fig. 1.2.16. 

For a given nucleus, the (n,y) cross section decreases with increasing energy once the 
threshold for inelastic scattering is passed. For energies exceeding about 2 mev7 the 
reaction cross section (total cross section minus elastic scattering cross section) is pre¬ 
dominantly inelastic. 

In regions C, D, and E, the schematic theory of Feshbach and Weisskopf should be ap¬ 
plicable. Figure 1.2.15 shows the total cross section vs energy. Figure 1.2.17 shows the 
transport cross section vs R/X, calculated by assuming the inelastic scattering to be 
spherically symmetrical, cf. Eq. (52). 

Figures 1.2.15 and 1.2.17 should be valid at low energies if they are there interpreted as 
averaged over many resonances. 

Figure 1.2.18 gives the reaction cross section according to the schematic theory. This 
curve is expected to be valid only when the compound nucleus can decay in many ways. 

This means that the reaction cross section is primarily the inelastic scattering cross 
section. 


THE RECIPROCITY THEOREM 27 

The reciprocity theorem permits the cross section of a nuclear reaction to be expressed 
in terms of the inverse process. Let the cross section for the reaction: 

Be® + He 4 - C 12 + n (33a ) 

be cr 12 (Ei) where E t is the collision energy of the Be 9 and He 4 nuclei, and let the cross sec¬ 
tion for the inverse process: 


C 12 +n — Be 0 + He 4 


(33b) 


be (7 2 i(E 2 ). E 2 is fixed by the energy E t and the Q value of the reaction shown in Eq. (33a). 
The reciprocal relation between these cross sections is: 

Pi2(Ei) _ 62 p| 

<*2i (E 2 ) gi p? (34) 


where g 2 and g, are the statistical weights and P 2 and p, the relative momenta of the pairs 
C - n and Be 9 - He 4 , respectively.* 


* The statistical weight is (21 + 1) (2I # + 1) where I and I' are the spins of the particles of a given 
pair. Hence, since the spin of carbon is zero and that of the neutron is g 2 = 2. When all of the 
constituents are particles (no photons), then: 

p| _ /^e 2 
Pi MiEi 

where n is the reduced mass of the pair. All dynamic quantities are in the center-of-mass system. 
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The reciprocity theorem also provides a relation between the cross section for forming 
a compound nucleus with spin j by neutron bombardment and the width for decay of the 
nucleus by emitting a neutron with orbital angular momentum 1. This relation is: 



•d) D (j) 


2.2 


(21 + 1) X 



where a ^ is the cross section for formation of the nucleus by neutrons of orbital angular 
momentum 1, and is the density of levels with spin j. 


LEVEL DENSITY FORMULA 

In the preceding discussion, the distance between energy levels appeared quite often. 
The density of levels 1/D has been estimated by Weisskopf to be constant up to several 
mev above the ground state and then to rise according to the formula: 


1 

D(E) 




C and a are functions of A, and rough approximations are plotted in Fig. 1.2.19 for odd A 
nuclei. Little is known about level spacings for even nuclei except that they are much 
larger than for odd nuclei. 


ELASTIC SCATTERING 


COLLISION MECHANICS 

Consider a neutron impinging on a nucleus of mass A. Taking the polar axis to be the 
initial direction of the neutron, the process of elastic scattering can be schematically 

represented by Fig. 1.2.20 in the laboratory system and Fig. 1.2.21 in the center-of-mass 
system. 

The relation between 9 and 9 0 is: 
a _ A cos fl 0 + 1 

C0S (A s + 2A cos 9q + 1)'a (37) 


Let us define: 

y 

\A + l) (38) 


Then the neutron energy in the laboratory system before collision E, is related to that after 
collision by: 


e 2/ e i = 2 ^ + ^ “ a ) cos ^o] 



The greatest energy loss occurs for 9 = „ (backward scattering) when E 2 = aE,. Hence 
the final energies lie between E, and aE,. 2 1 * 

A quantity of interest is the mean logarithmic energy loss, (, which is defined as: 
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where g(E 2 , Ej) dE 2 is the probability of scattering from energy E t into the energy interval 
dE 2 about E 2 . 

Another quantity of interest, the average value of the cosine of the scattering angle 
(where the average is taken over all possible collisions), is defined as: 

cos 0 = f cos 0 ^-1 dft 
J °e 


Isotropic Scattering 

Isotropic scattering signifies that the differential cross section is not a function of 0 O , 
i.e., that it is spherically symmetrical in the center-of-mass system. In this case, neu¬ 
trons are scattered uniformly into the energy interval between E { and aE t ; i.e.: 


g(E 2 , E,) = 


1 

Ei(l - a) 




E 2 < aE t 



and it can be shown that: 


4 = 1 + ;-In a 

1 - Of 

For mass > 10, an approximation accurate to 1 percent or less is: 





For isotropic scattering, the average value of the cosine of the scattering angle in the 
laboratory system is: 



cos 0 = 


2 

3A 



Values of 4, 1 - a, In 1/a, cos 0, and the average number of collisions required to ther- 

malize 2-mev neutrons [((l/4)ln(2 x 10 e /0.025))] are given in Table 1.2.12 for materials of 
interest. 

Equation (41) gives the energy distribution of neutrons after one collision. The number 
of neutrons N(n,E 2 ) having an energy between E 2 and E 2 + dE 2 after n collisions can be 
obtained: 


N(n,E 2 ) 


Ej(n - 1)! 



(-) k In 


a k E { 

E 2 



where k is the largest value of k for which the logarithm is positive. The expression is, 
of course, zero for E 2 < a n E t . 

For E 2 « Ej, this becomes: 

iT 

i(l - a) 


6_V /j e -i2nx 2 sinh 6y 

irn) 6x 


N(n,E 2 ) » 






NUCLEAR PHYSICS 


CHAP. 1.2 


where: 


log E t /E 2 
n log % 



(45a) 


Results for mixtures are given in Marshak’s review article. 28 

Equation (45) is not valid when the scattering material is hydrogen (a = 0). This case, 
however, admits of a closed solution. Equation (46) gives the probability that after n col¬ 
lisions with hydrogen nuclei, the neutron will have an energy between E 2 and E 2 + dE 2 : 


N(n,E 2 ) 


1 / EA n -i 

(n - 1)! E t \ n E 2 ) 



Anisotropic Scattering 

When the scattering is not isotropic in the center-of-mass system, Eq. (41) and those 
results which depend upon it do not hold. In general: 

g( E 2> Et) - f-1- aEl s MI| 

= 0 E 2 < aE t (47 

where a e (9 0 ) is the differential elastic scattering cross section in the center-of-mass svs- 
tem defined so that: 

u e = 2 ”fo' a e^ sin 9 de 

For isotropic scattering in the center-of-mass system: 

<7 e (0 o ) = J_ 

(7 e 4 tit 

interest!* Let- l0garUhmiC e " erBy ‘° SS can StU1 be c °«d from Eq. (40) in two cases of 


e 


(0o) = if + Pi (cos 0 o) + ... 


Then for a heavy nucleus where (A - 1/A + l) 2 « l and 0 O « 9 
I = $0 ^ - --j = £0 (* “ cos 9) 



where £ 0 
also find 
case is: 


is the average loss in In E for isotropic scattei 
k if one restricts oneself to a a e ( 9 0 ) containing 


For arbitrary A, one can 
o e and (7j. The result in this 


♦Mathew M. Shapiro, unpublished. 
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1 - 


2 _ 

3A 


- (1 - cos 0) 


1 - 


3 
5A 2 



For large A, this reduces to: 




(1 - cos 0) 



(49a) 


CROSS SECTIONS 

Thermal values of the elastic scattering cross sections are contained in Table 1.2.17. 
The elastic cross section is expected to equal approximately the total cross section 
in the middle-energy region where (n,y) cross sections are small. Near thermal 
energies, where radiative capture can be dominant and above the threshold for inelastic 
scattering, o e will be noticeably less than the total cross section. At energies high enough 
for the schematic theory to apply, the elastic scattering cross section approaches 
n{R + *) 2 . \ is the reduced wavelength of the neutron.* This is half the asymptotic value of 
the total cross section. The total cross section as predicted by the schematic theory is 
given in Fig. 1.2.15. 

Concerning the angular distribution of scattered neutrons, some experimental work on 
light elements has been done at Los Alamos. 29 Their results for the differential elastic 
scattering cross section are given in Figs. 1.2.22 to 1.2.28. The most probable incident 
neutron energy was about 1.7 mev. Table 1.2.13 gives their values of a e (l - coal). 

Transport Cross Section 

A derived quantity used in diffusion theory is the transport cross section, cr. . A com¬ 
monly used definition of this quantity is: r 

^tr = 2;r f 0 *8(0) (1 - cos 0) sin 0 d0 = (t 8 (1 - cos 0) ( 50 ) 

where o 8 is the scattering cross section (elastic + inelastic) other definitions are in use. 

If the elastic scattering is isotropic and there is no inelastic scattering, one finds from 
Eq. (44): 



By assuming the inelastic scattering to be spherically symmetric, one obtains: 

a tr = a in + 2n fj a e ( 0 ) “ cos d ) 9in 0 d0 (52) 

Table 1.2.14 contains some measured values of a tr . 

CRYSTAL EFFECTS' 0 ’* 1 ’* AND CHEMICAL BINDING 

When the wavelength of thermal neutrons is of the same order of magnitude as the inter¬ 
atomic distances in crystals, the neutrons scattered from such crystals exhibit interference 


* ft = 4.5E ^ 10 13 cm, where E is in mev. 
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effects. Thus, the scattering cross sections for very-low-energy neutrons become energy 
dependent. The cross sections of Be and C in Figs. 1.2.29 and 1.2.30 illustrate this effect. 

It is the coherent scattering cross section of the individual atoms that determines the 
interference properties of neutrons. (For coherent scattering, the scattered wave is capa¬ 
ble of interfering with the incident neutron wave.) In analogy to the case of X-rays, these 
interference effects follow the usual Bragg law. For wavelengths larger than the Bragg 
cut-off wavelength (twice the largest lattice spacing), the coherent component of scattering 
vanishes leaving only the incoherent component. 

Incoherent scattering (scattering in which the scattered wave does not interfere with the 

incident wave) makes up what is called “diffuse” scattering. This type of scattering does 

not contribute to interference effects. There are several reasons for incoherent or diffuse 
scattering: 

(1) There may be several isotopes of an element present in the crystal. The various 

isotopes can give rise to different scattering cross sections. The location of the extra 

isotopes in the crystal will be random and hence give rise to a random variation in cross 
section. 


(2) In nuclei with non-zero spin, another type of incoherent scattering is present. This 
is called "spin-dependent" incoherent scattering because it arises from variation of the 
cross section with the relative orientation of the neutron spin and the nuclear spin. 

(3) A third reason for incoherent scattering can be found in the magnetic interaction be¬ 
tween neutrons and the atomic magnetic moments. The atomic moments are not aligned in 
the majority of crystals, and since the magnetic scattering is dependent on the relative 
orientation of neutron moment and atomic moments, a random variation in scattering 
power is present, and incoherent scattering results. 

(4) The coherent "crystal effects” are further decreased by another type of incoherent 
scattering resulting from temperature vibration of the atoms of the crystal. The magni¬ 
tude of this reduction is determined by the temperature of the crystal, the wavelength of 
the neutrons, and the angle of scattering. 

For wavelengths larger than the Bragg cut-off, the only scattering is incoherent. As the 
energy is increased, a large increase in cross section is observed (cf. Figs. 1.2.29 and 
1.2.30) when the Bragg cut off wavelength is reached. Maxima in the cross section are 
observed as each new set of planes becomes active. At neutron energies above 0.1 ev so 
many planes become active that the cross section varies smoothly with energy. When the 
neutron energy reaches several ev, the coherent scattering becomes small, but this is 
accompanied by a corresponding increase in the incoherent inelastic scattering so that the 
total scattering changes very little with energy. The inelastic scattering, where the lat¬ 
tice receives energy from the neutrons. Increases with energy until the neutron energy is 

large compared to the chemical binding energy of the lattice. When this point is reached 

the neutron is scattered as if the nuclei forming the lattice were free, and, barring nuclear 

resonances, the scattering cross section is constant with energy. This is called the free 
atom cross section. 


To summarize the process of a neutron losing energy in the crystal, several steps are 
considered A fast neu ron first slows down by dislocating effectively free nuclei until 
its energy decreases o the order of the energy of the crystal bond. At this point it begins 
to make inelastic collisions with the lattice as a whole. It continues to lose energy in th s 

manner until its wavelength exceeds the amplitude of the temperature vibrations of the 
nuclei of the crystal. At this stage further conn™ tatmo , , , 

collisions with the lattice become the most probable 8 ° W y because elastic 

tron loses still more energy inelas^c scatter!^ P * “ 8 ° me manner the neu ‘ 

case, the neutron absorbs the Uttice “ ^ ^ ^ 

ments^namelyj*an"increase “cltteT" ^ m ° St Pr ° minent *" loW A •>- 

effect may have more than one ™ t Cr ° 8S Sectlon for low-energy neutrons. This 

more than one cause. In the case of scattering by a gas, the thermal 
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motion of the molecules of the gas will cause neutrons to be “bumped” from their original 
direction and hence give rise to an increased scattering cross section. 84 (This effect 
follows a 1/v law.) Superimposed on this is the so called chemical binding effect* owing to 
a changed reduced mass. This effect becomes important when the energy of the neutron is 
less than the energy of the chemical bond. In the case of a gas, this means that the mass 
of the neutron and molecule are used in calculating the reduced mass. In the crystalline 
case, it means that the mass of the neutron and crystal must be used in calculating the re¬ 
duced mass (which is approximately the mass of the neutron). 

If the molecule or crystal is composed of only one kind of atom, then the scattering 
cross section is increased over the free-atom cross section by the square of the ratio of 
the reduced mass of neutron and molecule (or crystal) to the reduced mass of neutron and 
one atom of the molecule (or crystal). Thus, for a crystal, this factor is (A + 1) 2 /A 2 . In 
the case of a diatomic molecule, it is 4(1 + A) 2 /(l + 2A) 2 . 

(A + 1) 2 /A 2 times the free-atom cross section is known as the “bound-atom cross 
section.” 

The discussion above relates to the effect of crystalline structure and chemical binding 
on the total cross section. It is clear that the chemical binding will increase the transport 
cross section, because with the increase in effective mass, the scattering will become 
more isotropic in the laboratory frame. However, the details as to how chemical binding 
and crystal effects influence reactor behavior are not well known at this time. 

INELASTIC SCATTERING 

Inelastic scattering of a neutron leaves the target nucleus in one of its excited states. 
The energy of the emitted neutron is less than that of the incident neutron by this excita¬ 
tion energy. 

DATA 

A summary of inelastic cross section data is presented in Table 1.2.15. 

Recent measurements of the inelastic scattering of neutrons of about 1.85 mev energy 
on Fe show the existence of a level at 850 ± 50 kev above the ground state. 43 The meas¬ 
urements were made at 90° only. If the inelastic scattering is assumed isotropic, one is 
led to a cross section of 0.82 barns. 

The distribution in energy of 4.3-mev neutrons inelastically scattered from tungsten is 
found to be practically constant in energy up to about 3.25 mev. 44 The inelastic cross 
section is estimated to be less than three fourths as large as the elastic cross section. 

APPROXIMATE FORMULAS 

When there are no data on inelastic scattering available, some crude guesses can be 
made provided that both the compound nucleus and the residual nucleus are sufficiently 
highly excited so that there are many levels lying below the level of excitation. This re¬ 
stricts the validity of the results to heavy nuclei. In this case, the theory predicts that the 
inelastically scattered neutrons are isotropically distributed. 

Energy Distributions 

Denote by E the energy of the incident neutron and by E that of the inelastically scat¬ 
tered one. Let D R (x) be the distance between levels of the residual nucleus when excited 


* G. Placzek, Phys. Rev., 86, 377, 1952, discusses the scattering of neutrons by systems of 
heavy nuclei. G. Breit, Phys. Rev., 71, 215, 1947, and G. Breit and P. R. Zilsel, Phys. Rev., 71, 
232, 1947, discuss the scattering of slow neutrons by bound protons. 
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an energy x above its ground state. Finally, denote by <r c (E), the cross section for form¬ 
ing the compound nucleus by a neutron of energy E. According to the statistical theory, 
the number of neutrons scattered from energy E to E is proportional to: 


f(E,E) = Eo c (E) D~*(E - E) 



A plot of o 0 (E) as computed from statistical theory is given in Fig. 1.2.18, to be used if 
no data are available. D^ 1 is expected to be relatively constant up to a certain energy E 0 
(~ 3 mev) above the ground state and then to rise exponentially: 

D^(E)=D 0 - 1 e<e 0 

Dr (E) = DJ 1 e 2( ^ “ ^ E > E 0 


(54) 

(55) 


The constants D 0 , E 0 , and a are to be adjusted from experiment. Lacking evidence for a, 
one can use Fig. 1.2.19 to estimate it for odd nuclei. (Cf. “Level Density Formula.”) 

_ For various limiting cases, simple expressions can be found for the dependence of f on 
E. When the residual nucleus is left with excitation energy greater than E 0 , then: 

f = E<r 0 (E) exp (2(7a(E - E) - VaE^)j E - E > E 0 ( 5 * 

Figs. 1.2.33 to 1.2.36 show plots of Eq. (56) for Z = 30, 50, 70, and 90 when E 0 = 0; i.e., 
when the exponential formula is good down to the ground state. 

If only low-energy emerging neutrons are considered, then: 


(E - E) > E 0 E « E 


f(E,E) = Ea c (E) exp |2(/aE - VaE 0 )] exp j- -y/| eJ 
When E - E < E 0 , then Eq. (54) should be used for the level density and: 


(57) 


i « E<t 0 (E) 


(E -E) < E 0 


(58) 


When E is close to E„, one must take account of the change in level density below E 0 in 
Eq. (53). This results in a rise in f at the high-energy end of the neutron spectrum. 
Figure 1.2.37 shows a typical result with E 0 = 3 mev. 

Equations (53) through (58) are, within the limits of the theory, good approximations to 
the emitted neutron distribution until E becomes large enough for the (n,2n) reaction to 
occur. This will add more low-energy neutrons to the spectrum. 


Total Inelastic Cross Sections 

The cross section o 0 for compound nucleus formation can be written as the sum: 

*0 = a in + a ce + °t + °y 

of the inelastic, capture elastic,* fission, and radiative capture cross sections, from which 

11 XOIJLOWS Inal. 



In 


& 


ce 


<% -°i~ v 



* ooapowl nuole “« «• a neutron emitted, end th 

the lime rtute „ the target nuoleua Is called capture elastic scattering 


residual nucleus left 
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The statistical theory gives: 




+ <7 


ce 


^ E ' P * Eq c (E) Dr 1 (E - E) dE 
X E Ea c (E) Dr 1 (E -E) dE 



which, together with Eq. (59) and Fig. 1.2.18 for a c directly determine in the case that 
the fission cross section is small (the radiative capture cross section is negligible in this 
case). For E » D 0 , it follows that: 


“in 

°in + a oe 


« 1 


and thus that: 



^(E) « a c (E) (61a) 

which agrees well with 14-mev data in the absence of fission. 

Deviations from Eq. (60) occur when the residual nucleus is left with excitation less 
than E 0 . Then: 



where x is the value of R/X for neutron energy E and x' the value for energy E - D 0 : 


R 

*(E) 


= 0.222 VE(mev) R x 10 13 


The function g(x) is plotted in Fig. 1.2.38 for several values of Xo = 10 13 R. 

Equation (62) is a very rough approximation which neglects fluctuations due to spin dif¬ 
ferences and variations in level spacings. 

In the case of light nuclei or “magic” nuclei where only a few levels are involved in the 
scattering process, the results depend strongly upon the spins and parities of the levels. 
A detailed treatment of this case and the statistical theory case is contained in Report 
NYO-636 and in a paper by Feshbach and Hauser. 41 


(n,2n) REACTIONS 

When the energy of the incident neutron exceeds the binding energy of the last neutron 
in the target nucleus, the (n,2n) reaction becomes energetically possible. Few measure¬ 
ments of (n,2n) cross sections have been made. The energy dependence has been obtained 
for the (n,2n) reaction in Cu 83 by Fowler and Slye 48 and in Cu 83 , Ni 68 , and Tl*°* by Martin 
and Diven. 47 Cross sections at 14 mev have also been measured for a few elements by 
Forbes, 48 whose results are included in Table 1.2.16. 

The Be (n,2n) reaction is of particular interest because the threshold of 1.7 mev is the 
lowest known. Many measurements of this cross section have been made, usually with 
(a,n) sources, but the results have not been particularly informative. 

A compilation by A. H. Snell and published by Agnew 60 shows values ranging from 0.04 
to 4.0 bams. The latter measurement is hardly credible, but the situation is nuclear at 
present. 

Cohen 61 has measured a large number of (n,2n) cross sections averaged over a broad 
spectrum of high-energy neutrons produced by the (d,n) reaction. 
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Most other measurements of (n,2n) cross sections have been at energies of 20 mev or 
more. 

If one assumes that after the first neutron is inelastically scattered, competition to 
neutron emission from other processes is small, then every inelastic scattering that 
leaves the nucleus sufficiently excited will lead to the emission of a second neutron. 

If we denote the threshold energy by E b , then within the limits of the statistical theory* 
the (n,2n) cross section is given by: 


a(n,2n) E 



^ E Eb Eo c (E) Dr 1 (E -E) dE 
_£ e E'cr c (E') D^ 1 (E -E') dE' 


This can be simplified in several limiting cases. For E - E b >/E7a: 



<7(n,2n) £ = E) {l - (1 + y)e^} 
For E - E, < /17a: 


(7 (E — E ) 

o(n,2n) = <r. (E) b (l - (1 + y )e"V) 


a ffi -E.) , 

° in®) ~ b 


a <; (v'E/a) 


5E®- E b)‘ 


when: 





E - Eh « /E7a 


These formulae are not valid in the limit E = E b . They agree with Eq. (63) to within 

10 percent, however, as soon as k'R is of the order of 1 or greater. Here k' is the wave 

number of a neutron of energy E - E b (k' = 0.22 /E - E b x 10 13 cm' 1 , E in mev) and R is 
the nuclear radius. 


REACTION PROCESSES 

Reaction processes are those in which neutrons that are absorbed are not re-emitted 
Examples discussed below are the (n,y), (n,a) and (n,p) processes. The (n a) and (n p) ’ 
processes are all restricted to light nuclei at the neutron energies considered here be¬ 
cause of the coulomb barrier and threshold effects. Thermal values of the reaction cross 
sections appear in Tables 1.2.17. 


RADIATIVE CAPTURE (n,y) 

The general behavior of (n,y) cross sections was discussed in some detail under "Col¬ 
lision Reactions When the energy levels are far apart, the Breit-Wigner single-level 
formula should give a good fit to the cross section at energies near the resonance energy 

wJSTftt Rh Sh ° WS he Cr0SS SeCti0 " near a resona nce in Cd. Parameters for a BrJd- 

»o~: z%: “• rjr.rrr r~ 2 "-** 


* Cf* preceding discuflfllon of “Approximate Formulae." 
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Radiative capture cross sections have been measured by Hughes et al, 30 using reactor 
neutrons with an effective energy of 1 mev. The cross sections are plotted vs number of 
neutrons in Fig. 1.2.16. Hughes notes that the energy dependence of the (n,y) cross section 
in this neighborhood is approximately 1/E. The abnormally low cross sections of some of 
the nuclei shown are evidence of their “magic” character. 

(tipOt) AND (n,p) REACTIONS 

Because both the coulomb effect and threshold values for charged particle emission in¬ 
crease with A, these reactions are generally limited to light nuclei for neutron energies of 
interest in reactors. Some of these cross sections in light elements can be quite large at 
thermal energies. Figures 1.2.42 to 1.2.44 show the data for the (n,ar) reaction in Li, B, 
and Be. 

The (n,p) cross sections of oxygen are of interest because of the activity of the product 
nuclei. Table 1.2.18 gives the threshold energy and the value of the cross section averaged 
over the fission spectrum in the case of O 16 , and over energies much higher than the 
threshold in the case of O 17 . 


Table 1.2.1 — Nomenclature 


A 

Atomic mass number 

Z 

Nuclear charge number 

M 

Mass of neutral atom 

R 

Nuclear radius 

I 

Nuclear spin 

T 

Mean-life of radioactive nucleus 


Half-life of radioactive nucleus 


1/T 

a 

Ratio of capture cross section to 
fission cross section. Also, 
minimum ratio of final to ini¬ 
tial energies in an elastic 
scattering process 


Elastic scattering cross section 

*•<*) 

Differential tr e 

*tn 

Inelastic scattering cross section 


cr e + <r\n 


6 Angle of deflection in the labo¬ 

ratory system 

0 O Angle of deflection in the center 

of mass system 

gp Transport cross section 

cos 0 Average value of cos 0 

<r c (E) Cross section for the formation 

of the compound nucleus by 
neutrons of energy E. Also 
called reaction cross section 
X„ 10 13 R(cm) 

f(E,E) Proportional to number of neu¬ 
trons inelastically scattered 
from energy E to energy E" 

£ Average loss in logarithm of energy 

y Vf (E - E » ) 
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Table 1.2.2 — Nuclear Radii 


R x io u . cm 


Low energy 


Isotope 

(kev) 

He 4 

2.5 

U T 

2.7 

Be 1 

4.7-5. 

B 11 

3.5 

C* 2 

4.5 

o ,e 

5.5 

F‘ 9 

5.35 

Na 23 

5.65 

Mg 24 

4.75 

A1 2t 

5.5 

Si 28 

4.8 

p31 

5.15 

S 32 

4.2 

Cl 

• • • 

K 38 

3.31 

Ca 40 

3.5 

Ti 

4.75 

V 51 

6.5 

Mn 88 

5.2 

Fe 8< 

4.0 

Co 81 

5.2 

Ni 

4.7 

Cu 

5.25 

Zn 

5.55 

Se 

• • • 

Zr 

7.25 

Ag 

7.7 

Cd 

• • • 

In 118 

7.3 

Sn 

7.5 

Sb mm 

7.5 

I»T 

7.3 

Ta lBI 

7.9 —8.0 

w 

7.7 

Au 

• • • 

Hg 

• • • 

Pb 1M 

7.5 

Pb 2 « 

-4 

bi 

1 

-a 

» 

a 

Bi 208 

6.7 

Bi 

• • • 

Th 

8.7 

U 

• • • 


High energy 
(14-25 mev) 

Reference 

• • • 

(2) 

• • • 

(2) 

3.8 

(2) 

3.4 

(2) 

3.8 

(2) 

4.3 

(2) 

• • • 

(2) 

• • • 

(2) 

4.5 

(2) 

4.6 

(2) 

• • • 

(2) 

• • • 

(2) 

4.1 

(2) 

4.7 

(1) 

« • • 

(2) 

• • • 

(2) 

5.0 

(2) 

5.3 

(2) 

• • • 

(2) 

5.6 

(2) 

• • • 

(2) 

• • • 

(2) 

5.5 

(2) 

5.9 

(2) 

6.3 

(1) 

5.2 

(2) 

6.8-6.9 

(2) 

7.2 

(1) 

• • • 

(2) 

7.4 

(2) 

7.3 

(2) 

• • • 

(2) 

• • • 

(2) 

• • • 

(2) 

7.5 

(1) 

8.3—8.4 

(1) 

7.8 

(2) 

7.8 

(2) 

• • • 

(2) 

7.9 

(1) 

8.5 

(3) 
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Table 1.2.3—Isotopic Weights, Binding Energy of an Additional Neutron, 

and Packing Fraction 

[The first five columns of the following table are taken from K. T. Bainbridge, 
Part V of Experimental Nuclear Physics, Volume I, edited by E. Segr&, 

John Wiley & Sons, Inc., New York (in press).] 






Error in 



Atomic 


Mass 

Isotopic weight 

isotopic 

Binding energy 

Packing 

number 


number 

relative 

weight 

of additional 

fraction 

(Z) 

Symbol 

(A)* 

to 0 16 t 

x 10 6 t 

neutron, mev5 

x 10 S T 

0 

n 

1 

1.008982 

3 


8.982 

1 

H 

1 

1.008142 

3 

2.224 

8.142 



2 

2.014735 

6 

6.256 

7.367 



3 

3.016997 

11 


5.665 

2 

He 

3 

3.016977 

11 

20.56 

5.659 



4 

4.003873 

15 

-0.6601 

0.968 



5 

5.013564 

215 

1.929 

2.713 



6 

6.020474 

27 


3.412 

3 

Li 

5 







6 

6.017021 

22 

7.243 

2.837 



7 

7.018223 

26 

2.036 

2.603 



8 

8.025018 

30 


3.127 

4 

Be 

6 







7 

7.019150 

26 

18.88 

2.736 



8 

8.007850 

29 

1.666 

0.981 



9 

9.015043 

30 

6.809 

1.671 



10 

10.016711 

28 


1.671 



11 





5 

B 

9 

9.016190 

31 

8.433 

1.799 



10 

10.016114 

28 

11.46 

1.611 



11 

11.012789 

23 

3.360 

1.163 



12 

12.018162 

22 


1.514 



13 





6 

C 

10 

10.020605 

300 

13.66 

2.060 



11 

11.014916 

24 

18.71 

1.356 



12 

12.003804 

17 

4.946 

0.317 



13 

13.007473 

14 

8.168 

.575 



14 

14.007682 

11 


.549 



15 





7 

N 

12 







13 

13.009858 

14 

10.54 

0.758 



14 

14.007515 

11 

10.83 

.537 



15 

15.004863 

12 

2.891 

.324 



16 

16.010740 

500 

5.295 

.671 



17 

17.014035 

500 


.826 



18 





8 

O 

14 

(14.013016) 


13.25 

0.930 



15 

15.007768 

13 

15.59 

.518 



16 

16.000000 

Standard 

4.142 

.000 



17 

17.004533 

7 

8.045 

.267 



18 

18.004874 

17 

4.072 

.271 



19 

19.009482 

850 


.499 
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Error in 


Atomic 

A 


Mass 

Isotopic weight 

isotopic 

Binding energy 

number 


number 

relative 

weight 

of additional 

(Z) 

Symbol 

(A)* 

to 0 16 t 

x 10 6 J 

neutron. mev§ 

9 

F 

16 






17 

17.007486 

11 

9.122 



18 

18.006670 

18 

10.42 



19 

19.004456 

15 

6.597 



20 

20.006352 

19 




21 




10 

Ne 

18 






19 

19.007915 

53 

16.79 



20 

19.998860 

23 

6.753 



21 

21.000589 

21 

10.52 



22 

21.998270 

60 

5.188 



23 

23.001680 

60 


11 

Na 

21 






22 

22.001321 

60 

12.26 



23 

22.997139 

26 

6.955 



24 

23.998651 

28 

9.165 



25 

24.997789 

115 


12 

Mg 

22 






23 

23.001113 

325 

16.20 



24 

23.992696 

30 

7.320 



25 

24.993815 

33 

11.10 



26 

25.990871 

36 

6_430 



27 

26.992946 

36 


13 

A1 

25 






26 

25.996194 

430 

14.01 



27 

26.990140 

33 

7.720 



28 

27.990830 

36 

9.371 



29 

28.989747 

273 




30 




14 

Si 

27 

26.995254 

39 

17.129 



28 

27.985837 

37 

8.472 



29 

28.985719 

45 

10.60 



30 

29.983313 

38 

6.596 



31 

30.985210 

41 




32 




15 

P 

29 

28.989618 

88 

9.710 



30 

29.988170 

107 

12.60 



31 

30.983622 

38 

7.926 



32 

31.984091 

36 




33 






34 




16 

S 

31 

30.988865 

110 

14.51 



32 

31.982265 

35 

8.645 



33 

32.981961 

38 

11.33 



34 

33.978773 

44 

6.890 



35 

34.980354 

50 




36 






37 





Packing 
fraction 
x 10 3 H 


0.440 

.370 

.234 

.318 


0.416 

-.0570 

.0280 

-.0786 

.0730 


0.0600 

-.124 

-.0562 

-.0884 


0.0484 

-.304 

-.247 

-.351 

-.261 


-0.146 

-.365 

-.328 

-.354 


-0.176 

-.506 

-.492 

-.556 

-.477 


-0.358 

-.394 

-.528 

-.497 


-0 359 
-.554 
-.547 
-.624 
-.561 
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Table 1.2.3—(Continued) 






Error in 



Atomic 

• 


Mass 

Isotopic weight 

isotopic 

Binding energy 

Packing 

number 


number 

relative 

weight 

of additional 

fraction 

(Z) 

Symbol 

(A)* 

to 0 16 t 

x 10 6 t 

neutron, mevfi 

x 10 3 T 

17 

Cl 

33 







34 







35 

34.980175 

50 

8.559 

-0.566 



36 

35.979964 

58 

10.54 

-.557 



37 

36.977624 

77 

6.109 

-.605 



38 

37.980044 

84 


-.525 



39 





18 

A 

35 







36 

35.978930 

58 

8.764 

-0.585 



37 

36.978499 

77 

11.73 

-.581 



38 

37.974878 

85 


-.661 



39 







40 

39.975100 

100 

6.064 

-0.622 



41 

40.977569 

100 


-.547 

19 

K 

37 







38 

37.981125 

240 

13.20 

-0.497 



39 

38.97593 

130 

7.759 

-.617 



40 

39.976578 

130 

9.984 

-.586 



41 

40.974836 

150 

7.389 

-.614 



42 

41.975881 

150 


-.574 



43 





20 

Ca 

39 

38.983515 

420 

15.90 

-0.423 



40 

39.975420 

130 

8.469 

-.614 



41 

40.975305 

160 

11.41 

-.602 



42 

41.972036 

165 

8.051 

-.666 



43 

42.97237 

100 

11.31 

-.642 



44 

43.96920 

100 


-.700 



45 







46 







47 







48 

47.96763 

120 


-0.674 



49 





21 

Sc 

41 







42 







43 







44 







45 

44.97000 

60 


-0.667 



46 







47 







48 

47.96787 

190 

11.70 

-0.669 



49 

48.96428 

200 


-.729 

22 

Ti 

45 







46 







47 

46.96700 

1000 

11.11 

-0.702 



48 

47.96405 

190 


-.749 


49 

50 
61 
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CHAP. 1.2 


Table 1.2.3 — (Continued) 


Atomic 

number 

(Z) Symbol 

23 V 


24 Cr 


25 Mn 



27 Co 






Error in 



Mass 

Isotopic weight 

isotopic 

Binding energy 

Packing 

number 

relative 

weight 

of additional 

fraction 

(A)* 

to O ie t 

x 10 6 J 

neutron, mev$ 

x 10 3 1 

47 

48 

49 

47.96840 

190 


-0.658 

50 

49.96215 

500 

10.80 

-0.757 

51 

50.95953 

150 

7.273 

-.794 

52 

51.96070 

150 


-.756 

49 

48.96540 

220 

13.40 

-0.706 

50 

51 

49.95999 

90 


-.800 

52 

53 

54 

55 

56 

51.95693 

150 


-0.828 

51 

52 

53 

51.96202 

150 


-0.730 

54 

53.95756 

245 

10.15 

-0.786 

55 

54.95564 

140 

7.254 

-.807 

56 

55.95683 

140 


-.771 

53 

52.96238 

300 

13.80 

-0.710 

54 

53.95654 

230 

8.828 

-.805 

55 

54.95604 

140 

11.32 

-.799 

56 

55.95286 

140 

7.627 

-.842 

57 

58 

56.95365 

140 


-.813 

59 

(58.95350) 

170 


-0.788 

55 

54.95974 

140 

10.16 

-0.732 

56 

57 

55.95781 

140 


-.753 

58 

59 

58.95182 

140 

7.729 

-0.817 

60 

61 

59.95250 

140 


-.792 


62 

57 

58 

59 

60 
61 
62 

63 

64 

65 

66 


56.95719 

57.95360 

58.95290 

59.94948 

(60.94928) 

63.94733 


300 

200 

200 

140 

(150) 

400 


11.70 

9.014 

11.55 

8.548 


-0.751 

-.800 

-.798 

-.842 

-.831 

-0.823 


58 

59 

60 


89 



CHAP. 1.2 


REACTOR PHYSICS 


Table 1.2.3—(Continued) 


Atomic 


Mass 

number 


number 

(Z) 

Symbol 

(A)* 


Isotopic weight 
relative 
to O ie t 


61 

62 

63 

64 

65 

66 
67 

30 Zn 63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

31 Ga 64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

32 Ge 66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

33 As 71 

72 

73 

74 

75 

76 

77 

78 


60.95168 

62.94862 

63.94913 

64.94749 


(63.94880) 


Error in 



isotopic 

Binding energy 

Packing 

weight 

of additional 

fraction 

x 10 6 t 

neutron, mev5 

x I0 3 f 

150 


-0.792 

200 

7.887 

-0.816 

400 

9.889 

-.795 

210 


-.808 

400 


-0.800 
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CHAP. 1.2 


Table 1.2.3—(Continued) 


Atomic 


Mass 

number 


number 

(Z) 

Symbol 

(A)* 


Isotopic weight 
relative 


to 0 16 t 


Error in 

isotopic Binding energy 

weight of additional 
x 10 6 J neutron, mev§ 




36 Kr 


37 Rb 


71 

72 

73 

74 

75 

76 

77 

78 

79 

80 
81 
82 

83 

84 

75 

76 

77 

78 

79 

80 
81 
82 

83 

84 

85 

86 

87 

88 

77 

78 

79 

80 
81 
82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

81 

82 

83 


Packing 
fraction 
x 10 3 1 


91 



CHAP. 1.2 


REACTOR PHYSICS 


Table 1.2.3—(Continued) 


Atomic 

number 

(Z) 


Symbol 


Mass 

number 

(A)* 


Isotopic weight 
relative 
to 0 16 t 


Error in 
isotopic 
weight 
x 10 6 t 


Binding energy 
of additional 
neutron, mev9 


Packing 
fraction 
x I0 3 f 


84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 


84.93100 

85.93736 

86.9295 


1500 

1000 

2000 


2.441 

(15.680) 


-0.812 

-.728 

-.810 


85.9354 

86.9352 

87.93360 

88.93398 


1000 

1000 

360 

420 


8.548 

9.852 

8.008 


-0.751 

-.745 

-.755 

-.742 


87.93758 

88.93712 


360 

420 


8.791 


-0.709 

-.707 


Nb(Cb) 
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CHAP. 1.2 


Table 1.2.3—(Continued) 


Atomic 

number 

(Z) 

Symbol 

Mass 

number 

(A)* 

Isotopic weight 
relative 

to 0 16 t 

Error in 
isotopic 
weight 
x 10 G J 

Binding energy 
of additional 
neutron, mevfl 

Packing 
fraction 
x 10 3 1 



96 







97 







98 





42 

Mo 

92 







93 







94 

95 

93.93522 

1500 


-0.689 



96 

97 

98 

95.93558 

96.93693 

320 

440 

7.105 

-0.671 

-.650 



99 







100 

101 

99.93829 

330 


-0.617 



102 





43 

Tc 

92 






93 

94 

95 
90 

97 

98 

99 
100 
101 
102 

44 Ru 95 

96 

97 

98 

99 
100 
101 
102 

103 

104 

105 

106 
107 

45 Rh 102 

103 

104 

105 

106 
107 

46 Pd 100 

101 

102 

103 

104 
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CHAP. 1.2 


REACTOR PHYSICS 


Table 1.2.3 — (Continued) 


Atomic 


Mass 

number 


number 

(Z) 

Symbol 

(A)* 


Isotopic weight 
relative 
to 0 16 f 


105 

106 

107 

108 

109 

110 
111 
112 

47 Ag 102 

103 

104 

105 

106 

107 

108 

109 

110 
111 
112 
113 

48 Cd 106 

107 

108 

109 

110 
111 
112 

113 

114 

115 

116 

117 

118 

49 In 109 

110 

111 

112 

113 

114 

115 

116 
117 

50 Sn 111 

112 

113 

114 

115 

116 
117 


107.93690 

109.94098 


109.94218 


109.93911 

111.93999 

112.94206 

113.94013 

114.94363 

115.94212 


113.94329 

114.94207 

115.94398 


113.94109 

114.94154 

115.93806 

116.94171 


Error in 

isotopic Binding energy Packing 
weight of additional fraction 


x 10 6 t 

neutron, mev$ 

x 10 3 7 

500 


-0.584 

620 


-0.537 


440 -0.526 


440 


-0.554 

360 

6.435 

-0.536 

390 

10.16 

-.513 

440 

5.104 

-.525 

670 

9.768 

-.490 

460 


-.499 


440 

9.498 

-0.497 

670 

6.584 

-.504 

700 


-.483 


440 

7.943 

-0.517 

670 

11.60 

-.508 

420 

4.964 

-.534 

500 


-.498 
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Atomic 

number 

(Z) Symbol 


51 Sb 


52 Te 


CHAP. 1.2 


Table 1.2.3—(Continued) 


Mass 

number 

(A)* 


Isotopic weight 
relative 
to 0 16 t 


Error in 

isotopic Binding energy 

weight of additional 
x 10 6 J neutron, mev 8 


Packing 
fraction 
x 10 3 T 


118 

119 



120 

121 

119.93904 

460 

122 

123 

124 

125 

126 

127 

128 

121.94260 

1260 


-0.508 


-0.470 


117 

118 

119 

120 
121 
122 

123 

124 

125 

126 

127 

128 

129 

130 

131 

132 

133 

134 

135 

136 

118 

119 

120 
121 
122 

123 

124 

125 

126 

127 

128 

129 

130 

131 

132 

133 

134 

135 

136 

137 


125.9427 1000 

127.9471 1000 

129.9467 900 


-0.455 

-0.413 


-0.410 
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CHAP. 1.2 


REACTOR PHYSICS 


Table 1.2.3—(Continued) 


Atomic 


Mass 

number 


number 

(Z) 

Symbol 

(A)* 


Error in 

Isotopic weight isotopic 
relative weight 

to 0 16 t x 10 6 t 


Binding energy Packing 

of additional fraction 

neutron, mevfl x 10 3 f 


53 I 124 

125 

126 

127 

128 

129 

130 

131 

132 

133 

134 

135 

136 

137 

54 Xe 124 

125 

126 

127 

128 

129 

130 

131 

132 

133 

134 

135 

136 

137 

138 

139 

140 

141 

142 

143 

144 

145 

55 Cs 130 

131 

132 

133 

134 

135 

136 

137 

138 

139 

140 

141 

142 

143 


126.946 1000 


128.94533 300 

131.94729 1000 


-0.425 


-0.424 


-0.399 


96 
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CHAP. 1.2 


Table 1.2.3—(Continued) 


Atomic 


Mass 

Isotopic weight 

Error in 
isotopic 

Binding energy 

Packing 

number 


number 

relative 

weight 

of additional 

fraction 

(Z) 

Symbol 

(A)* 

to O^t 

x 10 6 J 

neutron, mevS 

x 10 3 t 

56 

Ba 

130 






131 

132 

133 

134 

135 

136 

137 

138 

139 

140 

141 

142 

143 

144 

145 





60 Nd 


137 

138 

139 

140 

141 

142 

143 

144 

145 

135 

136 

137 

138 

139 

140 

141 140.95335 1100 

142 

143 

146 

147 

140 

141 

142 

143 

144 

145 

146 

147 

141 

142 

143 

143.95607 750 

145 

146 


-0.331 


-0.305 
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CHAP. 1.2 


REACTOR PHYSICS 


Table 1.2.3 — (Continued) 


Atomic 


Mass 

Isotopic weight 

Error in 
isotopic 

Binding energy 

Packing 

number 

Symbol 

number 

relative 

weight 

of additional 

fraction 

(Z) 

(A)* 

to 0 16 t 

x 10 6 J 

neutron, mev9 

x 10 5 1 

61 

Pm 

147 

148 

149 

150 

151 

143 

148.96775 

149.96878 

800 

780 

7.403 

-0.216 

-.208 


144 

145 

146 

147 

148 

149 

62 Sm 144 

145 

146 

147 

148 

149 

150 

151 

152 

153 

154 

63 Eu 147 

149 

150 

151 

152 

153 

154 

155 

156 

157 

158 

64 Gd 152 

153 

154 

155 

156 

157 

158 

159 

160 

65 Tb 152 

153 

154 

155 
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CHAP. 1.2 


Table 1.2.3 — (Continued) 


Atomic 

number 

(Z) 


Mass 

Isotopic weight 

number 

relative 

Symbol (A)* 

to 0 16 f 


159 

160 
161 

66 Dy 156 

158 

159 

160 
161 
162 

163 

164 

165 

67 Ho 160 

161 

162 

163 

164 

165 

166 

68 Er 162 

163 

164 

165 

166 

167 

168 

169 

170 

171 

69 Tm 166 

167 

168 

169 

170 

70 Yb 168 

169 

170 

171 

172 

173 

174 

175 

176 

177 

71 Lu 170 

171 

172 
175 


Error in 

isotopic Binding energy 

weight of additional 
x 10 6 J neutron, mev5 


Packing 
fraction 
x 10 3 I 
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CHAP. 1.2 


REACTOR PHYSICS 


Table 1.2.3 — (Continued) 


Atomic 

number 

(Z) 

Symbol 

Mass 

number 

(A)* 

Isotopic weight 
relative 
to O ie | 

Error in 
isotopic 
weight 
io 6 t 

Binding energy 
of additional 
neutron, mevfi 

Packing 

fraction 

x io 3 f 



176 

177 





72 

Hf 

174 

175 

176 

177 

178 

179 

180 

181 

175.99234 

177.99381 

180.00440 

1000 

1230 

2000 


-0.0435 

-0.0348 

+ 0.0244 

73 

Ta 

176 

177 

178 

180 

181 

182 





74 

W 

179 

180 

181 

182 

183 

184 

185 

186 

187 

182.0038 

183.00321 

184.0060 

2100 

580 

2100 

8.912 

5.765 

0.0209 

.0175 

.0326 

75 

Re 

183 

184 

185 

186 

187 

188 





76 

Os 

184 

185 

186 

187 

188 

189 

190 

191 

192 

193 





77 

78 

It 

Pt 

190 

191 

192 

193 

194 

190 

191 

192 

194.02637 

1000 


0.136 


100 
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CHAP. 1.2 


Table 1.2.3—(Continued) 


Atomic 

number 

(Z) Symbol 


Mass 

number 

(A)* 


193 

194 

195 

196 

197 

198 

199 

79 Au 191 

192 

193 

194 

195 

196 

197 

198 

199 

200 

80 Hg U)6 

197 

198 
19S 
200 
201 
202 

203 

204 

205 

81 T1 198 

199 

200 
201 
202 

203 

204 

205 

206 


AcC" 207 

ThC" 208 

209 

RaC" 210 

82 Pb 199 


200 

201 

202 

203 

204 

205 

206 
207 


Isotopic weight 
relative 

to 0 18 t 


194.02403 

195.02642 

196.02744 


Error in 



isotopic 

Binding energy 

Packing 

weight 

of additional 

fraction 

4-f 

to 

O 

X 

neutron, mevS 

x 10 3 1 


1000 

6.137 

0.124 

800 

7.413 

.135 

600 


.140 


* 

203.03550 * 

205.03980 * 


203.03499 

* 

* 

204.03697 

* 

205.03792 

* 

206.04021 

* 

207.04189 

* 

208.04676 

* 

209.05044 

* 

210.05537 

* 


0.175 

0.194 


6.519 

0.172 

7.478 

.181 

6.230 

.185 

6.798 

.195 

3.828 

.202 

4.936 

.225 

3.772 

.241 


.264 


204.03612 

205.03831 

206.03859 

207.04034 


6.323 

8.102 

6.733 

7.375 


0.177 

.187 

.187 

.195 


101 


CHAP. 1.2 


REACTOR PHYSICS 


Table 1.2.3 — (Continued) 






Error in 



Atomic 

• 


Mass 

Isotopic weight 

isotopic 

Binding energy 

Packing 

number 


number 

relative 

weight 

of additional 

fraction 

(Z) 

Symbol 

(A)* 

to 0 ,6 t 

x 10®t 

neutron, mevfi 

x 10 3 T 



208 

208.04140 

X 

3.866 

0.199 



209 

209.04623 

X 

5.243 

.221 


RaD 

210 

210.04958 

X 

3.782 

.236 


AcB 

211 

211.05450 

X 

5.188 

.258 


ThB 

212 

212.05791 

X 

3.921 

.273 



213 

(213.06268) 


4.964 

.294 


RaB 

214 

214.06633 

X 


.310 

83 

Bi 

197 







198 







199 







200 







204 







206 







207 

(207.04285) 


6.817 

0.207 



208 

208.04451 

X 

7.441 

.214 



209 

209.04550 

X 

4.629 

.218 


RaE 

210 

210.04951 

X 

5.113 

.236 


AcC 

211 

211.05300 

X 

4.378 

.251 


ThC 

212 

212.05728 

X 

5.160 

.270 



213 

213.06072 

X 

4.136 

.285 


RaC 

214 

214.06526 

X 


.305 

84 

Po 

203 







205 







206 







207 







208 

208.04558 


6.575 

0.219 



209 

209.04750 

X 

7.655 

.227 



210 

210.04826 

X 

4.564 

.230 


AcC' 

211 

211.05234 

X 

6.007 

.248 


ThC' 

212 

212.05487 

X 

4.312 

.259 



213 

213.05922 

X 

5.914 

.278 


RaC' 

214 

214.06185 

X 

4.098 

.289 


AcA 

215 

215.06643 

X 

5.793 

.309 


ThA 

216 

216.06919 

X 

4.312 

.320 



217 

(217.07354) 

84 

5.364 

.339 


RaA 

218 

218.07676 

X 


.352 

85 

At 

207 







208 







210 







211 

(211.05317) 

X 

5.029 

0.252 



212 

(212.05675) 

X 

6.035 

.268 



213 

(213.05925) 

X 

4.880 

.278 



214 

214.06299 

X 

5.914 

.294 



215 

215.06562 

X 

4.592 

.305 



216 

216.06967 

X 

5.960 

.323 



217 

217.07225 

X 

4.517 

.333 



218 

218.07638 

X 


.350 

86 

Em 

212 

212.05621 

X 


0.265 



215 

215.06562 


6.612 

.306 



216 

216.06750 

X 

4.592 

.312 
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Table 1.2.3 — (Continued) 


Atomic 


Mass 

number 


number 

(Z) 

Symbol 

(A)* 



217 



218 


An 

219 


Tn 

220 



221 


Rn 

222 

87 

Fr 

217 



218 



219 



220 



221 



222 



223 



224 

88 

Ra 

219 



220 



221 



222 


AcX 

223 


ThX 

224 



225 


Ra 

226 



227 


MsTh, 

228 

89 

Ac 

221 


222 

223 

224 

225 

226 


Ac 227 

MsTh 2 228 

90 Th 223 

224 

225 

226 

RdAc 227 

RdTh 228 

229 

230 

UY 231 

Th 232 

233 

UX, 234 

235 

91 Pa 226 


227 

228 
229 


Error in 


Isotopic weight 

isotopic 

relative 

weight 

to 0 16 t 

x 10 8 J 

217.07155 


218.07351 


219.07776 

* 

220.07993 


(221.08385) 

222.08663 

* 

(217.07221) 


218.07544 

* 

219.07747 


220.08086 


221.08301 


(222.08674) 

* 

(223.08197) 


(224.09318) 

* 

219.07824 

* 

220.07950 

* 

221.08276 


222.08450 

* 

223.08788 


224.09001 

* 

225.09344 

* 

226.09574 

* 

227.09982 

* 

228.10212 

* 

222.08692 


223.08860 

t 

224.09147 


225.09322 

ft 

226.09651 

* 

227.09845 


228.10206 


223.09036 


224.09116 


225.09381 


226.09525 

* 

227.09836 

* 

228.09981 


229.10279 


230.10472 

* 

231.10817 

* 

232.11034 

It 

233.11382 


234.11650 

* 

235.12037 


226.09823 

* 

227.09953 

* 

228.10200 

* 

229.10331 

* 


Binding energy 

Packing 

of additional 

fraction 

neutron, mev5 

x 10 3 1 

6.537 

0.330 

4.405 

.337 

6.342 

.355 

4.713 

.363 

5.774 

.379 


.390 

5.355 

0.333 

6.472 

.346 

5.206 

.354 

6.361 

.368 

4.890 

.376 

12.80 

.391 

-2.074 

.368 


.4160 

7.189 

0.357 

5.327 

.361 

6.742 

.374 

5.215 

.381 

6.379 

.394 

5.169 

.402 

6.221 

.415 

4.564 

.424 

6.221 

.440 


.448 

6.798 

0.392 

5.690 

.397 

6.733 

.408 

5.299 

.414 

6.556 

.427 

5.001 

.434 


.448 

7.617 

0.405 

5.895 

.407 

7.022 

.417 

5.467 

.421 

7.012 

.433 

5.588 

.438 

6.565 

.449 

5.149 

.455 

6.342 

.468 

5.122 

.476 

5.867 

.488 

4.759 

.498 


.512 

7.152 

0.435 

6.063 

.438 

7.143 

.447 

5.867 

.451 
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Table 1.2.3 — (Continued) 






Error in 



Atomic 


Mass 

Isotopic weight 

isotopic 

Binding energy 

Packing 

number 


number 

relative 

weight 

of additional 

fraction 

(Z) 

Syrribol 

(A)* 

to 0 16 t 

x 10 6 J 

neutron, mev§ 

x l0 3 f 



230 

230.10599 

* 

6.649 

0.461 



231 

231.10783 

* 

5.458 

.467 



232 

232.11095 

* 

6.919 

.478 



233 

233.11250 

* 

5.234 

.483 



234 

234.11586 

* 

5.867 

.495 



235 

235.11854 

* 


.504 

92 

U 

227 

227.10166 

* 

7.748 

0.448 



228 

228.10232 


6.156 

.449 



229 

229.10469 

* 

7.580 

.457 



230 

230.10553 

* 

5.895 

.459 



231 

231.10818 

* 

7.161 

.468, 



232 

232.10947 

* 

6.072 

.472 



233 

233.11193 

vt 

6.631 

.480 


un 

234 

234.11379 

* 

5.342 

.486 



235 

235.11704 

* 

6.426 

.498 



236 

236.11912 


5.392 

.505 



237 

237.12231 

* 

5.923 

.516 


UI 

238 

238.12493 

* 

4.862 

.525 



239 

239.12869 

* 


.538 

93 

Np 

231 

231.11026 

* 

6.407 

0.477 



232 

(232.11236) 

* 

7.562 

.484 



233 

233.11322 

* 

6.072 

.486 



234 

(234.11568) 

* 

6.919 

.494 



235 

235.11723 

* 

5.625 

.499 



236 

236.12017 


7.050 

.509 



237 

237.12158 

* 

5.048 

.513 



238 

238.12514 

* 

6.351 

.526 



239 

239.12730 

* 

5.830 

.533 



240 

240.13002 

7 * 

6.053 

.542 



241 

241.13250 

* 


.550 

94 

Pu 

232 

232.11338 

* 

6.342 

0.489 



233 

(233.11555) 

* 

7.794 

.496 



234 

234.11616 

* 

6.240 

.496 



235 

235.11844 

* 

7.264 

.504 



236 

236.11962 

* 

6.221 

.507 



237 

(237.12192) 

* 

6.724 

.514 



238 

238.12368 

7 * 

5.709 

.520 



239 

239.12653 

* 

6.416 

.529 



240 

240.12862 


5.644 

.536 



241 

241.13154 

7 * 

5.951 

.546 



242 

242.13413 

7 * 

5.318 

.554 



243 

243.13740 

* 


.565 

95 

Am 

239 

239.12740 

* 

5.728 

0.533 



240 

(240.13023) 

* 

7.171 

.543 



241 

241.13151 

* 

5.215 

.546 



242 

242.13489 

* 

6.528 

.557 



243 

243.13686 

* 


.563 

98 

Cm 

238 

238.12713 

* 

6.240 

0.534 



239 

239.12941 


7.403 

.541 
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Table 1.2.3—(Continued) 


Atomic 

number 

(Z) Symbol 


Mass 

number 

(A)* 


Error in 

Isotopic weight isotopic 
relative weight 

to 0**t x 10 6 J 


Binding energy 
of additional 
neutron, mev$ 


Packing 
fraction 
X 10 3 t 


240 

241 

242 

243 

244 

97 Bk 243 

244 

245 

246 

98 Cf 243 

244 

245 

246 


240.13044 

X 

(241.13233) 

X 

242.13420 

X 

243.13694 

* 

244.13952 

X 

243.13860 

X 

(244.14122) 

X 

245.14229 

X 

246.14547 

X 

(243.14131) 

X 

244.14211 

X 

(245.14368) 

X 

246.14543 

X 


6.696 

0.544 

6.528 

.549 

5.811 

.555 

5.960 

.564 


.572 

5.923 

0.570 

7.366 

.579 

5.402 

.581 


.591 

7.617 

0.582 

6.901 

.582 

6.733 

.586 


.591 


since the only available in- 


* Numbers underlined are isotopes which occur naturally 

t Figures in parentheses ( ) indicate an uncertainty in the value 
put data arc uncertain 


* AH errors marked * are ~ 1000 based on Pb J08 error 
§ See Eq. (6) 

1 See Eq. (3) 


Table 1.2.4 — See page 158. 



Table 1.2.5 — Maximum Ranges of Gross Fission Recoils 
(Segrfc and Wiegand. Phys. Rev., 70. 808, 1946) 


Material 

Range, mg/cm 

Collodion 

2.6 

Ai 

3.7 

Cu 

5.2 

u 3 o e 

10.0 

U 

12.6 
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Table 1.2.6 Spontaneous and Gamma-ray-induced Fission Data 

(Column 2 data from LA-1010. Chapter 6. Emilio Segrd, Table 6.3-14; column 3 data 

from W. Koch, Phys. Rev., 77. 329, 1950) 


Isotope 

Ra 226 

Th 230 

Th 232 

Pa 231 

U 232 

U 23s 

u 234 
u 2SS 


u 


236 


Spontaneous fission 
decay constant, 
fissions/(gm)(sec) 

(< 0 . 6 ) 

<3.8 x 10" 4 
4.2 x 10‘ 5 
5 x 10 -3 
16 

<2 x 10' 4 
<9 x 10' 3 
(3.0 ± 1.7) x 10" 4 
(-6 dt 16) x 10 -2 


u 2 » 

(6.90 ± 0.24) x 10' 

Np 237 

<1.4 x 10“ 3 

Np 239 

<11 

Pu 238 

2.14 x 10 3 

Pu 239 

1.0 x 10“ 2 

Pu 240 

4.61 x 10 2 

95 241 

(46) 


Gamma-ray-induced 
fission threshold, 
mev 


5.4 ± 0.2 


5.2 ± 0.3 

5.3 ± 0.3 
5.1 ± 0.2 


5.3 ± 0.3 



Table 1.2.7—Fission Yields* 

(Coryell and Sugarman, Radiochemical Studies: The Fission Products, Book 2) 


Nuclide 

Zn” 

Ga” 

Ge" 

As tt 

Ge" 

As" 

Se" 

Sell 

Br" 

Se" 

Br" 

Kr" 

Br" 

Kr* 4 

Kr 11 

Kr" 

Kr** 

Rb" 


Kr" 

Sr" 

Sr" 

Sr" 

Y" 



Slow- 

■neutron fission 


Fast-neutron fission 


Half-life 

u* 

Pu a » 

u m 

Th m U*" Pu*" 

bt 

(2200 m/sec) 

49.0 hr 

1.5 x 10 _l 

1.1 x 10" 4 


1.3 x lO -4 


5.0 hr 

1.0 x 10 -4 




12 hr 

3.7 x 10"* 


0.008 

0.091 4.3 x 10"* 


40 hr 

9.1 x 10~* 


.018 


2.1 hr 

0.02 





90 min 

.02 





57 min 

.008 





13.6 min 

.133 





36.0 hr 

3.5 x lO -1 (|) 





25 min 

0.21 





2.4 hr 

.48 

0.080 

0.70 

2.4 



.40 





Stable 

.586 





33 min 

.65 




205 * 10 

Stable 

4.36 hr 

1.09 

33% of Kr" 




< 2 

9.4 yr 

0.317 




<15 


.24 





Stable 

2.09 




<2 

19.S days 

3.1 x 10-‘ (1) 
1.8 x 10 -4 (i) 





78 min 

70% of Kr" 





53 days 

4.6 

1.8 

5.6 

6.0 3.3 



3.2 


4.1 



19.9 yr 




5.9 

a 1.0 * 0.6 

9.7 hr 

5.0 

2.3 


5.7 


57 days 

5.9 

2.8 

4.1 




4.0 
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Slow-neutron fission 


Fast- 

-neutron fission 

Nuclide 

Half-life 

u» 

Pu«* 

u*» 

Th al 

U 3 * 

Sr M 

2.7 hr 

5.0 





Y* 4 

16.5 min 

5 





Zr" 

65 days 

6.0 

5.6 

5.7 


7.3 



6.4; 3.2 


3.9 



Zr" 

17.0 hr 

6.2 

5.3 


4.9 




6.1 





Mo** 

67 hr 

6.2 

6.1 

4.7 

2.65 

5.9 

Rh m 

210 days 

<5 x 10" T (l) 





Ru ,w 

42 days 

3.7 

5.5 

0.85 

0.18 

7.4 



0.84 


.21 



Ru‘" 

4.5 hr 

.9 





Rh'" 

36.5 hr 


3.7 


0.07 


Ru 1 * 4 

1.0 yr 

0.52 

4.7 

0.24 

.052 

2.7 



.15 


.064 



Pd 1 ** 

13 hr 

.028 

1.0 

.047 

0.047 




.017 





Ag‘“ 

7.6 days 

.018 

0.27 

0.022 

0.044 

0.072 



.016 


.015 



Pd m 

21 hr 

8.3 x 10-* 

0.10 

.014 

0.058 




0.011 





Cd"» 

43 days 

8 x 10 -4 

3 x 10‘* 

0.001 


6 x 10-* 

Cd l “ 

2.33 days 

0.011 

0.045 

.016 

0.053 

0.057 



.020 





Cd"’ 

2.83 hr 

.010 





Sn* 1 ' 

26.4 hr 

.014 

0.041 

0.018 



Sn' a 

130 days 

1.2 x 10'* 


2.5 x 10“* 





8.5 x 10' 4 





Sn m 

10.0 days 

0.012 

0.068 

0.054 





4.4 x 10° 





Sb ,a 

-2.7 yr 

0.023 







.017 





Sn" 1 *' 

70 min 

.1 





Sb m 

93 hr 

.094 

0.37 

0.092 


0.12 

Te m 

90 days 

.033 


.067 





.015 





Te'*» 

32 days 

.19 


0.22 





.09 





Xe'» 

Stable 

<4 x lO -4 





Te'»‘ 

30 hr 

0.44 





I 1 *' 

8.0 days 

2.8 

3.6 

2.7 

0.65 




2.23 


2.4 



Xe l, ‘ 

Stable 

2.80 





Te‘» 

77 hr 

4.4 

4.9 

4.9 

1.6 




4.9 







3.4 







2.1 





Xe in 

Stable 

4.17 





Te 1 ** 

66 min 

4.5 





I'” 

22.4 hr 

4.6 

5.0 






1.2 (1) 





Xe'« 

5.27 days 

6.29 





Cb‘ b 

Stable 

103% of Cs m 





Te'** 

44 min 

6.9 





t m 

52.5 min 

6.7 







1.0 (1) 





Xe‘« 

Stable 

7.41 





I* 

6.68 hr 

5.6 

5.5 




Xe‘» 

9.2 hr 

6.7| 







0.3 (1) 





Cs'* 

2.1 x 10* yr 

128% of Cs m 







110% of Cs'” 





I«« 

86 sec 

3.1 

1.9 

1.7 



Xe lM 

Stable 

6.14 





Cs'* 

13.7 days 

6.2 x 10 _ * (i) 

0.09 (i) 





Pu a » 


5.6 


5.2 


5.9 


1.7 


CHAP. 1.2 

o t , bt 

(2200 m/sec) 


45 ± 15 
2=600 * 300 
120 * 15 

<5 

29.0 * 1.5 

<5 

3.5 x 10* 

115 * 8 

<5 
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Table 1.2.7—(Continued) 


Nuclide 

Cs ,4T 

Ba»» 

Ba 144 


La 144 

Ba ,4 ‘ 

Ce' 4 ' 

La‘« 

Ce 144 

Nd 141 

Ce* 44 

Nd 144 

Nd 144 

Nd 144 

Nd ,4T 

Pm' 4f 

Nd' 44 

Pm* 44 

Nd 144 

Sm‘ 4 ' 

Sm 144 

Sm 144 

Sm 144 

Sm 144 

Eu 144 

Sm 144 

Eu' 44 

Eu' 44 ” 

Gd 141 

Eu" 441 

Gd' 44 

Gd' 44 



Slow- 

-neutron fission 

Half-life 

u» 

Pu BI 

33 yr 

85.0 min 

6.3 

5.4 

12.80 days 

6.1 

6.17 

5.36 

40.0 hr 

5.82 

5.6 

<0.2 (1) 


18 min 

4.6 


30 days 

5.7 

4.9 

19 min 

— 3.8 


33 hr 

5.4 

5.1 

Stable 

5.40 


275 days 

5.3 

3.7 

Stable 

2.9 

4.64 


Stable 

3.62 


Stable 

2.81 


11.0 days 

2.6 


~4 yr 

-0.6 


Stable 

1.64 


47 hr 

1.3 


Stable 

0.658 


1000 yr 

.445 


Stable 

.279 


47 hr 

.15 

0.39 

Stable 

.0908 


25 min 

0.031 

0.21 

2.0 yr 

-.03 


- 10 hr 

.012 


15.4 days 

.013 

0.12 

15.4 hr 

.014 

7.4 x 10’ 4 


Stable 

0.0150 


60 min 

2 x 10"* 


Stable 

0.0084 


Stable 

.0027 



Fast-neutron fission 


u»» 

Th 454 

u 444 

Pu 444 


5.8 

5.1 


6.0 

5.5 

6.1 

5.0 

6.7 


4.2 



— 6 


3.4 6.2 • 

2.2 


0.6 


0.078 0. 48 


0.063 


bt 

(2200 m/sec) 


* 1 


* 3*2 


290 * 30 


4.8 * 0.5 
52 * 4 

9.8 * 0.8 


*60 * 20 

3.3 * 1.0 


2.9 * 1.5 

* 7000 * 200 

* 150 * 40 


*5.5 * 1.1 


* 40001 


160000 * 600001 

*4*2 
*1.5 * 0.5 


The independent or direct yield Is designated "(1).” Other yields are total values, l.e., the independent yield plus the 
yield from precursors In the decay chaln. Some of the yields given In the table were measured relative to 8 . 0 -day l w . 

C. D. Coryell (private communication) now believes a better value for 8.0-day l 141 is 3.1% (compared to the old value of 
2.8%). Hence, all yields based on I should be increased by the factor 1.107. For detailed references, see Reference (18) 
t Values of <r, s taken from Reference (19) unless otherwise noted 

IThe value for the total yield of Xe m Is still somewhat in doubt. The value of 6.7% quoted here is from WAPD-RM-95 
1 For reactor neutrons 



Table 1.2.8—Kinetic Energy of the Fission Fragments 


Most probable energy of light 
fragment, mev 

Most probable energy of heavy 
fragment, mev 

Width of high energy peak, mev 

Width of low energy peak, mev 

Most probable total kinetic 
energy, mev 

Most probable mass ratio 


U*S3 

uw 

Pu»» 

91.2 

92.7 

93 

55.5 

59 

65 

14 

12 

12 

22 

20 

20 

147.5 

151.5 

156 

1.60 

1.49 

1.32 
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Table 1.2.9 


Beta-emitters Having Neutron-emitting Daughters 


Isotope Half-life, sec 


Br 8T 

j 137 

Br <89) • 
(Te 136 )* 


55.6 

22.0 

4.51 

1.52 


•Data in parentheses are uncertain 


Table 1.2.10 — Delayed-neutron Data 


Mean life of 
delayed neutrons,* 
sec 

80.2 

31.7 

6.51 

2.19 

0.62 

.07 


Yield per 10 4 prompt neutrons 

Energy of --—- 

delayed neutrons,t _Thermal fission Fast fission 


kev 

U-235* 

U-233J 

Pu-2398 

U-2381 

Th-232** 

250 

570 

412 

670 

400 

2.5 

16.6 

21.3 

24.1 

8.5 

2.5 

1.8 

5.8 

8.6 

6.2] 

1.8) 

1.4 

10.5 

12.6tt 

H.9« 

10.8 

90.3 

60.2 

120.4 

38.5 

43.7 

102.0 

97.0 

61.1 

16.5 

TOTAL 

75.5 

24.2 

36.488 

(320)17 

(320)11 


•Hughes, Dabbs, Kahn, and Hall, Phys. Rev., 73, 111, 1948 

t Average of values from Hughes et al (footnote *) and Burgy, Mon S-29, 1945 

{Hughes, Dabbs, and Kahn, CP-3147, 1945; absolute value based on U-233/U-235 = 0 33 
excluding 0.07 sec mean life * ’ 

8 Redman and Saxon, CK-P-2318, 1944, and Feld and de Hoffman, LA-231, 9145; absolute 
value based on Pu/U-235 = 0.5, excluding 0.07 sec mean life 

ISun et al, Phys. Rev., 79, 3, 1950; fission by neutrons of maximum energy 14 mev abso 
lute yield is approximate based on 0.08 ± 0.03 delayed neutron per fission and 2.5 
••Based on 7.5 sec mean life 
tt Based on composite 1.6 sec mean life 

Xt Ratio of percentage yield of delayed neutrons for fast and thermal fission = Yc/Ytk = 
0.93 ± 0.07. ORNL-517, 1949 ™ 

88 Value uncertain 
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Table 1.2.11 Distribution of Energy in Slow-neutron Fission of U 235 

(BNL-152, Jan. 1952)* 


Localized in space 
Spread out in space 


Total 


Instantaneous, mev 
Fission-product 

kinetic energy = 168 ± 5 
Neutron kinetic 
energy = 5 ± 0.5 
Fission gammas = 4.6 ± 1 

—178 


Neutrino energy, 11 mev (not available as heat source) 24 


Delayed, mev 

Fission product 
betas =7* 
Fission product 
gammas =6* 

13 ± 2 


Totals, mev 


— 175 


-16 


-191 
-11 

Total —202 mev 

* Th w*.! 11 ™ 011 ° f tHe Uble WaS Suggested a table of R. Stehn based on data from 
Old and Weil, TID 65. 1948. The division of the beta and gamma fission product is also from 
the latter source 



Table 1.2.12 — Collision Parameters 


Element 

M 

t* 

1 — a 

H 

1 

1.000 

1.000 

D 

2 

0.725 

0.889 

He 

4 

.425 

.640 

Li 

7 

.268 

.438 

Be 

9 

.209 

.360 

C 

12 

.158 

.284 

O 

16 

.120 

.220 

Na 

23 

.0845 

.165 

U 

238 

.00838 

.0167 

Large M 

A 

2/(A + 2 / s ) 

4/(A + 2) 


Number of 
collisions from 


log e 1/a 

cos 6 

2 mev to thermal 

ao 

0.667 

18 

2.20 

.333 

25 

1.022 

.167 

43 

0.575 

.0954 

67 

.446 

.0743 

86 

.334 

.0556 

114 

.250 

.0417 

150 

.174 

.0290 

213 

.0169 

.00280 

2148 

4/(A + 2) 

V,A 

9A + 6 


I 


a 

1 + -- In or; a 

1 — a 




Table 1.2.13 —<r e (l - cos 0) for Some Light Elements 

(LA-1339) 


Scatterer 

<y e (l - cos 0), b 

Be 

1.01 

C 

1.47 

A1 

1.70 

Cr 

1.93 

Fe 

1.60 

Ni 

1.40 

Cu 

1.43 
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Table 1.2.14 Transport Cross Sections 

(H. Feshbach, AECD-2904, The experimental work was done by Barschall, Battat. 

Bright, Graves, Jorgensen, and Manley at Los Alamos) 


Transport cross sections, barns, for neutron energy of 


Element 


0.2 mev 


0.6 mev 


1.5 mev 


3.0 mev 


Be 

B 10 

B u 

C 

A1 

Fe 

Pb 

W 

Au 

Ta* 

Cu* 

Ni* 

Co* 



3.40 

1.40 


3.9 

2.1 


2.1 

2.2 


2.8 

1.8 


3.0 

1.7 

1.4 

2.0 

2.2 

2.0 

3.4 

3.4 

3.8 

4.7 

4.7 

4.1 


3.9 



2.2 



2.3 



2.2 



* These data not contained in AECD-2904 
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Table 1.2.15—Inelastic Cross Sections 

(NYO-636, Final Report of the Fast Neutron Data Project and Byster and Carter, 

private communication from Los Alamos) 


Cross section for 
scattering from 




Approximate threshold 

energy E to below 


Incident neutron 

energy of detector 

E lt 0^ (E,E t ),* 
bams 

Element 

energy (E), mev 

(E t ), mev 

Be 

14 

3 

0.16 ± 0.07 



11 

.82 ± .03 

B 

14 

3 

.24 ± .04 



11 

.69 ± .10 

C 

2.5 

2.5 

<0.006 


14 

11 

0.85 ± 0.02 

F 

2.5 

2.5 

.62 ± .01 

Mg 

2.5 

2.5 

1.0 ± .15 

A1 

Fission- 

0.4 

0.12 


spectrum 

.7 

.37 


neutrons 

~ 3 

.73 


_ 14 

3 

0.62 ± 0.07 



11 

1.06 ± .05 

S 

2.5 

2.5 

0.44 ± .06 

Fe 

Fission- 

0.4 

.265 ± .04 


spectrum 

.7 

0.70 


neutrons 

~ 3 

1.30 


1.5 

0.5 

0 



.9 

0.6 


3.0 

.75 

.3 



1.50 

.7 



2.25 

1.1 


14 

2 

0.78 ± 0.03 



3 

1.21 ± .03 



11 

1.45 ± .02 

Co 

1.5 

0.5 

(0) 



.9 

(0.2) 



1.3 

(.8) 

Ni 

Fission- 

0.4 

.286 


spectrum 

.7 

.72 


neutrons 

~ 3 

1.43 


1.5 

0.5 

(0) 



.9 

(0.1) 



1.3 

(.6) 

Cu 

Fission- 

0.4 

.31 


spectrum 

.7 

.91 


neutrons 

~ 3 

1.56 


1.5 

0.5 

(0.3) 



.9 

(.6) 



1.3 

(.9) 


3.0 

0.75 

(.6) 



1.60 

(1.3) 



2.25 

(1.5) 

Zn 

Fission- 

0.4 

0.313 


spectrum 

.7 

.95 


neutrons 


Reference 


(35) 

(35) 

(36) 

(35) 

(36) 

(36) 

(37) 


(35) 

(36) 

(37) 


(38) 


(35) 

(38) 

(37) 

(38) 

(37) 

(38) 


(37) 
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Table 1.2.15—(Continued) 


Approximate threshold 
Incident neutron energy of detector 
Element energy (E), mev (E t ), mev 


As Fission- 0.4 

spectrum .7 

neutrons ^ 3 

Zr Fission- 

spectrum 

neutrons ~3 

Cd Fission- 0.4 

spectrum .7 

neutrons 3 

14 2 

3 

11 

Sn Fission- Q.4 

spectrum .7 

neutrons ~3 

Ta 1.5 0.5 

.9 

1.3 

W Fission- 0.4 

spectrum .7 

neutrons ~ 3 

1.5 0.5 

.9 

3.0 .75 

1.50 

2.25 

Au Fission- 0.4 

spectrum .7 

neutrons ~3 

3.0 0.75 

1.50 

2.25 

14 2 

3 

11 

Pb Fission- 0.4 

spectrum .7 

neutrons ~ 3 

1.5 0.5 

.9 

3 .75 

1.50 

2.25 

2.5 1 

2.5 

14 2 

3 

11 

14.5 3 

11 


Cross section for 
scattering from 
energy E to below 

E ,• % (E.E,),* 

bams 

0.86 

1.67 

2.03 


1.70 

0.67 

1.54 

2.08 

1.14 ± 0.04 
1.66 ± .07 
1.89 ± .06 
0.38 ± 0.05 

1.15 

2.07 

(1.4) 

( 2 . 0 ) 

(2.7) 
1.09 
2.18 
2.75 
0.9 
2.1 

1.4 

2.4 
2.8 
1.01 
2.06 
2.68 

( 2 . 1 ) 

( 2 . 8 ) 

(3.0) 

1.47 ± 0.10 
2.06 ± .09 
2.51 ± .04 
0.25 ± .07 
0.745 
2.24 
0 

0.4 

.7 

1.2 

1.6 

0.55 

1.3 ± 0.5 


0.91 

± 

.06 

2.29 

± 

.04 

2.56 

± 

.04 

2.20 


.17 

2.29 

± 

.12 


Reference 

(37) 

(37) 

(37) 

(35) 

(37) 

(38) 

(37) 

(38) 

(37) 

(38) 

(35) 

(37) 

(38) 

(39) 

(40) 

(35) 
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Table 1.2.15 — (Continued) 


Element 

Bi 


Approximate threshold 
Incident neutron energy of detector 

energy (E), mev (E t ), mev 


Cross section for 
scattering from 
energy E to below 
E|» (E§E t ),* 

barns 


Reference 


Fission- 0.4 

spectrum .7 

neutrons —3 

2.5 1 

14 2 

3 

11 


0.20 ± .05 (37) 

0.743 
2.33 

0.64 (39) 

1.03 ± 0.11 (35) 

2.28 ± .08 

2.56 ± .05 


* The values in parentheses have not been corrected for the effects of multiple scattering 
in the target 



Table 1.2.16 — (n,2n) Cross Sections at 14 Mev 


Target isotope 

Cu° 

Cu° 

As t0T 

As 109 

U 238 

♦ For production of 24. 
tSee reference (49) 


Cross section (isotopic), 
bams 

0.51 

.97 

.56* 

1.00 

0.4 ± 0.3t 
-min isomer 


Table 1.2.17—See page 351. 



Isotope 

O 16 

O * 7 


Table 1.2.18—Oxygen (n,p) Cross Sections 
Threshold energy, mev a (n,p) 

9.5 0.014 mb 

7.9 .010 b* 


• This value is reliable only to within a factor of 10 


Reference 

(52) (53) 
(54) 
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NUMBER OF PROTONS (Z) 


Fig. 1.2.1 Number of Neutrons (A-Z) vs Number of Protons (Z) for Stable 
Nuclei. Solid line is a plot of Eq. (5a). Reprinted from the Elements of Nuclear 
Reactor Theory, by S. Glasstone and M. Edlund. Copyright, 1952. By permission 
from D. Van Nostrand Company, Inc., New York. 
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Total Cross Section of ^Th 2 ”. Reprinted from BNL-170 
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Fig. 1.2.9 Total Cross Section of Uranium. Reprinted from BNL-170. 
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Fig. 1.2.11 —Fission Cross Section of „Np WT . Reprin 
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Fig. 1.2.14—Schematic Classification of Nuclear Reactions According to 
Energy Region and Category of Target Nucleus. Submitted by Nuclear Develop¬ 
ment Associates, Inc., Jan. 15, 1953. 


Region A. 
Region B. 
Region C. 
Region D. 
Region E. 


Light Nuclei 

Low and Intermediate Energies, Intermediate Nuclei 
Low Energy, Heavy Nuclei 
Intermediate Energy, Heavy Nuclei 
High Energies, Heavy and Intermediate Nuclei 
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E, mev 

Fig. 1.2.15—Total Cross Section vs Energy for Several Values of the Nuclear 
Radius. Reprinted from NYO-636. 
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Fig. 1.2.17 —Transport Cross Section as a Function of R/i for Various Values 
of the Nuclear Radius. Reprinted from ORNL-433. 
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x = R A 


Fig. 1.2.18—Reaction Cross Section as a Function of RA for Various Values 
of the Nuclear Radius. Reprinted from NYO-636. 
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Fig. 1.2.19 Interpolation Curves of Constants a and C for Odd A Nuclei Re- 

r ri 2 n ^ d / r ° m NYO " 636 - These constants are parameters in the formula 1/D(E) = 
Ce for estimating the distance between levels D(E). Even A nuclei are ex¬ 
pected to have level separations 100 to 1000 times greater. 
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Fig. 1.2.20 — Neutron Scattering in Laboratory System. Submitted by Nuclear 
Development Associates, Inc., Jan. 1, 1953. 
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Fig. 1.2.21—Neutron Scattering in Center-of-Mass System. Submitted by 
Nuclear Development Associates, Inc., Jan. 1, 1953. 
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Fig. 1.2.22—Differential Elastic Scattering Cross Section for Beryllium. Re 
printed from LA-1339. Ordinate gives the differential elastic scattering cros 
section in barns per unit solid angle. 
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Fig. 1.2.24—Differential Elastic Scattering Cross Section for Aluminum. Re¬ 
printed from LA-1339. Ordinate gives the differential elastic scattering cross 
section in barns per unit solid angle. 
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Fig. 1.2.31—Total Cross Section of Hydrogen. Reprinted from R. K. Adair, 
Rev. Mod. Phys., 22, 249, 1950. 
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Total Cross Section of DjO. Reprinted from AECU-2040. 
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24.5 
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i = 10 mev 
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-1 

= 30.3 
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Fig. 1.2.33—Theoretical Energy Distribution of Neutrons Inelastically 
Scattered by Zn. Reprinted from NYO-636. Incident neutron energy is E, and 
scattered neutron energy is E. Parameters used in Eq. (56) are: (Z = 30, A = 
64); a = 1.8 mev"'; r 0 = 1.5 x 10“ 1S cm; E 0 = 0. 
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Fig. 1.2.38 gfo)/* 4 vs x for Several Values of the Nuclear Radius 

from NYO-636. 
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Fig. 1.2.42 —Total Cross Section of Li. Reprinted from AECU-2040. 
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Fig. 1.2.43—Total Cross Section of 
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Fig. 1.2.44 —Cross Section for Be(n,a) Reaction 
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Table 1.2.4 — Table of Isotopes 

J. M. Hollander, I. Perlman, and G. T. Seaborg 
Department of Chemistry and Radiation Laboratory 
University of California, Berkeley, California 

December 1952 


The following table represents a complete list of all the radioactive 
and stable isotopes of the elements, together with a number of their 
salient features, as recorded in the literature or by private communi¬ 
cation by approximately December 1952. 

A primary objective has been to i etain as much of the compactness 
of the previous editions as is consistent with an adequate coverage of 
the multitudes of nuclear data presently available. 

A new system of references has been employed. Each paper is 
represented by the code symbol of the first author, followed by the 
year in which the paper was published. If two or more papers by one 
author have appeared during a single year, these are distinguished by 
the small letters a, b, c, etc. following the main reference. For 
example, 16H is the code symbol given to O. Hahn; thus, the references 
16H41, l6H41a, and l6H41b represent three papers published in 1941 of 
which O. Hahn is the first author. The code symbols given to the authors 
are arranged alphabetically only with respect to the first letter of their 
name s. 

A description of the entries in the various columns is given below, 
followed by a table listing some frequently used abbreviations. 

ISOTOPE 

The first column lists the atomic numbers, chemical symbols, 
and mass numbers of the nuclear species. Separate entries have been 
made for each nuclear state whose half-life has been experimentally 
determined. Metastable excited states are denoted by the superscript 
"m" following the mass number, and for those cases in which two or 
more isomeric states are known, they are distinguished by the use of 
the superscripts "m^", "n^", etc. 

CLASS AND IDENTIFICATION 

The degree of certainty of each isotopic assignment is indicated 
by a letter, according to the following code: 

A Element and mass number certain 

B Element certain and mass number probable 

C Element probable and mass number certain or probable 

D Element certain and mass number not well established 

E Element probable and mass number not well established or 
unknown (mass number not listed means that it is unknown) 

F Insufficient evidence 

G Assignment probably in error 

Data which have been shown to be in error have in general been 
eliminated from the table. A few isotopes have been quoted so 
widely in the literature, however, that it was felt some reference 
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should be made to them. For these cases the G rating has been 
adopted, and reference made both to the original work and to that 
which has supplanted it. 


The means by which the mass assignments were made are next 
tabulated. In general, several references are given here, the first 
of which denoted the probable discoverer of the isotope (except in the 
cases of the old natural radioactivities). Following this, references 
are given to the paper or papers which contributed most significantly 
toward giving the isotope its best or present rating. Some indication 
of the experimental methods used in making the various assignments 
may be had from the following symbolism: 


chem Chemical separations, establishing uniquely the 

chemical identity (atomic number) of the isotope 

g enet Proven genetic relationships (by chemical or other 

means) with other isotopes whose mass assignments 
are presumably known 


genet energy 
levels 


Proof of isobar ic relationship with an identified 
nuclide by observation of identical energy levels 
following decay of both, implying decay to the 
same product 


excit 


cross bomb 


n-capt 


sep isotopes 


mass spect 


Loosely refers to energetic considerations which 
have aided in making the mass assignment. Some 
of these might be: 

(1) Excitation or yield experiments to establish 
the nuclear reaction which produces the isotope 

(2) Bombardments with low energy particles, in 
which possible products are few 

(3) Mass calculations, or other estimates or 
measurements of Q values 

(4) In a few cases, use of fission yield data in 
making assignments 

Studies of yields of the isotope in several different 
types of bombardments, in which the target elements 
as well as the projectiles have been varied 

Cases where bombardments with slow neutrons 
(n-y reactions) have provided key evidence in the 
mass assignments 

The use of target elements enriched or depleted 
in a certain isotope 

Identification of the mass number by means of a 
mass spectrograph 


resonance neutron activation Identification of a nuclear isbmer 

by observing both isomers upon irradiation with 
filtered neutrons 


decay charac Identification of expected or predicted decay 

characteristics 


PERCENT ABUNDANCE 

K. T. Bainbndge and A. O. Nier. In some of the light elements. 
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reference is made also to papers which discuss source variations 
in isotope abundances. 


TYPE OF DECAY 

The observed modes of decay have been listed for all radioactive 
nuclei. In cases of branched decay between two or more modes, 
the branching ratios are listed wherever they are known. Symbols 
used are: 

P Negative beta particle (negatron) emission 

P Positive beta particle (positron) emission 

a Alpha particle emission 

EC Orbital electron capture. It may be assumed that x-rays 
have been observed or actually identified in virtually all 
cases of orbital electron capture listed. If the ratio of L 
electron capture to K electron capture has been determined, 
it is given here as L/K. 

IT Isomeric transition (transition from upper to lower 
isomeric state of same nucleus) 

n Neutron emission 

When experimenters have searched for and failed to find a 
P a rticular mode of decay, this is indicated, for example, as "no p^'*. 
Experimental upper limits are frequently given, but no theoretically 
predicted limits have been quoted. 

Among the heavy alpha emitting isotopes, calculations by means 
of closed radioactive decay cycles have shown that many of these 
isotopes are thermodynamically stable against p“, p + , or EC decay, 
This has been indicated by the term "p stable, H followed by an 
abbreviation for the principle of conservation of energy, which is used 
in the calculations. 


HALF-LIFE 

Half-life values are listed without qualification where the determi¬ 
nation has been a direct measurement of decay rate. In ether cases, 
the experimental methods have been described with the aid of the 
following symbols: 

Determination by weighing a long lived isotope 
of known purity 

Measurement of the time interval between two 
successive nuclear events (such as p - and y 
emission) thus establishing the lifetime of the 
state responsible for the second event. By this 
method, half-lives between 10“^ s and 10”^ s 
have been determined. 


sp act 
delay coinc 
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yield 

Estimation of half-life from the amount of activity 
resulting from a nuclear reaction whose cross 
section (or yield) is known or estimated 

genet 

Measurement of the half-life of a parent activity 
by determining the yield of a daughter activity 
as a function of time, where periodic chemical 
separations of daughter from parent have been 
perfo rmed 


An attempt has been made to list the best value or values first. 
However, in a few cases where many values of comparable precision 
ave been reported, and no choice seemed obvious, an average value 
for the half-life has been listed; this is explicitly stated, and references 
are given to all the papers whose values contributed to that average. 
Also, among the natural radioactivities an average value is often used 
which was taken from an international committee summary report (1C31). 


PARTICLE ENERGIES 

The particle energies are followed by other relevant information 
pertaining to the decay scheme, and by a description of the experi¬ 
mental methods used in obtaining the data. In cases of complex alpha 
structure or several partial beta spectra, the relative abundances of 
the various groups within that mode of decay are given in parentheses. 

Beta particle energies correspond to the upper limits of the spectra. 

% 

Alpha particle energies have been quoted only where the investigator 
has actually measured them. Where he has determined only the 
relative abundances of alpha groups or the energy differences between 
groups, this has been indicated as in the example: 

a 0 (10%) ’ q 50 (75%) ’ a 80 (15%) 

meaning that 75 percent of the alpha particles lead to a state 50 kev 

above the ground state, and that 15 percent of the alpha particles lead 
to a state 80 kev above the ground state. 

The term "long range a" is the classical designation for alpha 
particle groups emitted from excited states of the listed nuclide 
and the energies therefore are not included in the Q q value, which 
applies to the ground state to ground state transition. These alpha 

groups occur in competition with gamma ray emission, following the 
beta decay of the parent nuclide. 

Conversion electron energies are listed only when it is not known 
m which shell internal conversion takes place or when no attempt was 
made by the experimenter to relate the electrons with observed or 
unobservable gamma rays; in all other cases, entries are made in 
the column for gamma transitions. 

N 

Experimental methods are described as follows: 

abs Absorption 
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spect Magnetic deflection (magnetic spectrograph or 

spectrometer or counter with magnetic field) 

scint spect Measurement of pulses produced by a scintillating 

crystal or solution 


ion ch 


Measurement of pulse sizes in ionization chamber 
or proportional counter 


cl ch 


Cloud chamber (with magnetic field in case of 
beta particles) 


coinc abs Beta and gamma coincidence counters with absorbers 

coinc spect Coincidence counters arranged with a spectrometer 

or spectrometers 


GAMMA TRANSITIONS 

Gamma transitions are described by the following information, 
insofar as reliable data permit: 

Energy of the gamma quantum . When internal conversion electrons 
form the^basis for the energy determination, the energy listed in this 
column is always that of the corresponding gamma ray transition. 

Abundances of gamma rays . This may be given as the number of 
unconverted gamma rays emitted per 100 disintegrations. Where an 
absolute abundance has not been determined, often the relative un¬ 
converted gamma ray abundances have been measured. These are 
tabulated as Y 1 /Y 2 /Y 3 = 2/1/5, for example. 

Internal conversion coefficients . These are given for each gamma 
transition as the ratio of the number of conversion electrons emitted 
to the number of unconverted gamma quanta emitted, and are expressed 
as e/y. Where conversion coefficients for individual electron shells 
have been determined, they are denoted as ej^/y, e^/y, etc. 

Conversion coefficient ratios . Where the ratios of internal conversion 
coefficients in several electron shells have been measured, they are 
listed as K/L, L/M, K/L+M, K/L/M, Lj/Ljj/Ljjj, etc. 

Gamma rays associated with short lived isomers have been listed 
as entries both of the isomer and of its parent. 

When an author states that gamma radiation is present, but reports 
no energy determination, this is indicated by the symbol "y". Con¬ 
versely, when attempts to find gamma radiation hav,e failed, this has 
been indicated by "no y". 

X-rays have been mentioned only when they are the prominent 
radiation observed in measuring an activity, or when the observation 
and identification of x-rays has been crucial in the characterization 
of an isotope. 

The symbols used to describe the methods employed for the 
determination of gamma ray energies or for the elucidation of decay 
schemes are as follows: 
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spect Secondary electrons observed with magnetic 

spectrograph or spectrometer 

spect conv Internal conversion electrons observed with 

magnetic spectrograph or spectrometer 

scint spect Measurement 01 pulses produced by a 

scintillating crystal or solution 

cryst spect Direct measurement by diffraction of gamma 

rays with a bent crystal spectrometer 

abs Absorption of the gamma rays 

abs conv Absorption of internal conversion electrons 

abs sec Absorption of secondary electrons 

coinc Studies of coincidences or lack of coincidences 

(y-y, y-conv, conv-conv, (3-y, etc.) with 
coincidence counters, and, in some cases, 
spectrometer s 

coinc abs Coincidence studies using absorber techniques 

cl ch recoil Secondary electrons observed in cloud chamber 

with magnetic field 

pair spect Magnetic analysis of positron-electron pairs 

produced by gamma rays in a thin radiator 

Be-y-n, D-y-n, or D-y-p reactions Measurements of neutron 

or proton energies from these reactions 

DISINTEGRATION ENERGY AND SCHEME 

The disintegration energy, or Q value, of a nuclear transformation 
is defined as the mass difference (expressed in Mev) between the 
initial and final systems under consideration. For radioactive decay 
processes, Q is equal to the sum of the particle kinetic energy, 
nuclear recoil energy, and the energy of any gamma rays necessary 
to de-excite the final nucleus to its ground state. For positron decay, 
the energy equivalent to 2 mQC 2 has been included in the Q value. 

Where Q values have been estimated or calculated by the authors of 
this compilation, the special reference "HPS" is used; otherwise, 
reference is made to the paper from which the quoted value is taken. 

In most instances Q values have been obtained from decay data; 
where this is not the case, the method is indicated. 

Energy level diagrams have been drawn in many cases; these 
are not necessarily complete .representations of the data, but some¬ 
times include only those features which are reasonably well established 
and unambiguous. Heights of the various energy levels above the 
ground state are indicated at the side of the drawing. Similarly, the 
total angular momentum (spin) and parity of the states have been 
included in some cases, where these quantum numbers could be 
inferred with some confidence from determinations of conversion 
coefficients, K/L, ratios, ft values, etc. We have relied heavily on 
the interpretation of decay data by Goldhaber and Hill (18G52). 
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For p , p , a, or EC decay, the percentage figures given in the 
decay drawings total 100% for each mode of decay, thus expressing 
only the relative abundances of various groups within that mode of 
decay. (Branching ratios between the several modes of decay are 
found in the "Type of Decay" column. ) In the case of gamma radiation, 
however, the percentages given refer to the fraction of the total 
disintegrations of that isotope which give rise to the gamma ray and 
its conversion electron. This has been done because of the difficulty 
of assigning a gamma ray to a particular mode of decay. 

Measured values for the mechanical or spin moment I of stable 
or long lived isotopes have also been given in this column. Except 
as supplemented by more recent data, the values given here are taken 
from the compilation by Mack (87M50). 


METHOD OF PRODUCTION AND GENETIC RELATIONSHIPS 

The observed nuclear reactions (giving the target element, 
projectile, and outgoing particle, in order) by which the radioactive 
isotopes are formed, and the corresponding references are listed 
(p - proton, n - neutron, a - alpha particle, d - deuteron, t - triton, 
y - gamma ray or x-ray, e - electron, n - pi meson, C - carbon ion). 
In cases in which the target material is not the naturally occurring 
element, but one enriched or depleted in a particular isotope, the 
isotope responsible for the reaction is indicated. No means for 
identifying the source or energy of the projectile is given. 

In nuclear reactions with high energy projectiles, multiple 
particle ejection is common. Rather than attempt to state definitely 
the path by which the product nucleus was reached, these spallation 
reactions are briefly represented by the abbreviation "spall" followed 
by the symbol of the target element. High energy fission reactions 
are similarly represented by the words "spall-fission, " and thermal 
or low energy neutron fission simply by "fission. " 

The criterion for listing genetic relationships has been with few 
exceptions that these relationships be demonstrated experimentally; 
for example, by chemical "milking" of daughter activities, analysis 
of growth-decay curves, or in the case of short lived isomers, by 
delayed coincidence experiments. The listing of these parent -daughter 
relationships gives some warning to the reader as to what he may 
expect in the way of radiation from a given isotope, since a sufficiently 
short lived daughter's radiation will usually be observed with that of 
the parent. 

A few further abbreviations are listed below: 

Volumes of the National Nuclear Energy Series, 
Plutonium Project Record, McGraw-Hill Book 
Co. , Inc. , New York 

Properties listed in brackets have not been observed 
directly, but have been inferred from other 
experimental data 

Estimated or calculated from theoretical or 
empirical considerations 

Refers to the authors of this compilation 


NNES-PPR 

□ 

est, calc 

HPS 
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lim Experimental upper limit 

emuls Photographic emulsion 

A considerable fraction of the effort necessary to produce this 
table consisted of abstracting the literature and organizing the data 
over the past few years. We are greatly indebted to Marjorie Hollander 
for her efficacious handling of this work, and in additior for her 
preparation of the drawings. 


It is a pleasure to acknowledge the generous help and constructive 
criticism which we have received from our friends and colleagues, 
and to thank many of the authors whose measurements are cited for 
tneir aid in evaluating data familiar to them. We are especially 

grateful to Dr. Gerhart Friedlander for his invaluable assistance in 
checking the entire draft. 


We would also like to express our appreciation to Mildred Davis 
for the speed and accuracy with which she prepared the manuscript. 

The compilation of this table was supported by the U. S. Atomic 
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RAPID METHOD FOR CALCULATING LOG (ft) VALUES 
from S. A. Moszkowski, Phys. Rev. £2, 35 (1951) 

The following figures permit the rapid calculation of log (ft) for a 
given type of decay, given energy, half-life, etc. The notation is: 

E 0 for P~ emission is the maximum kinetic energy of the particles in 
Mev, E q for K electron capture is the disintegration energy in Mev. 
When a (3+ emission and K electron capture go from and to the same 
level, Eq for K capture = E Q for p + emission + 1. 02 Mev. Z is the 
atomic number of the initial nucleus, t is the total half-life, and p is 

the percentage of decay occurring in the mode under consideration. 
When no branching occurs, p = 100. 

Procedure for obtaining log (ft) 

(1) First obtain log (f Q t), using Fig. 1. E Q is read off the 
left-hand side of the Eq column for K electron capture, 
and off the right-hand side for emission. Put a straight 
edge over the given values of Eq and t and note where it 
crosses the column of log (f Q t) values. 

(2) Then read off log (C) from Figs. 2, 3, and 4 for p’, p+, and 
K electron capture, respectively. 

(3) Get A log (ft) from Fig. 5 if p <100. When p = 100, A log (ft) = 0. 

(4) Log (ft) = log (f Q t) + log (C) + A log (ft). 

These graphs have been reproduced with the kind permission 
^ r * Moszkowski. For details concerning their construction, 
significance, and range of usefulness, reference should be made 
to the original paper. 
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AVAILABLE MAXIMUM KINETIC 


FOR ENERGY OF/9 + OR/P HALF LIFE 



fig. I. Log (f 0 ») os a function of E 0 ond t. 
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Fig. 2. Log (C) as a function of E 0 and Z for 0 ' emission. 



Fig. 3. 


Log (C) os o function of £ 0 and Z for 0 * emission. 
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CHAP. 1.2 


Table 1.2.17—Thermal Cross Sections* 

(AECU 2040, Neutron Cross Sections, May 15, 1952; 
and Supplement 1 to AECU 2040, November 20, 1952) 


Reaction Cross Sectionst 
(2200 m/sec)| 


Scattering Cross Sectional 


Element Isotope (%) 


abs 


°act 


a coh< 8l *"> 


a fa 




t H 0.330 * 0.007 



H 1 ('100) 

H 1 (0.015) 

0.46 * 0.1 mb 

12y 

0.57 * 0.01 mb 

*He 

He* (0.00013) 

np 5200 * 300 




He 4 ('100) 

0 


0 

|U 


70 * 1 




LI* (7.5) 

Li' (92.6) 

(na 910) 

0.9s 

33 * 5 mb 

4 Be 

Be'(100) 

10 * 1 mb 

2.7 x 

10 4 y 9*3 mb 

.B 


750 * 10 




B 1 ' (18.8) 

(na 3990) 





np <0.2 




B" (81.2) 


0.03s 

<50 mb 

.C 

C 1 ' (98.9) 

C u (1.1) 

4.5 mb 

5800y 

1.0 * 0.3 mb 


C M (5800y) 

<200 

2.4s 

<1 fib 

»N 


1.78 * 0.05 




N w (99.6) 

np 1.70 * 0.05 





nyO.10 * 0.05 




H“ (0.37) 


7.48 

24 * 8Mb 


O u (99.76) 

O" (0.037) 

<0.2 mb 

580Oy 

C M 0.5 * 0.1 


O'* (0.20) 


29s 

0.21 * 0.04 mb 


F u (100) 

<10 mb 

12S 

9* 2 mb 

»•**• 

No” (90.9) 

Ne 11 (0.26) 

He” (8.8) 

<2.6 

40s 

36 * 15 mb 

liHa 

Na M (100) 

0.49 * 0.02 

15h 

0.64 * 0.03 

U*« 


59 * 4 mb 




Mg* 4 (78.6) 

33 * 10 mb 




Mg 11 (10.1) 

270 * 90 mb 




Mg** (11.3) 

60 * 60 mb 

9.6m 

50 * 10 mb 

tl Al 

Al” (100) 

0.215 * 0.008 

2.3m 

0.21 * 0.04 

M S1 


0.13 * 0.03 




81** (92.22) 

80 * 30 mb 




Si** (4.70) 

0.27 * 0.09 




Si** (3.08) 

0.41 * 0.41 

2.7b 

0.12 * 0.03 


1.79 * 0.02 (-) 

81.4 * 0.4 

38 * 4 (gas) 

5.4 * 0.3 (♦) 

7.5 * 0.1 


1.1 * 0.2 (♦) 

1.3 * 0.2 

0.8 * 0.2 


0.40 * 0.03 (-) 

1.2 * 0.3 

1.4 * 0.3 

6 * 3 (♦) 



0.80 * 0.05 (-) 

2.0 * 0.5 


7.54 * 0.07 (♦) 

7.54 * 0.07 

7 * 1 


4.4 * 0.2 

4 * 1 


2.9 * 0.2 



4.4 * 0.3 


5.45 * 0.07 (♦) 

5.51 * 0.05 

4.8* 0.2 

4.5 * 0.6 (♦) 

5.5 * 1.0 


11.0 * 0.5 (♦) 

11.4 * 0.5 

10 * 1 


4.2 * 0.3 (♦) 

4.24 * 0.02 

4.2 * 0.3 

3.8 * 0.3 (♦) 

4.0 * 0.1 

2.9* 0.2 

4.1 * 0.3 

2.4 * 0.3 

1.55 * 0.05 (♦) 

3.6 * 0.3 

4.0 * 0.5 

3.6 * 0.3 (♦) 

3.8 * 0.2 

3.6* 0.4 

1.5* 0.1 (♦) 

1.6* 0.1 

1.4* 0.1 

2.0 * 0.2 (♦) 

2.4 * 0.2 

1.7 * 0.3 
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Element Isotope (%) 


ti 


tr 


tCI 


ii 


M 


Ca 


ii 


Sc 


(Ti 


M Cr 


P 31 (100) 


s” (95.1) 
S M (0.74) 
S 34 (4.2) 
S" (0.016) 

Cl 3 * (75.4) 
Cl” (24.6) 


A 3 * (0.35) 
A 31 (0.08) 
A 4# (99.6) 
A 41 (1.8h) 

K 3 * (93.1) 

K 4 * (0.012) 

K 41 (6 9) 

Ca 40 (96.9) 
Ca u (0.64) 
Ca 43 (0.14) 
Ca 44 (2.1) 
Ca 44 (0.0032) 
Ca 41 (0.18) 

Sc 41 (100) 


Ti 44 (8.0) 
Ti 4f (7.8) 
Ti 44 (73.4) 
Ti 44 (5.5) 
Tl“ (5.3) 

V“ (0.2) 
V” (99.8) 

Cr* 4 (4.4) 
Cr“ (83.7) 
Cr” (9.5) 
Cr* 4 (2.4) 


REACTOR PHYSICS 


Table 1.2.17—(Continued) 


Reaction Cross Sections! 
(2200 m/sec)$ 


abs 


0.73 * 0.06 
17.5 * 1.4 
<0.3 


a aci 


Scattering Cross Sections# 
a coh (si ? n > ° U [~A~) 


U.ts * 0.03 

0.49 * 0.02 

14.3d 

0.23 ± 0.05 

3 * 1 (♦) 3.6 * 0.3 10 * 2 

1.20* 0.08 (+) 1.2 ±0.2 1.1 *0.2 


87 d 

0.26 * 0.05 




5m 

0.14 * 0.04 



31.6 * 1.0 

np 0.30 * 0.10 

87 d 

S** 0.17 * 0.04 

12.1 * 0.8 (+) 

15 * 3 

• 


4 x 10*y 40 ± 25 




38m 

0.56 * 0.12 



0.62 * 0.04 

34d 

6*2 


0.9 *0.2 1.5 ±0.5 


265y 

0.8 * 0.2 




1.8b 

0.53 * 0.02 



1.97 * 0.06 

1.87 * 0.15 

70 * 20 

> 3.5y >0.06 

2 x 10^ 3*2 

1.5 * 0.1 (♦) 

2.0 *0.2 1.5 *0.3 

np <1 





1.19 * 0.10 

12.4h 

1.0 * 0.2 



0.43 * 0.02 

0.22 * 0.04 

40 * 3 

8.5d 

<0.1 mb 

3.0 * 0.1 (♦) 

3.0* 0.1 (♦) 

3.2 *0.3 9*2 

3.1 * 0.3 


152d 

0.63 * 0.12 

0.40 * 0.03 (+) 



8.5m 

1.1 * 0.1 



23 * 2 

20 s 

10 * 4 

13 * 1 (♦) 



85 d 

12 * 6 




(20s — 05d) 



5.6 * 0.4 

0.6 * 0.2 

1.8 * 0.3 

8.0 * 0.6 

1.8 * 0.5 

<0.2 

6m 

0.14 * 0.03 

1.4 * 0.3 (-) 

4.0 *0.4 6*2 

4.7 ± 0.2 

3.9m 

4.5 * 0.9 

32 * 8 mb (-) 

5*1 5*1 

2.9 A 0.1 



1.7* 0.1 (♦) 

4.1 * 0.3 3.0 * 0.5 

16.3 ^ 1.3 

26.5d 

11 * 5 
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Table 1.2.17—(Continued) 


Reaction Cross Sectlonst Scattering Cross Sectlonsl 

(2200 m/sec)J t 

Element Isotope (%) O abs o act assign) 


»|Mn 

Mn‘* (100) 

12.6 * 0.6 

2.6h 

12.9 * 0.5 

1.7 * 0.1 (-) 

2.0 * 0.1 

2.3 * 0.3 



T)« 5 * 3 mb 



11.4 * 0.3 (+) 

11.7 * 0.3 

11 * 1 


Fe* 4 (5.9) 

2.2 * 0.2 

2.9y 

0.7 * 0.3 

2.20 * 0.13 (+) 

2.5 * 0.3 



Fe** (91.6) 

2.6 * 0.2 



12.6 * 0.4 (+) 

12.8 * 0.2 



Fe" (2.20) 

2.4 * 0.2 



0.64 * 0.04 (♦) 

2.0 * 0.5 



Fe»* (0.33) 

2.5 * 2.0 

47d 

0.7 * 0.2 






rj<* < 1.5 mb 






lfC° 

Co** (100) 

34.8 * 2.0 

10.7m 

14 * 3 

1.00 * 0.06 (♦) 

7 * 1 

5 * 1 




5.3y 

20 * 3 







(99.7% of 10.7m — 5.3y) 




»Ni 


4.5 * 0.2 



13.4 * 0.3 (+) 

17.6 * 0.3 

17.5 * 1.0 


Nl“ (67.9) 

4.2 * 0.3 



25.9 * 0.3 (+) 

24.4 * 0.5 



Nl* # (26.2) 

2.7 * 0.2 



1.1 ± 0.1 (♦) 

1.0 * 0.1 



Ni*‘ (1.2) 

1.8 * 1.3 







Ni M (3.7) 

15 * 3 



9.5 * 0.4 (-) 

9 * 1 



N1 M (1.0) 


2.6h 

2.6 * 0.4 





Nl“ (2.6h) 


56h 

6*3 




2$Cu 


3.59 * 0.12 



7.0 * 0.4 (♦) 

7.7 * 0.3 

7.2 * 0.7 


Cu** (69.0) 

4.3 * 0.3 

12.9h 

3.9 * 0.8 





Cu“ (31.0) 

2.11 * 0.17 

4.3m 

1.8 * 0.4 




M Zn 


1.06 * 0.05 



4.3 * 0.3 (♦) 

4.1 * 0.2 

3.6 * 0.4 


Zn* 4 (48.9) 


250d 

0.5 * 0.1 







12.9h 

Cu* 4 <10“* 





Zn* 4 (27.8) 

tjo < 20 fib 







Zn ,T (4.1) 

Tier 6 * 4 jib 







Zn* 1 (18.6) 

t?a < 20 jib 

14h 

0.10 * 0.03 







52m 

1.0 * 0.2 





Zn T * (0.63) 


2.2m 

85 * 20 mb 




,|Ga 


2.71 * 0.12 












7.5 * 0.5 

4*1 


Ga** (60.2) 

2.0 * 0.2 

20m 

1.4 * 0.3 





Ga 11 (39.8) 

4.9 * 0.4 

14h 

3.4 * 0.7 




jjGe 


2.35 ± 0.20 











8.8 * 0.5 (♦) 

8.6 * 0.5 

3*1 


Ge TI (20.4) 

3.3 * 0.3 

lid 

3*2 





Ge” (27.4) 

0.94 i 0.09 







Ge T * (7.8) 

13.7 ± 1.1 







Ge T< (36.6) 

0.60 * 0.06 

82m 

0.45 * 0.08 





Ge T ‘ (7.8) 

0.35 * 0.07 

59s 

30 * 20 mb 







12h 

0.2 * 0.1 







(none of 59s — l2h) 




a As 

As” (100) 

4.1 * 0.2 

27h 

4.2 * 0.8 

5.0 * 0.3 (+) 

7 * 1 

6 * 1 

M Se 


11.8 * 0.4 







Se” (0.87) 

48* 7 

USd 

24 * 6 

10.0 * 0.6 (+) 

9*1 

13 * 1 


Se T * (9.0) 

82 * 7 

18s 

7*3 





Se" (7.6) 

40 * 4 







353 


CHAP. 1.2 


REACTOR PHYSICS 


Element Isotope (%) 
Se 18 (23.5) 


Br 


Kr 


n Rb 


u® r 


.V 

,Zr 


„Nb 

oMo 


Mo 88 (9.3) 
Mo 88 (15.7) 


Table 1.2.17—(Continued) 


Reaction Cross Sectionst 
(2200 m/sec)J 



Scattering Cross Sectionsl 
a coh< s, S"> ° U {~T~) a 8 


Se 80 (49.8) 

0.59 * 0.06 

59m 

30 * 10 mb 



17m 

0.5 * 0.1 

Se" (9.2) 

2.0 ± 1.4 

67 s 

50 * 25 mb 



25m 

4*2 mb 



(Order 

of Isomers unknown) 


6.5 * 0.5 



Br T * (50.5) 

10.4 * 1.0 

4.4h 

2.9 * 0.5 



18m 

8.5 * 1.4 

Br 81 (49.5) 

2.6 * 0.4 

36h 

3.5 * 0.5 


28 * 5 



Kr T8 (0.35) 


34h 

0.3 * 0.1 

Kr 88 (2.27) 

95 * 15 



Kr° (11.6) 

45 * 15 



Kr® (11.6) 

205 * 10 



Kr® (57.0) 

<2 

4.4h 

0.10 * 0.03 



lOy 

60 * 20 mb 



(16% 4.4h — 10y) 

Kr 88 (lOy) 

<15 



Kr® (17.4) 

<2 

78m 

60 * 20 mb 

Kr® (78m) 


2.3h 

<470 


0.70 * 0.07 



Rb 88 (72.2) 


19.5d 

0.72 * 0.15 

Rb® (27.8) 


17.5m 

0.12 * 0.03 

Rb 88 (18m) 


15m 

<200 


1.16 * 0.06 



Sr® (0.55) 




Sr" (9.8) 


2.7h 

1.3 * 0.4 

Sr® (7.0) 




Sr" (82.7) 


53d 

5*1 mb 

8r® (53d) 


25y 

<110 

Sr" (25y) 


9.7h 

1.0 * 0.6 

Y® (100) 

1.38 * 0.14 

61h 

1.2 * 0.3 


0.18* 0.02 



Zr 88 (51.5) 

0.1 * 0.1 



Zr 81 (11.2) 

1.52 * 0.12 



Zr" (17.1) 

0.25 * 0.12 



Zr 84 (17.4) 

0.08* 0.06 

65d 

0.1 * 0.05 

Zr" (2.80) 

0.1 * 0.1 

17h 

0.2 * 0.1 

Nb 88 (100) 

1.1 * 0.1 

6.6m 

1.0 * 0.5 


2.4 * 0.2 



Mo" (16.7) 

<0.3 

7h 

<6 mb 


5.7 * 0.4 (♦) 


6.1 * 0.2 


6 * 1 


7.2 * 0.7 


3.8 * 0.3 (+) 


5.5 * 0.5 


12 * 2 


4.1 * 0.3 (♦) 


12.5 * 1.0 10 * 1 


5.0 * 0.3 (♦) 


7.0 * 0.5 


3*2 

8*1 


6.0 * 0.4 (♦) 
5.7 * 0.4 (♦) 


6.4 * 0.3 

6.1 * 0.2 


5 * 1 
7*1 


13.4 * 1.3 
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Table 1.2.17—(Continued) 


Reaction Cross Sections t 
(2200 m/sec)t 

Element Isotope (%) O ab8 a act 



Mo** (16.5) 

1.2 * 0.6 




Mo* T (9.5) 

2.1 * 0.7 




Mo*« (23.9) 

0.4 * 0.4 

67h 

0.13 * 0.05 


Mo ,M (9.5) 

0.5 * 0.5 

15m 

0.20 * 0.05 

44 Ru 


2.46 * 0.12 




Ru** (5.7) 


2 . 8 d 

10 * 4 mb 


Ru** (2.22) 





Ru** (12.8) 





Ru ,# * (12.7) 





Ru 1#l (17.0) 





Ru ,w (31.3) 


42d 

1.2 * 0.3 


Ru 1 * 4 (18.3) 


4h 

0.7 * 0.2 

41 Rh 

Rh"» (100) 

150 * 7 

4.3m 

12 * 2 




44s 

140 * 30 

44 Pd 


8.0 * 1.5 




Pd ,M (0.8) 





Pd 1 * 4 (9.3) 





Pd ,M (22.6) 





Pd 104 (27.1) 





Pd 1 ** (26.7) 


13h 

11 * 3 


Pd ,,# (13.5) 


26m 

0.4 * 0.1 

41** 


60 * 3 




Ag ,#T (51.9) 

30 * 2 

2.3m 

44 * 9 


Ag‘** (48.1) 

84 * 7 

270d 

2.8 * 0.5 




24.5s 

110 * 20 

4 |Cd 


2400 * 200 





(not 1/v, x 1.3) 




Cd 1 ** (1.22) 


6.7h 

1.0 * 0.5 


Cd"* (0.92) 





Cd“* (12.4) 


49m 

0.2 * 0.1 


Cd ,u (12.8) 





Cd ,u (24.0) 


5y 

20 * 10 mb 


Cd' 1 * (12.3) 

(19.500, not l/v, x 1.3) 




Cd " 4 (28.8) 


43d 

0.14 * 0.03 




2.3d 

1.1 * 0.3 


Cd‘“ (7.6) 


2.7h 

1.4 * 0.3 

4 *ln 


190 * 10 




In"* (4.2) 


50 d 

56 * 12 




72s 

2.0 * 0.6 


ln"‘ (95.8) 


54m 

145 * 15 




13s 

52* 6 

„8n 


0.65 * 0.05 




Sn ,u (0.95) 


30m 

20 * 10 mb 


112d 1.3 * 0.3 

(% of 30m — 112d unknown) 


Scattering Cross Sections! 


O coh (8l«n) 



6.2 *0.5 6*1 


4.5 * 0.5 (♦) 


6*1 


5.0 * 0.3 (♦) 4.8 *0.3 3.6 * 0.6 


4.6 * 0.3 (♦) 7*1 6*1 

8.7 * 0.5 (♦) 10 * 1 

2.3 * 0.2 (+) 6*1 


7 * 1 


2.2 * 0.5 


4.6 * 0.3 <♦) 4.9 * 0.5 4*1 
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Element 


*Sn 

Com *d.) 


*i3> 


uTe 


1*1 


«Xe 


356 


Isotope (%) 


Sn" 4 (0.65) 
Sn Mi (0.34) 


ll€ 


Table 1.2.17 — (Continued) 


Reaction Cross Sectionst 
(2200 m/sec)J 


abs 


act 


* — ~ r 

14.5d 

6 * 2 mb 

Sn IIT (7.6) 

Sn 111 (24.0) 

245d 

10 * 6 mb 

Sn"» (8.6) 

Sn l2# (33.0) 

>400d 

1 ± 1 mb 


27h 

0.14 ± 0.03 

Sn m (4.7) 

40m 

0.16 ± 0.04 


126d 

1.0 ± 0.5 mb 

Sn ,M (6.0) 

(Order of Isomers uni* 


10d 

4*2 mb 


(None of 10m — lOd) 


Scattering Cross SectlonsB 


a coh< si « n ) 


8 



5.5 ± 1.0 



Sb m (57.2) 

5.7 ± 0.5 

2 .8d 

6-8 ± 1.5 

Sb ,M (42.8) 

3.9 ± 0.3 

21m 

30 ± 15 mb 



1.3m 

30 ± 15 mb 



60d 

2.5 ± 0.5 



(% of 21m L 1.3m — 


4.5 ± 0.2 



Te 12 * (0.091) 

70 ± 70 



Te 122 (2.5) 

2.7 ± 0.9 

lOOd 

1.0 ± 0.5 

Te 11 * (0.88) 

390 ± 30 



Te 114 (4.6) 

6.5 ± 1.2 

58d 

5 ± 3 

Te m (7.0) 

1.50 ± 0.15 



Te 11 * (18.7) 

0.8 ± 0.2 

90 d 

70 ± 20 mb 



9.3h 

0.8 ± 0.2 

Te 124 (31.8) 

0.3 ± 0.3 

32d 

15 ± 5 mb 



72m 

0.13 ± 0.03 

Te'" (34.4) 

0.5 ± 0.3 

30h 

<8 mb 



25m 

0.22 ± 0.05 

I m (100) 

6.7 ± 0.6 

27m 

6.3 ± 1.3 

I m (3 x 10 T y) 


12.5h 

11 ± 4 

I**' <8d) 


2.4h 

600 ± 300 


.35 ± 5 



Xe 124 (0.096) 




Xe'“ (0.090) 




Xe ,M (1.92) 

<5 



Xe‘*» (26.4) 

45 ± 15 



Xe 1 " (4.08) 

<5 



Xe 1 *' (21.2) 

120 ± 15 



Xe ,n (26.91) 

<5 

5.3d 

0.2 ± 0.1 

Xe 1 * 4 (10.4) 

<5 

9.2h 

0.2 ± 0.1 

Xe ,M (9.2h) 

3.5 x l0*t 



Xe'* (8.93) 

<5 

3.9m 

0.15 ± 0.08 


60 d unknown) 


3.7 ± 0.3 (+) 


4.2 ± 0.3 (♦) 


3.4 * 0.2 (♦) 


4.2 ± 0.3 4.3 * 0.5 


4.5 ±0.3 5 ± 1 


3.8 * 0.4 3.6 ±0.5 


4.3 ± 0.4 
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Table 1.2.17 — (Continued) 


Reaction Cross Sectionst 
(2200 m/sec)J 


Element 

Isotope (%) 

*abs 

a 

act 

„Cs 

Cs 1 ” (100) 

29.0 * 1.5 

3h 

16 ± 5 mb 




2.3y 

26 ± 5 




('•100% 3h — 2.3y) 


Cs m (2 x 10V) 


13.7d 

& 

15 * 8 


Cs m (37y) 


# 

33m 

<2 

M Ba 


1.17 * 0.10 




Ba 1 " (0.101) 


12. Od 

30 * 10 mb 


Ba 1 ” (0.097) 


>20y 

6*3 


Ba IM (2.42) 

2 t 2 




Ba 1 ” (6.6) 

5.6 * 0.9 




Ba 1 ** (7.8) 

0.4 * 0.4 




Ba‘" (11.3) 

4.9 * 0.4 




Ba 111 (71.7) 

0.68 * 0.10 

86 m 

0.5 * 0.1 


Ba 1 ” (85m) 


12 .8h 

4 * 1 

5! La 


8.9 * 0.3 




La 1 ” (0.089) 





La'” (99.9) 


40 h 

8.4 * 1.7 


La 1 " (40h) 


3.6h 

3*2 

».Ce 


0.70 * 0.08 




Ce 1 * (0.19) 

25 * 25 




Ce 1 ” (0.26) 

9*6 

140d 

<0.4 


Ce 1 " (88.4) 

0.63 * 0.06 

28d 

0.3 * 0.1 


Ce 1 " (11.08) 

1.8 * 0.3 

33h 

1.0 * 0.2 

»Pr 

Pr 14 ‘ (100) 

11.2 * 0.6 

19h 

11*3 

„Nd 


44 * 2 




Nd lu (27.1) 

18.5 * 2 




Nd 1 " (12.2) 

290 * 30 




Nd 1 " (23.9) 

4.8 * 0.5 




Nd 1 " (8.3) 

52*4 




Nd 1 " (17.2) 

9.8 * 0.8 

lid 

1.8 * 0.6 


Nd 1 " (5.7) 

3.3 * 1.0 

1.7h 

3.7 * 1.2 


Nd 1 " (5.6) 

2.9 * 1.5 



„Pm 

Pm UT (4y) 


5.3d 

60 * 20 

,*Sm 


6500 * 1000 





(not 1/v, x 1 . 5 ) 




Sm‘" (3.1) 


60d 

<0.25 


8 m 1 " (15.0) 





Sm 1 " (11.2) 





8 m w * (13.8) 

50.000 * 20.0001 




an 1 ” (7.4) 





Sm" 1 (122y) 

7.000 * 2.0001 




am 1 ” (26.7) 


47h 

150 * 40 


Sm 1 " (22.5) 


25m 

5.5 * 1.1 


co 


Scattering Cross Sections I 


h< sl &n> 


3.0 * 0.2 (+) 


3.5 * 0.3 (+) 


8.7 * 0.5 (+) 


2.7 * 0.3 (♦) 


2.8 * 0.2 (♦) 

2.6 * 0.3 (♦) 

2.4 * 0.3 (♦) 

6.5 * 0.4 (♦) 

7.5 * 0.6 (♦) 

1.0 * 0.2 (♦) 

9.5 * 0.5 (♦) 


7 * 1 


20 * 5 


5 * 1 


8 * 1 


9.3 * 0.8 


18 * 8 


4 * 1 


9*6 


2.8 it 0.5 
2.6 * 0.5 

4 * 1 

15 * 5 


25 * 5 


2.5 * 1.0 (-) 
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Element Isotope (%) 
n Eu 




ll Tb 

m Dy 


Gd‘° 

(0.20) 

Gd ,M 

(2.15) 

Gd»* 

(14.8) 

Gd‘“ 

(20.6) 

Gd‘« 

(15.7) 

G<1 1M 

(24.8) 

Gd’« 

(21.8) 

Tb“» 

(100) 

Dy'“ 

(0.052) 

Dy'“ 

(0.090) 

Dy lM 

(2.29) 

Dy«‘ 

(18.9) 

Dy l « 

(25.5) 

Dy«» 

(25.0) 

Dy** 4 

(28.2) 


Table 1.2.17 — (Continued) 


Reaction Cross Sectlonst 
(2200 m/sec)$ 


abs 


act 


Scattering Cross SectlonsI 
a coht sl * n > 


Eu‘“ (47.8) 

4500 * 500 

(not 1/v, x 0.95) 

9000 ± 30001 

Eu'° (5.3y) 

5500 * 15001 

Eu ,u (52.2) 

420 * 1001 

Eu‘“ (5.4y) 

1500 * 4001 

Eu‘“ (1.7y) 

14.000 * 40001 


44.000 * 2000 

(not l/v, x 0.85) 


9.2h 


1400 * 3001 


225d 


<125 


70.000 * 20.0001 


160.000 * 60.0001 


18h 4*2 

3.6m 1.5 * 0.5 


* 4 

1100 * 150 


73d 


>22 


1.3m 

2.4h 

(1.3m 


2600 * 3001 
<10001 
2.4h) 



Dy‘“ (2.4h) 


81h 

5000 * 20001 

„Ho 

Ho* 11 (100) 

64 * 3 

27h 

60 * 12 

C* Er 

Er 1 ** (0.136) 

Er ,M (1.56) 

Er 1 ** (33.4) 

Er ,,T (22.9) 

Er“* (27.1) 

Er m (14.9) 

166 * 16 

7h 

>7 

pTtn 

Tm u » (100) 

118 * 6 

12 9d 

130 * 30 

pYb 

Yb u * (0.140) 

Yb m (3.03) 

Yb ,TI (14.3) 

Yb ,n (21.8) 

Yb ,n (16.1) 

36 * 4 

33d 

11,000 * 30001 


Yb ,M (31.8) 


4d 

60 * 40 


Yb ,w (12.7) 


l.flh 

7*2 


12 * 5 
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Table 1.2.17—(Continued) 


Element Isotope (%) 


Tl 


Lu 


Reaction Cross Sectlonsf 

(2200 m/sec)t 


abs 


act 


Scattering Cross Sectional 


°coh< sl «"> 



108 * 5 



Lu ,TI (97.4) 


3.7h 

25 * 10 


Lu ,T * (2.60) 


6.7d 

4000 * 800 

TjHf 


115 * 15 




Hf IT4 (0.18) 

1500 * 1000 




Hf ,w (5.2) 

15 * 15 




Hf ,n (18.4) 

380 ± 30 




H^ ,,, (27.1) 

75 * 10 




Hi IT * (13.8) 

65 * 15 




H/ 110 (35.4) 

13 * 5 

46d 

10 * 3 

nTa 

Ta 1 " (100) 

21.3 * 1.0 

16.4m 

30 * 10 mb 




122d 

21 * 7 




(-100% 16.4m — 12 2d) 

T«W 


19.2 * 1.0 




W 1 " (0.14) 

60 * 60 

120d 

10 * 10 


W 1 " (26.4) 

19 * 2 




W'° (14.4) 

11 * 1 




W 1 " (30.6) 

2.0 * 0.3 

77d 

2.1 * 0.6 


W 1 " (28.4) 

34 * 3 

25h 

40 * 10 


W 1 " (25h) 


65d 

90 * 40 

f *Re 


84 * 4 




Re 1 " (37.1) 

100 * 8 

90 h 

100 * 20 


Re 1 " (62.9) 

63 * 5 

18h 

75 * 15 


w°® 14.7 * 0.7 

Os (0.018) 

Os 1 " (1.58) 

Os 1 " (1.64) 

Os 1M (13.3) 

Os 1 " (16.1) 

Os 1M (26.4) 

Os 1M (41.0) 

Os ,M (32h) 


97d <200 


15d 8*3 

32h 1.6 * 0.4 

700d 60 * 20 


8 * 1 


6.1 t 0.4 (+) 6*1 5 ± i 


2.74 * 0.05 (♦) 5.7 * 0.6 5*1 


14 * 4 


15 * 2 11 * 1 


TT Ir 440 * 20 

Ir m (38.6) 

Ir* M (81.5) 

M 1 * 1 8.1 * 0.4 

Pt 1M (0.012) 

Pt 1M (0.78) 

Pt 1 " (32.8) 

Pt“‘ (33.7) 

Pi m (25.4) 


1.4m 260 * 100 

70d 700 * 200 

(1.4m — 70d) 

19h 130 * 30 


4.3d 90 * 40 


11.2 * 0.7 (♦) 12 * 1 


10 * 1 


18h 
82 d 


1.1 * 0.3 (ground state) 
50 * 20 mb 
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Table 1.2.17—(Continued) 


Reaction Cross Sectionst 
(2200 m/sec)t 


Element 

Isotope (%) 

°abs 


a act 


Pt ,M (7.2) 


31m 

3.9 * 0.8 

t»Au 

Au m (100) 

94 * 1 

2.7d 

96 * 10 


Au 122 (2.7d) 


3.3d 

16.000 * 8.0001 

»Hg 


300 * 20 





(not 1/v, x 0.95) 




Hg IH (0.151) 

3100 * 10001 




Rg'" (10.0) 





Hg ,w (16.9) 

2500 * 800j 




Hg*°° (23.1) 

<60 




Hg J#l (13.2) 

<60 




Hg :01 (29.8) 


44 d 

3.0 * 0.8 


Hg JM (6.8) 


5.5m 

0.43 * 0.10 

«T1 


3.3 * 0.5 




T1 20S (29.5) 

11.0 * 0.9 

2.7y 

8*3 


Tl m (70.5) 

0.77 * 0.08 

4.2m 

0.10 * 0.03 

n Pb 


0.17 * 0.01 




Pb 2M (1.5) 

0.8 * 0.6 




Pb 2# * (23.6) 

26 * 5 mb 




Pb 20T (22.6) 

0.69 * 0.05 




Pb 201 (52.3) 

<30 mb 

3.3h 

0.6 * 0.2 mb 

n Bl 

Bi ,w (100) 

32 * 3 mb 

5d 

17 * 3 mb 


Ra 22 * (11.2d) 





Ra 22 * (1620y) 



la * 3 


Ra 222 (6.7y) 


<10m 

36 * 5 


• 

Ac 222 (18.6y) 

500 * 35 



N Th 

Th m (18.6d) 





Th 222 (1.90y) 





Th m (8 x io*y) 





Th 222 (8.0 x ioV) 

25.5h 

45 * 10 


Th 222 (100) 

7.0 * 0.4 

23.5m 

7.7 * 0.4 


(1.39 x lo‘ 2 y) 





Th 222 (23.5m) 


24. Id 

1400 * 200 


Th 224 (24.Id) 


<10m 

1.8 * 0.5 

, .|P* 

Pa 222 (17.3d) 





Pa 221 (3.4 x 10*y) 


1.3d 

260 * 50 


Pa 222 (1.3d) 





Pa 222 (27.4d) 


1.2m 

37 * 14 




♦ 6.7h 




Scattering Cross Sections# 
a coh (sl * n > afa (~A~) 


s 


7.3 * 0.1 (♦) 


9.3 * 1.0 


22 ± 2 (+) 


10 * 5 


10 * 2 (+) 10.0 * 0.5 14 * 2 


11.5* 0.7 (+) 11.1*0.2 11*1 


9.4 * 0.1 (+) 9.4±0.1 9*1 

<100 
:0.1 mb 
<2 

<2 

1500 * 1000 
<0.3 
45 * 11 
<1 mb 

<0.2 mb 12.5*0.2 13*2 


< 0.01 

1500 * 250 
10 * 5 mb 
700 * 150 
< 0.1 


Pa 224 (UX,) (1.2ml 
(UZ) (6.7h) 


<500 

<5000 



U 222 (20.8d) 
V m (4.2d) 


3.92** <r t -a ab8 -8.2*» 

at 2200 m/■ 

25 * 10 
250 * 100 
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Table 1.2.17—(Continued) 


Element 

Isotope {%, Ti*) 

Reaction Cross Sectionst 
(2200 m/sec)| 

a abs cr act 

Scattering Cross Sections 1 

o ( A 4 

^fission ' A / a Q 

»*u 

U l « (70y) 


80 ± 20 

(Cont’d.) 

U l « (0.0057) 

89 * 7 8.8 x io*y 72 * 10 

<0.65 


(2.5 * 10V) 




U ,M (0.714) 

850*• 2.5 x l0 T y 101*» 

549** 


(8.8 x 10*y) 


v = 2.5 *■ 0.1** 


U ,M (99.3) 

2.80** 



(4.50 x io»y) 




U a * (23.5m) 

14h 22 * 5 


l»Np 

Np ,S4 (4.4d) 


900 ± 300 


Np** (22h) 


10* 


Np ,,T (2.5 x io*y) 

2.Id 150 * 15 

19 * 3 mb 


Np”* (2.1 d) 


1600 ± 100 


Np 1 ** (2.3d) 


3 

M Pu 

Pu ,M (89.6y) 

2.4 x 10^ 425 * 75 

18 ± 2 


Pu*» (2.4 x lOty 

6.6 x I0*y 361 tt 

664t t 




V= 3.0 * O.ltt 




neutrons per fission 


Pu MI (— 12y) 

-S x 10*y 400 ± 50 

1080 * 100 


Pu* 4 * ('5* 10^) 

5h 40 ± 20 



Am 141 (47.5y) 

16h 700 ± 200 

3.2 * 0.2 



500y <50 




(20% 16h— 500y) 



Am UIm (l6h) 


2000 ± 1000 


Am w (500y) 

8000 * 1000 

3500 * 1000 


Am 141 (.loV) 

'25m 50 * 25 

<25 

M Cm 

Cm* 4 * (27d) 


20,000 * 10,000 


Cm 14 * (162.5d) 


<5 


This table contains the best values” of several types of slow-neutron cross sections based on a careful con¬ 
sideration of all available data. Most of the cross sections have been measured several times, sometimes by dif¬ 
ferent methods. and the error quoted in the table (standard error) is estimated from the consistency of the results 
as well as from the errors quoted for the individual measurements. The types of cross sections in L table ccZ 
spond closely to methods of measurements, and the cross sections themselves are the actual measured rather 
than derived quantities, as fa, as possible. All values given for an element refer to the natural mixtur'es of L 
topes (that is. they are atomic cross sections), while those given for specific isotooes are iiornnir . / 

AU cross sections, unless marked ”mb” (milUbams,. are hfbarns. £ cross Ss 

fled; diose given for elements of atomic number 88 and above, and for Xe*«, have been declassified 
tThe reaction cross sections refer to all cases In which the neutron Is not re-emitted, that is to (n y) 

(n.p). and (n.cr) reactions. Practically all the reaction cross sections are for (n.v)’s and the few k' V 
so marked. The absorption cross sections. o. b . . are those particular reaction «£.to £* " “ “ 
observing the reaction itself in which the neutron is absorbed. The principal method used X 

la tor* which measures the effect on the reactivity of a reactor caused by *e abtm^on , * °’ Cl1 - 

oscillator results from Argonne. Oak Ridge, and Harwell are represented^ the tabfe. In som! -““T 
(n.a) reactions have been measured in cloud chambers and counters while other ah n n SC *' and 

been estimated from the changes in Isotopic abundances after long r'eactor irradiation haVe 

principal case being boron, die absorption cross section has been obtained from“,1, cr^c^t" 
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sections; for monoisotopic elements, they are atomic cross sections as well The ah o ^ 316 1S ° t0piC Cf0SS 

amp e is cobalt or which there is a 20-b cross section for direct formation of the 5-yr activU aid a 14 b c oss 
section for the 11-min activity, practically all of which decays into its 5-yr daught« ^ 

tThe reaction cross sections listed are those for a neutron velocity of 2200 m/sec even thouvh the actual 

HuTfTvTT “r y mad£ With neU,IOnS ° f Wid£ ener 8> r s P read ‘ 11 *ould ^ remembered that thermal 
flux (nv) values are always stated for a velocity of 2200 m/sec (even though the neutrons may be above room 

temperature); hence, the cross section at this velocity must be used in calculations of reaction rate In some 

e—^tau^us 'ToT We “ ‘ h T liZed neU “ 0nS ' “ ^ qUitE SimPlC ° btain ' he value from 

SUH o*ers mch asLmo c " iC “ Vatl ° n cro “ f °' reactor neutrons, it is difficult, and for 

sull others, such as rsotop.c cross secuons measured by the mass specuometer. it is almost impossible Each re- 

cuon cross section unless marked -no, 1/v" will have the same reacUon rate in a Maxwen disuibuUon as 1 

suCcUvIvv inT T S3 T 2200 ‘ m/sec CrOSS section - oth « w °^. 'he unmarked cross secUons are either 
strictly 1/v in die thermal region or indistinguishable from 1/v within the accuracy quoted. The few marked 

of n °roCm ;\ effeCtlVe 22 °°- m/seC — ™ in a Maxwell distribution (au or w^in^bou, 100*C 

crolTcu „Th rS “ d h" s y multiplication of the 2200-m/sec value by die factor shown. This effective 
cross secuon when used with a thermal nv will give the correct reaction rate In a Maxwell distribuUon. For a 

mL^d“ ‘ n 2200-m/sec value could no, be determined, die cross sections are stiU included bu, are 

marked reactor neutrons 

5 The scatter,ng cross secUons are usually constant with energy in the thermal region, except for crystal ef- 

l a I /'? enC h n °‘ qU ° ted f ° r 2200 mAeC - 71,6 C ° herem CrOSS SeCUon ’ “ i'sted with the sign of die 

“T, P0S ‘ UVe Sign COrres P° nds t0 hard s P he '<= scattering. The coherent scattering is that par, of 

“ ri Ct °; S secti0n '' Which c° ntr *butes to such interference effects as Bragg scattering and mir¬ 

ror reflection. The bound-atom cross section" is the cross section that would be observed if the atoms were 

completely bound (hence no thermal diffuse scattering) and yet scattered completely independent. Such a 
cross secuon. of course. Is not observable experimentally but is calculated by applying the reduced mass cor¬ 
rection. (A + 1/A) . to the free-atom cross section, o,., which is the scattering cross section measured in the 
energy region (usually 10-20 ev) where the atom can be considered as a "free atom." No free-atom values are 
listed when the presence of resonances near thermal prevents die calculation of the bound-atom cross section. If 
there are no sources of Incoherent scattering, such as spin dependent, isotopic, or Inelastic incoherent scattering. 

Jhen die measured value of o coh should be equal too,. (A + 1/A) 1 , as i, is for Be as an example, compared to H 
In which o coh is much less than the bound-atom cross section. Sometimes the only scattering cross section that 
has been measured for a particular element is that averaged over the Maxwell distribution. This average scatter¬ 
ing cross section o„ will depend on the crystalline form of the sample and even upon the size of the crystal 
grains, but it is listed because of utility in certain practical applications 

It is the purpose of the compilation to list only the actual directly measured quantities, even though it is pos¬ 
sible in some cases to infer certain cross sections from other measurements. For instance, the calculated bound- 
atom cross section, which is sometimes known quite accurately, could be listed as the coherent cross section if it 
is assumed that there are no sources of incoherent scattering. However, only the measured value of the coherent 
scattering (a measurement of o C0h itself, or both o ta and the incoherent cross section) is given in the column for 
Ocoh even though in some cases the value inferred from the bound-atom cross section has smaller error. An ex¬ 
ample is fluorine, where the bound-atom value is more accurate than o coh and an assumption of negligible in¬ 
coherent scattering would seem justified. Nevertheless, only the measured coherent cross section Is listed in the 
Ocoh column. Again, for the activation cross sections, it could be inferred that the more accurate absorption 
value, measured with the reactor oscillator, is correct to list for activation as well, if it is certain that only one 
activity is produced. Here, an example is Al* ? where the activation agrees with the absorption but is not as ac¬ 
curate. The principle of listing only the directly measured quantities in the appropriate columns is again 
followed in this case. Some judgment is thus necessary in using the table, especially in those cases where values 
of different types of cross sections, which presumably should agree, do not. For instance, it would be safe to use 
the more accurate absorption value, 0.19 ± 0.03 b, for the production of 14.3-day P a , even though the directly 
measured activation cross section is 0.23 ± 0.05 b. On the other hand, the cross section for production of 87-day 
S by the Cl** (n,p) reaction has been measured as 0.30 ± 0.10 b by direct observation of the reaction (in a 
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cloud chamber) and as 0.17 ± 0.04 b by activation. In this case, it is certainly not clear that one value Is right 
and the other wrong, hence a weighted average probably should be used. The preparation of the cross section 
compilation has brought to light a number of such disagreements, and work has already begun to improve the 
measurements in these cases 

1 Reactor neutrons 
•*AEC Release April 7, 1952 

** AEC Release April 7, 1952; cross sections for an approximately Maxwellian neutron spectrum with a most 
probable neutron velocity of 2200 m/sec 
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CHAPTER 1.3 


Kinetic Theory of Neutrons 


H. Soodak, F. Adler, and E. Greuling 


The fundamental relation of neutron kinetics is the continuity equation which expresses 
the law of neutron conservation in the volume element, dr dv, of phase space, viz.: 

Time rate of increase of neutron density = Production - Absorption - leakage 

Thus, in the steady state, the Boltzmann equation is: 

0 = S(r,v) + A(r,v,v') v'n(r,v') - van(r,v) - div v n(r,v) ( l2 

where n(r,v) is the density of neutrons in phase space, and S is the total source, being the 
sum: 


s (r,v) = S ext (r,y) + v T (r,v,v') v'n(r,v') ( lb j 

of the external source S ext and the fission source. The integral operators T and A refer 
respectively to fission and to scattering-in. To treat the time-dependent case, it is neces¬ 
sary to replace the left side of Eq. (la) by 8/at n(r,v,t) and, if desired, to correct r to in¬ 
clude the delay times of the delayed neutrons. 

For slowing-down without space variation, the Boltzmann equation reduces to Eq. (2)* 

and is treated later in this chapter. The reduction in the case of one-velocity theory leads 

to Eq. (17) of this chapter. Even these highly idealized problems involve integral equations 
of considerable complexity. 

General methods are considered which are useful in attacking integral and integro-dif- 

ferential equations. One consists of expanding the integrands into a Taylor series or into 

suitable eigenfunctions (e.g., the spherical harmonics method) and results in a system of 

ordinary or partial differential equations. Treating Eq. (17) by the spherical harmonics 

expansion (in the P, approximation), for example, leads to the equations of elementary dif¬ 
fusion theory. J 

A second method, useful in treating Eq. (17) when scattering is isotropic, proceeds bv 
reformulating that equation into an integral equation. 

In another approach, useful in treating Eq. (2), the exact kernel is approximated bv a 

synthetic kernel” which is chosen such that the integral equation reduces to a differential 

equation. Various slowing-down theories, for example the Fermi age theory, can be rep- 
resented by such synthetic kernels. * P 

In the discussion of space and energy variation in this chapter, simultaneous approxi¬ 
mations of diffusion and slowing-down are generally required to yield manageable oqua- 


♦This reduction is carried out by placing div 
the velocity vector. 


nv - 0 and integrating over the various directions 



365 



CHAP. 1.3 


REACTOR PHYSICS 


tions such as those of the Fermi age theory. These equations are further simplified by 
the group-diffusion approximation and are thus reduced to a convenient form for solution 
by computing machines. The diffusion of thermal neutrons also is treated. 

The results contained in this chapter pertain to media consisting of homogeneous re¬ 
gions and also of simple geometries. Although mention is made of the variational tech¬ 
nique, the major application of this technique as well as of perturbation and iteration meth¬ 
ods is deferred until the discussion of reactors in Chapter 1.4. 

Table 1.3.1 lists definitions and notations used in this chapter. 


Table 1.3.1—Table of Symbols 


C T 

CT C 

<7o 
<j 
a 
n 

nv 

0 


'} 


T 

q 


g(E.E') dE 


G(E,E # ) 


K 


Macroscopic cross section 
Capture not leading to fission 
Fission 
cr c + of 

Total scattering 
Inelastic scattering 
Transport cross section 

Total cross section = <r a + o, 

Neutrons per unit volume 

Flux or track length per unit vol¬ 
ume per unit time 

Directional flux 
Current density = QF 

Collision density = <j t <p 

Neutron velocity 

In E 0 /E, where E 0 is a constant 
energy 

Fermi age variable 
Slowing-down density: q(r,E) is 
the rate per unit volume at 
which neutrons slow down to 
below energy E 

Slowing-down kernel: probability 
of neutrons scattered at E' to 
land in dE about E 
Probability of neutrons scattered 
at E' to land below E 
Average loss in logarithm of en¬ 
ergy per scattering 
Minimum value of E/E' where E 
is the energy after a scattering 
at E 

—j times the average square 

of the loss in logarithm of en¬ 
ergy per scattering 


S(E) dE 


P(E) 


f 


1 

X 


D 


L 

K 


Po 

n 

Pi 

K 0 [ 

M 

0) 


Rate of production of neutrons in 
dE about E per unit volume 
“Resonance” escape probability* 
q(E) divided by the total 
source strength 

(pcTf-o^l/o; 1 + f is the multiplica¬ 
tion in neutron number per 
collision 

Multiplication constant: the ratio 
of fission neutrons produced 
per neutron absorbed in infinite 
medium. (Also the Boltzmann 
constant) 

Average number of neutrons 
emitted per fission 
Mean free path = 1/a 
Extrapolation length (also used 
for mean free path and for ex¬ 
ponent in asymptotic solution 
in Tables 1.3.4 and 1.3.5) 
Diffusion coefficient; constant of 
proportionality between neutron 
current and gradient 0 
Diffusion length 

Reciprocal asymptotic attenuation 
distance (used as 1/L or in 
dimensionless units as l/Lo) 
Cosine of angle between neutron 
velocity and the z axis; 
o a /4(a a + a,) is denoted by p in 
Table 1.3.6 

Cosine of the scattering angle in 
the laboratory system 
Unit Vector in direction of neu¬ 
tron velocity 

Legendre polynomial of degree 1. 
Bessel functions defined as in 
“British Association Mathe¬ 
matical Tables” Vol. VI, Part I 
Used as angular frequency and as 
Fourier transform variable 
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SLOWING-DOWN WITH NO SPACE VARIATION 

(Harry Soodak) 


BASIC EQUATIONS 

Consider the problem of slowing-down in an infinite homogeneous medium of uniform 
composition in the presence of a uniform source S(E).* The neutron balance equation is:t 

* ( E) = f" g(E.E') *(E') dE' + S(E) (2) 

The slowing-down density, q, is defined by: 

q(E) = / E * ^E? G(E,E ’ ) * {Z ' ] dE ' (3) 

where the integrated kernel, G, is: 

G(E,E') = f* g(E" E') dE" (4) 


with G(E,E) = 1. It follows that: 

- m 


which is a neutron balance equation equivalent to Eq. (2). If the cross sections a s , o and 

kernel g are given, then Eq. (2) Is subject to numerical analysis to obtain *(E) for any 

source function S(E). The slowing-down density is then obtainable by numerical integration 
of Eqs. (5) or (3). 

The “resonance” escape probability, p(E), is defined by: 



q(E) 

f~ S(E)dE 



and is primarily useful when E is below the lowest energy source neutrons. 


ISOTROPIC ELASTIC SCATTERING 

The kernels g and G are given in Table 1.3.2 for the case of elastic scattering which is 
isotropic in the center-of-mass system. 


GENERAL SOLUTIONS 

If hydrogen (M = 1) is the only slowing-down element, the integral equation (2) 
to the differential equation: ' 


reduces 


d»(E) | q 3 »(E) 
dE <7 E 


dS(E) 

dE 



of are Wri “?? in termS ° f the mam blguous. variable E. The equations in terms 

fn h energy ' rariables u are easll y obtainable from the text equations, 
tThese formulas are valid also for uniform composition media of variable density with a no 

form source as long as there is no neutron loss by leakage wherJ * a and , If Um_ 
being volume integrals. q * d s are to be interpreted as 
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which in conjunction with Eq. (5) leads to: 

q(E) = E[#(E) — S(E) ] 

and: 


dq(E) 

dE 


<x a q(E) , <7 S 


E 


+ ~ S(E) = 0 


Solutions of these equations are presented in Table 1.3.3.* 




Table 1.3.3 — Exact Hydrogen Solutions and Solutions for Synthetic Kernels 


Case 

Unit point source, S(E) = 6(E - E 0 ) 

Arbitrary source, S(E) 

Hydrogen 


r® o. fE'i f E ‘ °» dE 

q(E) - / E ^Fj S < E, >e E ”TdE' 

Exact solution 

#(E) + 6 < E “ E 0> 

#(E) - + S(E) 

Single element 


a / F 'v 1 rE' o a dE 

q( E) - / E S(E') e t4 o E dE' 

Fermi, Wigner, G. G. 

a = <J t ♦ c a A 

V= o t + e (7 a 


For heavier moderators (M > 1), the integral equation does not reduce because of the 
sharp cut-off in the kernel, g. The reduction to a differential equation can be made, how¬ 
ever, if the kernel, g, is approximated by the synthetic kernels given in Table 1.3.2. 

All three approximate kernels, g, are correctly normalized and give the correct value 
of the average logarithmic energy loss. The G.G. kernel gives also the correct value of 

the average of the square of the logarithmic energy loss. These statements are referred 
to below as “matching of moments/' 

These synthetic kernels all lead to: 


q(E) = £ E Y ° a *(E) - f 3(E)] 


<7 


a 


dq(E) _ 

dE |(<7 s +€<7 a ) E <7 S + c (7 


+ * s 


S(E) = 0 


( E A. _fcH==i!l +s /i_ £ \ 

\ a ) £(<7 s + € <7 a ) E U / 


A(* *8 

dE 


_ dS 

€E dE = 0 


( 10 ) 

( 11 ) 



•Placzek 1 gives an exact solution for the case of an element of arbitrarv m > i uh»k 

This definitive paper contains most of the results quoted in the discussion* “t* t ^ 2 Capture ‘ 
‘References appear at end of chapter. discussion. “Isotropic Scattering." 
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where e is given by: 


e (Fermi) = 0 
e (Wigner) = 1 


e (G. 


* ~ a [1 + In Va + V 2 In 2 Vo] 

= 1 for hydrogen 
» % for M » 1 



G l r ti0 Z°l theS f. equatl0ns " e given in Table 1-3-3. It is to be noted that the Wigner and 

arC 6 ? Ct f ° r hydr ° gen and that a11 thr ee approximations are correct 
asymptotically in the case of no absorption. 


MIXTURES 

For mixtures, the simplest procedure is to approximate the correct kernel g by the 
moment matched synthetic kernels,* in order to reduce Eq. (2) to a differential equation. 
This procedure can be expected to give poor results in a mixture of elements of signifi¬ 
cantly different masses.t A method for handling a mixture of hydrogen and a heavy ele¬ 
ment in the presence of absorption has been suggested by Goertzel 3 who treats the hydro¬ 
gen kernel exactly and the heavy element kernel by the Fermi approximation and thus 

arrives at a pair of coupled differential equations. These equations have been treated by 
a perturbation method. 4 


ASYMPTOTIC SOLUTIONS 

For energies below those of the source neutrons, Eq. (2) reduces to the homogeneous 
form (S - 0) for which exact solutions exist for several cases. Also, an approximate solu¬ 
tion (by Hurwitz) exists (more accurate than the Fermi, Wigner, and G. G.) for the case of 
a single-element moderator with slowly varying o a /a. These solutions are given in Table 

The magnitude of the asymptotic solutions is determined by the slowing-down density 
just below the energy of the lowest-energy-source neutrons. In many cases of interest, 
absorption is negligible at the source energies, and as a result, the slowing-down density 
at high energies can be taken as the total source-strength. 

Table 1.3.6 presents a comparison of results obtained by the Fermi, Wigner, G. G. ap¬ 
proximations with the correct asymptotic results for the case of constant o a /cr (for this 
case, the Hurwitz method is exact); Fig. 1.3.1 presents a comparison of Fermi, G. G., 

Hurwitz, and exact (numerical, from Eq. 2) results for a smoothly varying o r a /o r ((x s = const., 
<7 a = const./v). 


FLUCTUATIONS NEAR SOURCE ENERGY 

For monoenergetic source neutrons (energy E 0 ) in a single-element moderator (M > 1), 
the collision density undergoes damped oscillations in the first few collision intervals be¬ 
fore approaching the asymptotic form.f A schematic diagram of tf»(E) for the case of no 


♦Thus for the Fermi approximation, Eqs. (10) through (13) still hold where £ is the average loga¬ 
rithmic energy loss for the mixture. For the G. G. approximation, see Edlund. 2 

fNote the behavior of a mixture of hydrogen and a heavy element in Table 1.3.4. These transition 
effects do not appear in the synthetic kernel approximation. 

tThe paper by Placzek 1 contains most of the results in the discussion “Slowing Down with No Space 
Variation.** 
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Table 1.3.4 —Asymptotic Solutions (Exact and Approximate) 
(Normalized such that q(E 0 ) = 1 where E 0 is some high energy) 


Case 

ME) 

q(E) 

No absorption; 
single element 
or non-hydrogeneous 
mixture 

1 

£E 

1 

No absorption; 
hydrogen plus 
a single element 
of mass M: 

c - 2lJH)_ 

a t (H) + a, (M) 

!-c+ (1-c) * 

r-1 /KYl 

5E w E 

where r is defined by: 

. O'- 

a 

1 

If 1 - c « 4 

i 

w — 

E 

1 

If M » 1 and c « 4 

4E 4 l\E 0 / A J 

1 

If M » 1 and c » 4 

l i 

1 

Single element 

or non-hydrogenous 
mixture: cr a /a « 1 

_ f E 0 o, dE 

« — e Je to. E 
<E 

_ fEo o a dE 
«e Je to, E 

<7i/<7 ■ constant, single element 

MEo/ E 

where X is defined by: 

..ar- , 

0 <1 —a) (X — 1) 1 

values of X are given in Table 1.3.6 

(f.)' 

a t /o ■ slowly varying, single ele¬ 
ment; Hurwitz' solution 

^4 Vdf/dA f 

where X is defined as above, 
and 

f<X, -«l-i, (X-l, 

1 f(X) - 1 i" 

/|x/ai7aA E 

the normalization 
assumes that 

(E 0 ) » 0 
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Table 1.3.4 — (Continued) 



Table 1.3.5 The Exponent, X, in the Asymptotic Solution for Constant o x /(j 

(Weinberg and Noderer, CF-51-5-98, Vol. I) 


M 

a a /o. 

X* 

12 

0.0005 

0.003168 


.005 

.031588 


.05 

.306496 


.1 

.593757 


.2 

1.118817 

50 

.0005 

0.012663 


.005 

.126248 


.05 

1.225912 

100 

.0005 

0.025162 


.005 

.250831 


♦For o a /a, « 1 and X in V« « 1 


then: X « 


era 


+ a a 


1 + 


(Ta/O, (1 — «)* (1 — tt) 


(3 * <1 


2a 


which, for a heavy element, 1 — a « 1, reduces to 


X « 


g a 

+ ^a 
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Table 1.3.6 — Comparison of Resonance Escape Probabilities 
in the Energy Range E, to E 2 where In E,/E 2 = 5 and ojo^ Is Constant. 

[p = q(E 2 )/q(Ej) = (Ej/E,)* 1 ] 



absorption is graphed in Fig. 1.3.2 and compared to the asymptotic solution 0 a (E). The 
discontinuity in ip at E = a E 0 is a result of the sharp cut-off in the kernel g(E E') Ap- 

Z° X lT^oZ^ ni } U 2 e8 ° f l hG deviatio , n D = I (* ~ I large M are D(E 0 ) = 50%, 

(a o) 3 %, D(or E 0 ) 2%, and D(<* E 0 ) - 0.3%. The deviations decrease with M and 

vanish for hydrogen. 

It may be noted that such oscillations are also caused by a sharp absorption resonance 
since the effect is that of a negative source. * 


EXACT SOLUTIONS FOR SPECIAL SOURCES 

* ro “ Eq ' (2) ’ a s . ource - S(E) - can be readi ‘y constructed for any specified solution 
“ l(E) - For example, if the simple asymptotic form in a non-capturing medium d, = 1/fE 

is to hold exactly up to E„, and then vanish for higher energies, the required source is: ’ 

S = -1- (i. _ 

|(l-a)VE 0 E) 


on the Interval aE„ to E 0 ; otherwise, S = 0. 


GENERAL SCATTERING 

Although precise knowledge of the slowing-down kernels for inelastic scattering and 
non-isotrop c elastic scattering is not available, statements may be made (Chapter 1 2) 
concerning their approximate forms and, in particular, about the values of 7 for th Jl 
processes. Aside from the procedure of substituting these kernel forms inti Eq (2) for 

sssss zszsrs* m,-r u r 

41 “”“' a ” nd,r El ““' 

For a single element with elastic and inelastic * 

of “Isotropic Elastic Scattering-Mixtures" may be applied ^ ^ * miXture> ^ methods 

A different approximation, suggested bv the inplaqtir t 

the correct kernel, g, by the form: attering process, is to replace 
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Fig. 1.3.2 — Exact 4> Versus Asymptotic ip k for a Point Source at E 0 . Re¬ 
printed from Placzek, Phys. Rev. 69, (1946). 


g(E',E) = 2 a, 5 [E - (E' - E,)] 


(14) 


which assumes the scattering to result in discrete energy jumps, Ei, with probabilities 

a i- This approximation results in a simple numerical procedure on Eq (2) ’ 

Combination treatments are also possible; for example, computations have been made* 

using a three-delta function kernel for inelastic scattering, with elastic scattering handled 
in a conventional manner. 5 

Another type of approximation uses a sum of separable terms, U, (E’)v,(E) for 
g(E',E). 


THERMAL DISTRIBUTIONS 

In a non-capturing medium, neutrons which have been slowed down to thermal equilib¬ 
rium acquire a Maxwellian velocity distribution (Table 1.3.7). q 

In a capturing medium, the absorption of neutrons leads to a “hardening" of their ve¬ 
locity distribution. This has been studied by Wigner and Wilkins' for the case of atomic 

hydrogen with constant scattering cross-section and a 1/v absorber (Fig 1 3 3) Cohen* 
notes that the results of Wigner and Wilkins indicate an • A. g * Cohen 

the neutrons by a factor of it 1.2 T 2 tt# VeloCit y 0f 

periment to some extent* thls has been compared with ex- 

This hardening of the velocity spectrum may be reDorted hv 
temperature such that a Maxwellian distribution at this new hLrher f ff ® ctive neutron 
exhibit the correct average neutron velocity. £ tWs^ense tter 'JZT T ^ 
in reactors exceed moderator temperatures by the order of £o°C te ®Peratures 
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Table 1.3.7 — Maxwellian Distributions and Averages 


Quantity 

Value or formula 

Normalized velocity 
distribution = n(v) 

4 / M \*4 , 

R ( 2kTj V 6 

Most probable speed = a 

/2kT 


V M 

Normalized energy 
distribution = n(E) 

(kT)"~ **E '* e“ E/kT 

Most probable energy 

l kT 

Energy at which the flux 

kT 

n(E)v(E) is a maximum 

Average speed = v 

1.128 a = ~~a 

v 7r 

Root mean square speed = c 

1.225 a * 4% a 

Average energy 

3 / 2 kT » V 2 M c 2 

Fraction of particles 
having speed above v 

^(xe X + X e ~ where x «* v/a 

a for <7=1 

1 

fH 

II II 
b b 

1/v 

1/a 2 

a = 1/v n 

M-f) 


The average velocity v of the distribution comes up in connection with effective neutron 
cross-section values: 



/crnvdE 
/ nvdE 



For a 1/v absorber (i.e., a = b/v), one obtains a = b/v regardless of the distribution func¬ 
tion, n. Averages of other functions over a Maxwellian are given in Table 1.3.7. 


ONE-VELOCITY THEORY 
(Felix Adler) 


INFINITE HOMOGENEOUS REGION 

SPECIAL FORMS OF THE BOLTZMANN EQUATION 
Integro-differential Formulation 

In this discussion, it is assumed that the neutrons diffuse without changing their energy, 
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Fig. 1.3.3 — Absorption Hardening in Hydrogen Gas According to Wigner and 
Wilkins. Reprinted from AECD-2275. 


i.e., the kernel of the Boltzmann equation reduces to: 
c(v - v') <7 S (v, n,n') 


In an isotropic medium, a s (v,fi,n') depends only on the angle between the dirprtinnc 
the incident and the scattered neutron and is independent of the azimuth of scattering: 


a g (v,9,O0 = a s (v,po) = V 


21 + 1 


°sl (v)Pi(Mo) 


(16) 
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where: 

M-o = ft • ft' 
and: 

+i 

CT sl(v) = J _ 1 <%(v,*i 0 )P 1 (Mo)d*i 0 

The cross section for scattering, without energy loss, a neutron of speed v from the di¬ 
rection ft into the solid angle df2 about the direction S7 is (v,f2,S2')dft. 

The total scattering cross-section is o Q = ct ~ 

The Boltzmann equation is: 


1 8F c 

- — = - dwfiF - <rF(r,n,t) + Ffr.O'.Dffsdfy + S(r,n,t) 

Many resets have been derived for the special case where: 



F(r,n) = F(z.m) 
i.e., slab geometry. 

From the expansion of o s and the addition theorem of Legendre functions, one finds for 
steady state: 


3F(z,p) 


to + = l Yj (21 + 1)(7 sl Pi <M) f* Pi (p')F(z,p')d/i' + S(z,p) 


(18) 


For isotropic scattering, Eq. (17) reduces to: 


1 9F 8F 

vlt +M ^ + aF = 2 


\ % f F(z,p',t)d/x' + S(z,/z,t) 


(19) 


Boltzmann’s equation can also be written as an integral equation; the formulation as an 
integral equation is particularly useful in approximation methods, e.g., the iteration 
method, the end-point method, and the variational method. 10,11 * 12 


The Integral Equation Formulation 

The integral equation for the steady-state collision density r,«) is based on the first 
collision probability density: 


*l £-E 'l)“4iI^hn*e-*lE-rl (20) 

K(|r - r'|) is the probability for a neutron starting from r' to suffer its first collision at r. 
For a distributed isotropic source, S(r'), the number of neutrons per unit volume suffering 
their first collision at r is: 

<Mr) = fJS dr'S(r')K(| r - r-|) (21) 

All collisions can be treated as first collisions by assuming that a neutron suffering any 
type of collision is absorbed and that (1 + f) new neutrons appear at the same point; i.e., 
for a scattering collision, f = 0; for real capture, f = — 1; and for fission, f = p— 1. In this 
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picture, an additional source of neutrons appears in each element of volume viz 

(1 + fWi(r). 

Capture, scattering, and fission collisions can all occur at the same point; the number of 
new neutrons appearing is therefore: 


1 + f(r) = 


q s (r) + vpfi r) 
a(r) 


( 22 ) 


with: 

0 = °s + °c + °{ 

For inhomogeneous media, f(r) depends on position, e.g., is different in core and tamper of 
a reactor. In this picture, i/>,(r) is the collision density, and: 

fff dr'K(|r-r'|)[S(r') +{l + f(r')}Wr')] (23) 


Equation (23) can be generalized to include time-dependent neutron distributions; the 
number of first collisions occuring at time (t) at a distance (s) from the source depends 
on the source strength at a time (t - s/v): 

= fJJ dr'Kflr —r'|)[S(r',t')+{l+ f(r')}<Kr',t')] ( 

where: 


t' = t - | r - r'|/v 


If: 

Mr,t) = ip( r) e at 
and: 


S(r,t) = S(r) e«t 


Eq. (24) reduces to Eq. (23) with the q in the kernel replaced by q + a/v. 

When S, f, and ip in Eq. (23) are either functions only of z (slab symmetry) or of r 
(spherical symmetry), similar one-variable integral equations result: 


*(*) = jTJdz'Kp! (|z — z / |)[S(z / ) + {1 + f(z')ty(z')] 
r^(r) = dr'Kpidr- xf |) r'[S(r') + {l + f(r')fy(r')] 
where: 


(25) 

(26) 


Kpi(|p|)= /*dr[2TrrK(|r|)] 

IpI 


(27) 


is the normalized plane kernel(i.e., Q dpK pl (|p|) = 1 ). Table 1.3.8 contains the explicit 
transport kernel Eq. (27). The negative values of r' encountered in En i * 

define S(r'), f(r'), and N(r') as even functions of r'. enCOUmered ta Eq ' (26) requlre ° ne *o 

Integral equations of the Milne type (transport kernels) for semi infinite _ 4 

....... M „ d * „„ jr 
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Table 1.3.8 — Transport Kernels 


Geometry 

Notation 

Normalization 

Kernels 

Point source 

K(|r-r'|) 

f 0 °° 47rR 2 K(R)dR = 1 

oe“ 0 l«'l 

47r(lr - r'|) 2 

Plane source 

K P ](|z - z'[) 

■Co K P1 (Ul)dz = 1 

| E|(cr|z - z'|) 

E,(z) = —dt 

■>z t 

Line source 

Kj(s) 

f* 2ttsKj (s)ds = 1 

1 

a 2 /*« 

— Ko(ost)dt 

s = ± distance from line 

source 

Cylindrical 
shell source 
at r' 

Kcfr.r') 

Jo" 2irrK c (r,r')dr = 1 

2 IT 

• 

/“ K 0 ((7rt)I 0 (aT't)dt, r>r' 

/" Ko(<n-'t)I 0 (aTt)dt, r<r' 


Fourier transforms. Let F{g(x)} be the Fourier transform of g(x), then one obtains for an 
infinite medium: 


F{<Kz)} = F{S(z)} 


[tanh W<r )]/(*/?) 

_ (1 + fHanlT'V/g) 

(k/o) 



If the scattering is anisotropic in the laboratory system and the cross section is expanded 
as a series of Legendre functions, an integral equation formulation conveniently solved 
numerically by iteration is still possible. 13 A trial function, e.g., a quadratic, is iterated ac¬ 
cording to Eq. (23), and the moments calculated from the iterated trial function are matched. 


Variational Formulation 

In the steady state when S = 0, the integral equation of transport theory, Eq. (23), can also 
be formulated as a variational principle for the eigenvalue, X; 6X = 0 where: 

_ Iff <*r Jff dr'fl(r)T(r) K(|r- r'|)T(r')*(r') 

fff dr ^(r)T(r) ^ 

and: 


r(r) = 1 + f(r) 


The equivalence of Eq. (23) to 6X = 0 can be shown by the usual methods. For applica¬ 
tions of Eq. (29) in general perturbation arguments, see Chapter 1.4. 

The advantage of the variational method is that very simple trial functions give good 
results for X. 

For example, if T(r) is constant in a sphere and zero outside, a parabolic trial function 
tf>(r) = 1 - Cr 2 , where C is chosen to make X an extremum, is often sufficient. 

Sometimes (e.g., in lattice problems) it is possible to approximate ^(r) by assuming that 
it is piecewise constant in appropriately chosen regions (e.g., fuel or moderator). 
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The variational method has been very successful in problems involving complicated 

geometries and kernels. It can also be extended to inhomogeneous integral equations 14 

In this case, the variation does not always lead to a true minimum but sometimes to a 
saddle point * 


THE DIFFUSION APPROXIMATION 
Expansion In Spherical Harmonics 

The Boltzmann equation can frequently be approximated by expansions in spherical 
harmonics e g., for anisotropic scattering, in two media problems where the media have 
different total mean free paths and in many cases where boundaries are not plane 16 - 17 
Results and special formulae are discussed later under “Homogeneous Regions in Con¬ 
tact One can obtain the elementary diffusion approximation from Eq. (18) by expanding 
the flux and source distributions in Legendre Polynomials: 


S(z>fi) = IS (21 + 11 S l< z ) p l(M) 

I 

WM = | S <2I + 

1 


and by using the orthogonality properties of the Legendre Polynomials: 


1 + 1 dF 1+1 1 dFi_x 

21 + 1 dz 21 + 1 dz 


+ a = OsjFj + Sj 


(30) 

(31) 


(32) 


In principle, Eq. (32) constitutes an infinite system of ordinary Unear differential 
equations. In the spherical harmonics method, the system is cut off after a certain 
harmonic n, and the remaining finite system of equations is solved for Fj(z). This is called 
the Pn-approximation. Thus, the Boltzmann equation, i.e., an integro-differential equation 
is replaced by a system of ordinary linear differential equations. This reduction is also ’ 
possible when the cross sections depend on position. 


The Pj-Approximation 

The Hrst and simplest approximation is the ordinary diffusion approximation where the 

expansion of F z,p) is broken off after the second term, i.e., it is assumed that ’ F (z p) is 
almost isotropic and S is isotropic. v 18 

This approximation is valid if the following conditions are satisfied- 

(1) Sources are far away, i.e., several mean free paths from the region considered 

considered ^ “ ediUm are SeVeral mean free P a ‘hs away from the region ' 

(3) The probability of capture is small compared to the DrohahiHtv , 

From Eq. (32), one obtains with o a = o c + o,= the totalabsorb 8Cattering - 

a me loiai aosorption cross section: 

dF. 

+ = s 0 



1 d<? ^ l tr d (p 

3(a-o fl ,) dz 3 dz 



* For the exact conditions, compare Davison. 15 
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where: 


(p = F 0 = nv 



By definition, F, is the net neutron current. An alternative expression for the neutron 
current can be found by computing the number of neutrons per second passing through an 

element of surface dS perpendicular to the z axis from above the xy plane, using the 
transport kernel [cf. Eq. (20)]: 


J + dS = dS 




d8<p{r)o s 


-err „ . „ 
e cosflsinfl 

4tt 



where e“ r<7 is the probability that neutrons leaving dr in the direction to dS are not lost on 
the way and 0(r)cr e cos0 dS/47rr 2 dr is the number of neutrons being scattered in the 
appropriate direction at r. 

Expanding the flux in a Taylor series one obtains for o a « o 8 : 



for the number of neutrons passing into the lower (+) or upper (-) regions, and for the net 
current into the upper region: 


«J — J_ — «J+ — 


l tr d<p 
3 8z 


z=0 



after making the transport correction of replacing the scattering length by the transport 
length l tr . 

The three dimensional forms* of Eq. (33) are: 
l tr 

-(-) = ~ x grad (38) 

div J(r) + Oa<p(r) = S 0 (r) 

The first equation is a statement of Fick’s law, viz., that the neutron current is propor¬ 
tional to the gradient of the flux density and through it the diffusion coefficient is defined 
as: 


D s ltr /3 



The second equation is simply a statement of the continuity equation for the steady state. 
The transport mean free path is defined as: 

l tr = l/[<r-a st ] (40) 

for weakly absorbing media: 

i tr = i B /[i - p„] < 41 > 


* Eq. (38) can be derived 16 from Eq. (17) by taking moments with respect to O and making diffusion 
theory assumptions. 
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Useful Formulations of the Diffusion Equation 
For a multiplying medium the source density in Eq. (38) is: 

S 0 (r) = S ext (r) + vOf<p( r) (42) 

For calculations using the elementary one-group diffusion theory, Eq. (38) is most con¬ 
veniently formulated as: 

V 2 <*>(r) + Lm <t>( r) + (3/l tr ) S ext = 0 ( 4 3) 

where: 


L® = 3 a a (k - l)/l tr 

and k, the so-called one-group multiplication constant, is defined as: 
k s vot/oa 



The solutions of problems of neutrons in a single medium have been reported in system¬ 
atic form by Wallace and Le Caine. 17 

For solving elementary diffusion theory problems by an integral, Eq. (38) is written as: 
Tj _l V 2 ^(r) - ip{r) + Spx* (r) + {l + f(r)}^(r) = 0 ( 45 ) 

where ip is the collision density, and: 

1 1* = 3or/l tr (46 ) 

For generalizations to multigroup and age theory, Eq. (38) is written as an obvious con¬ 
tinuity equation: 


(l tr /3)V 2 0(r) - o a 0(r) + S ext (r) + vcr { <p(r) = 0 



Integral Equations of Diffusion Theory 

By the use of Green’s theorem, Eq. (45) can be recast in the same form as the transport 
integral Eq. (23): 


<Kr) = /// dr'Kp(i)|r - r'|)[S ext (r') + {1 + f(r')}«r')] 


(48) 


where Kp(r;|r - r'|) is the solution of: 


tfVK$ 


kP + 


6(|r - r'|) 

4w | r - r'| 2 



(49) 


while in transport theory the kernel is given by Eq. (20). Alternatively, one can obtain 
from Eq. (47): 

a a $>(£) = KT dr'K§(*|r - r'|)[S ext (r') + uof <*>(r')] 
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where: 
k 2 = 3o a /l tr . 


Equation (50) can be generalized to age and multigroup formulations of the fission source 
term. 

In the general case, too, the relations (25) to (27) between kernels for different 
geometries hold. 

Table 1.3.9 lists useful diffusion kernels. 


Table 1.3.9 — Diffusion Kernels 


Geometry 

Notation 

Normalization 

Kernels 

Point source 

K^|r- r’|) 

/ o ~ 47T R 2 Kp(*R)dR = 1 

2 -x|r-r'| 

K*e 

4 *|r-r| 

Plane source 

K°,(k|z-z'|) 

Kpi(K|z|)dz = 1 

Ke -»c|z-z'| 

2 

Line source 

K?(ks) 

/*° 27TS Kp(KS)dS = 1 

i^ KB) 

s = j_ distance from line 

source 

Cylindrical 
shell source 

at r' 

Kc(*r, kt ’) 

J“ 2k r K c (k r, «r')dr = 1 

K 2 

2 K ' 

Ko(Kr) r> V 

K 0 <*r') I 0 (kt), r < r' 


Variational Formulation 

Elementary diffusion theory for S ext = 0 can also be formulated in terms of a variational 
principle; in exact analogy with Eq. (29), we obtain that A should be minimized: 

_ Iff <*r' fff dr i/;(r)T(r)K^(r?lr - r'lMr'Mr') ^ 

JJf dr 4> 2 (t)t{t) 

One-group Boltzmann and diffusion equations are self-adjoint. The generalization of 
Eq. (51) to non-self-adjoint problems, and the role of the adjoint are discussed in Chapter 

1.4. 


Time-dependent Diffusion Theory 

If the neutron density is time dependent, the equation of neutron conservation is: 


1 e^t) = 1^ V 2 0(r>t) _ + S(r,t) 



The time-dependent equation is solved, for example, by a Fourier-transform in the space 
coordinates and either a Fourier (steady state) or a Laplace transform (transients) in time 
An integral equation, analogous to Eq. (50) is obtained from Eq. (52) by use of the time 
dependent Green’s function in the form: 
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C7a0(r,t) = ffff dr'dt'^D 





S(r',t') 


(53) 


It is interesting to compare the retardation time (t ret = x/v) entering in the integral 
equation and the “diffusion time" (t dif = x 2 /2D) at which the neutron intensity at x reaches 

its maximum: 


tret _ 2 l^ r 
tdif 3 x 


At distances r » from the source, the retardation time is negligible compared to the 
diffusion time. Since most experiments involve the neutron distribution far from the source, 
it is usually permissible to ignore the retardation and to describe the time-dependent dif¬ 
fusion equation by means of an equation linear in d/dt. 

However, if retardation effects are to be considered, a new derivation of the basic dif¬ 
fusion equation and of Fick’s law is necessary. 

Proceeding as before, the result is that the neutron current is no longer proportional 
to the gradient of the flux but to a linear combination of time rate of change of current and 

Therefore the time-dependent diffusion equation will here contain 8 /at , i.e., it is a teleg¬ 
rapher’s equation: 


_L 8, F.te.tl + r ! + I 8F »<^j = i V 2 F 0 (r,t) - F 0 (r,t) + S(r,t) (54) 

(TV 2 8t 2 L CTj v at 3(7 

The solutions of Eq. (54) possess a well-defined wave front, followed by a long tail of 
disturbance owing to the term linear in 9/8t. The existence of the wave front is obvious; 
a neutron traveling with speed v requires at least a time r/v to reach a point at a distance 
r from the source. As r increases, the probability of a neutron reaching r without a 

collision becomes smaller and smaller. 


Validity of the -Approximation 
The generalized Fick’s Law: 

J <*> = ~ fr T* [?*«■>] 


(55) 


where: 

p* * f dpp 2 F(z,|i)/F 0 (z) = | + 3 [ f j ( 2 )/*o( z )] * 56 

can be derived from Eq. (18) without any restrictive assumption whatsoever. Therefore, 

elementary diffusion theory is valid if j? is Independent of position. 

Thus if F,(z)/F 0 (z) is independent of position, elementary diffusion theory is rigorously 
correct; the spatial variations of F,(z)/F,(z) give a rough measure for the error involved 

in using elementary diffusion theory near a source or a boundary. 

Numerical comparison of diffusion theory and exact results as well as prescriptions to 
extend the range of validity of results obtained from elementary diffusion theory are given 

In the following. 
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SOLUTIONS OF TRANSPORT AND DIFFUSION PROBLEMS IN INFINITE MEDIA 


Exact Solutions for the Transport Equation 
Isotropic Scattering (o = v = 1) 

The exact solutions of the transport Eq. (26) are characterized by a parameter*, de 
fined by: 


tan 1 k 

K 


1 + f 


(f > 0) 


(57) 


tanh 1 k 


K 


1 + f 


(f < 0) 


(58) 


For point sources, they have (in the asymptotic region) the form: 


n as( r ) = Cf 


.-#cr 


4 irr 


(f < 0) 


(59) 


n as (r) = A 


e iKr 

4 nr 


+ B 


iKr 


477 r 


(f > 0) 


(60) 


In non-multiplying media, k is the decay or attenuation constant, and the diffusion length 
is defined as: 


L = 1 /k<j (conventional units) (61) 

In multiplying media, k is essentially the inverse multiplication length, L m . 

For small f: 


k ~ V 31f| a (conventional units) 



Exact solutions have been obtained for constant f < 0 by the Fourier transform methods 
for plane sources S(z) = 6(z), and point sources S(r) = 6(r)[/4irr 2 , in the form: 


n(r) = Cf 
n(z) = C f 


-«r r 

V" +%(r) 

4wr 4 t, r 2 


-K Z 


2 K 


+ e 




(63) 

(64) 


The first term represents the asymptotic solution. The non-asymptotic part of ip( r) is the 
product of the transport kernel e -r /47rr 2 weighted by € s (r), i.e., the number of neutrons 
having suffered no collisions since leaving the source times e s (r). For small r, € 8 (r) ~ 1, 
and Cf is: 



2k 2 (1- k 2 L. g ^ Q 
(1 + £)(** + i)’ 



Cf and 1 — k are tabulated for representative values of f in Table 1.3.10. Figure 1.3.4 
shows € s (r) as a function of (r) for representative values of (f). It is worth noting that for 
r > 1, € s and € ^ are virtually identical. 
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Table 1.3.10 — Characteristic Numbers for the Asymptotic Transport Solution 

(M. Goldstein et al, AECD-1943) 


f 



0.0 

-.1 

-.2 

-.3 

-.4 

-.5 

-.6 

-.7 

-.8 

-.9 

- 1.0 


1.00000 
0.47457 
.28959 
.17137 
.92668 (-1) 
.42496 (-1) 
.14376 (-1) 
.25862 (-2) 
.90878 (-4) 
.41223 (-8) 
.00000 


3.00000 
2.52237 
2.05112 
1.59003 
1.14595 
0.73190 
.37327 
.11620 
.90940 (-2) 
.16489 (-5) 
.00000 


♦The notation x(-n) means x(10)" n 



Anisotropic Scattering (conventional units) 

For slightly anisotropic scattering, where o 8 (d) = hso + 3o sl p/2 and <7 S . = Mso. the 
asymptotic solution of the Boltzmann equation can be found by using a trial solution. 


F(z,d) = C 


A + 

1 ± (Kfl/j) 



( 66 ) 


Note that any separable solution: 


F(z,m) = f(z)g(4) 

TSL'M b, ■». that th, watto. i. 

identically satisfied by terms containing d in the zeroth and first power. 


, , i. v.-W /„i l±3do(hsidaAi) (67) 

(o so /K)tanh 1 (k/o) = 

, _ . . 1 - (q/xltanh-y/q) (68) 

A “ ± (VsoW*) I _ ( as0 /k) tanh" l (K/(j) 

This approach can be extended to arbitrary scattering law, pr,^hmds ll(5611 
factored into a product f(z)g(d)i d 2 is then a constant, i.e., Fick s law holds [cf., Eq. (56)], 

and a diffusion type equation will be valid for F 0 (z). 

For isotropic scattering, (do = 0)* reduces to the value given previously, and. 


±KZ 


F(z,p) = constant x ± (|C j^ 


(69) 


so that: 

M 2 = o ff a A 2 
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Fig. 1.3.4 — Coefficients of the Non-asymptotic Part of the Flux from a 
Point Source. From M. Goldstein et al, AECD-1943, LADC-506. 
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Applications of Results of Transport Theory in Diffusion Theory 
Asymptotic Transport and Diffusion Flux 

The correction to n as (r) given in Eq. (63) is negligible for r larger than a few mean free 
paths. 

nas (r) satisfies a diffusion-type equation for an anisotropic as well as isotropic scattering 
law. From an expression for the angular distribution in the asymptotic region, e.g., 

Eq. (69), one can prove that in the asymptotic region Fick’s law is valid. Redefining D of 
Eq. (39) as: 

D* s o&/k 2 

the equations for the asymptotic region become: 

J(r) = -D* grad (r)v 
and: 

-V 2 F 0 as (r) + k 2 Ff (r) = - [s ext (r) + w f F}»(r)] 


(70) 

(71) 

(72) 


i.e., F as (r) satisfies the basic equation of elementary diffusion theory for <p{ r) given in 

Eq. (47). ” 

The only effect of anisotropic scattering on the results contained in Eqs. (71) and (72) 
is to change the value of k. 18 

The validity of the diffusion equation (72) for the asymptotic flux F“(r) is the basis for 
increasing the range of validity of results of elementary diffusion theory by applying suit¬ 
able standard results of transport theory. 


Prescriptions 

The following prescriptions are frequently useful to get better approximations: 

(1) Use the exact asymptotic equation (e. g., for s trong absorption medium) by replacing 
diffusion coefficient D and diffusion length -J l tr /3a a of elementary diffusion theory by D* 
and L defined in Eqs. (70) and (61), respectively. If absorption is appreciable, use 

prescription (2). 

(2) Fictitious source: For strongly absorbing media, replace the actual source term in 
the diffusion equation by a fictitious source S*(r): 


S*(r) = 2 


2k 1 - (*/g) 2 
Os ( k/o ) 2 - (cr a At) 



(73) 


(3) Neutron density near a source: For a point source, replace 6(r) by the first collision 
density of neutrons = o / Air r 2 , and write a diffusion equation for the density of 

neutrons having experienced one or more collisions, using ip i as a source. 

If only prescription 1 is used and none of the others the asymptotic diffusion and transport 
solutions will differ by the constant factor given in Eq. (73). Actually, the distance from the 
source at which the diffusion theory solution becomes valid increases with increasing 
capture. For f-1, this distance tends to °° and the diffusion-theory solution is to be 

replaced by the first-collision density. 


Time-dependent Diffusion Equation 

For a source S(z,t) = 6(z)e»«t, the solution of the diffusion equation is a damped wave: 
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where: 



For the initial-value problem, where F(z,t) at t = 0 is prescribed as f 0 (z) and where 
f 0 (z) * 0 in a limited region, the neutron flux appears instantaneously at all points in 
space and persists indefinitely; there is no wavefront or retardation. 

The solution Fj et (z) for the generalized (telegrapher’s) equation (54; in the same case 

contains terms e (rvt/2 f(z ± vt/V"3) representing the waves traveling with a velocity v//3. 

The term representing the tail starts contributing at each point after the initial wave- 
front has reached it. 


HOMOGENEOUS REGIONS IN CONTACT 

BOUNDARY CONDITIONS 

Boundary Conditions in Transport Theory 

The boundary condition for the Boltzmann equation is: F(x,/i) must be continuous for all 
values of p at a plane interface between two media. 

Let F + (0,p) and F~(0,/i) denote the flux at the right and left of a boundary at z = 0, then: 

F + (0,|i) = F-(0,d) (75) 

Using the spherical harmonic expansion, the boundary condition can be written as: 

F+(0) = Fj-(0) (76) 

for all 1. Corresponding boundary conditions hold at curved interfaces. 

F(x,p) does not have to be continuous if the boundary is itself a neutron source or 
absorber. 

If one of the media, e.g., z < 0, is vacuum, the above boundary conditions are meaning¬ 
less. There are no collisions in the vacuum and no neutron flow from vacuum into the 
medium, unless sources to the left of (z = 0) are prescribed. A vacuum acts as a perfect 
(black) absorber and Eq. (75) is replaced by: 

F(0,p) = 0 (77) 

for /! > 0 (vacuum for z < 0). 

Boundary Conditions in Diffusion Theory 

In elementary diffusion theory (Pj approximation), F 0 (z) is a solution of a second-order 
differential obtained from Eq. (33). Both neutron flux, F 0 , and current, J, given by Fick’s 
law, must be continuous across an interface between two media. 

For a boundary between a medium and vacuum, it is postulated that the net inward flow 
vanishes: 
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J_(0) = f 1 <p(0,li)lidfJL= 0 

0 

Evaluating J_0 by means of Eq. (36) one obtains for a plane interface the extrapolation 
length X D of elementary diffusion theory: 



(79) 


X D is the distance beyond the boundary at which the extrapolated neutron flux would vanish 
according to elementary diffusion theory. In calculations, A D is usually replaced by the 
extrapolation length obtained from transport theory.* 


Application of Transport Theory Results in Diffusion Theory (a - 1) 

For semiinfinite media (z > 0), the logarithmic derivative of F 0 at the boundary, com¬ 
monly called the extrapolation length! (A), is defined by: 



_d 

dz 


log F 0 aS (z) 


z=0 


(80) 


Tables 1.3.11 and 1.3.12 give A computed from transport theory. 

For anisotropic scattering, the significant results are: 

(1) For a linear scattering law (cr S2 = 0) and no absorption, the emerging angular distri¬ 
bution, the extrapolation length measured in units of the transport mean free path, and F 0 (O) 
are the same as for the isotropic case. 

(2) For a quadratic scattering law (a S3 = 0), the maximum variation in F 0 (O) is about 
1.3 percent, and the variation in X, measured in units of the transport mean free path, is 

about 0.44 percent. 

For spheres and cylinders of radius (a), A is defined by: 


1 

A 


6 ^ 

dr 


log FHr) 


r=a 


(81) 


Graphs of A for black spheres and cylinders imbedded in a non-absorbing medium are 

given in Figs. 1.3.6 and 1.3.7. 

Curves II are the following approximations, good for a > 3: 

^sphere = 0.7104 + 0.5047 a' 1 + 0.2336 a“ 2 - 0.25 a" 3 log a - 0.1704 a' 3 (82) 

^cylinder = 0.7104 + 0.2524 a' 1 + 0.0949 a" 2 - 0.078 a~ 3 log a - 0.0256 a" 3 (83) 

Curves I are good only for very small a: 


^sphere 
* cylinder 



(84) 

(85) 


* Cf. below and Tables 1.3.11 and 1.3.12. 

tin most reactor applications, this extrapolation length is but slightly different from the distance 
between the actual reactor boundary and the place where the analytic continuation of the interior, 

asymptotic solution vanishes. 
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Table 1.3.11 — Extrapolation Length and Related Results for Standard Cases with Plane Geometry 

(Milne’s Problem) 


(J. C. Mark. MT-26. May 1947; G. Placzek and W. Seidel. MT-5, June 1943; C. Mark, MT-50. April 1944) 


Problem and 
restrictive assumptions 

Extrapolation length, X 

Related results 

No capture; scattering 
isotropic; normalization 

J = -1 

(« 

crx = z 0 = 0.7104 

F 0 (0) = >f3 

‘ 

F 0 (z) = v/3 1 - - Z<7 log Z<7 

c* 

> 

+ 1.2788 zo + ~ (crz) 2 log 2 (ztr) 

16 

-0.3822 (crz) 2 log crz + 0.7068 (zcr) 2 

+ 0 [(crz) 3 log 3 az] (near surface) 

« 

No capture; quadratic 
scattering law 

(TtrX - Z 0 

1 + 0.011 

+ o.ooi ( (7s2 ^ 


F 0 (0) = V3 ^1 - 0.322 

Capturing and multi¬ 
plying medium; linear 
scattering law: 

(7 cfl 

tf s (M 0 ) = <1 + 3b/i 0 ) 

See Table 1.3.12 for devi¬ 
ations from good ap¬ 
proximation:* 

Zo * Z ° 

0 1 + f 

Fq $ (z) = ~ sin k' (z + Zq) 

K 

For k', see Table 1.3.12 


* z' 0 is the distance to the plane on which the asymptotic solution vanishes, in units of the scattering 
length 


Table 1.3.12 — Diffusion Length and Extrapolation Length for Milne’s Problem 

for Anisotropic Scattering 

(Davison 19 ) 


1 + f 

(1 + f)z' 0 

(h , ) 2 

0 

1 - 

3b 

— 1 

0.2 

0.7843 - 

1.2197b 

— 0.99982 + 0.00350b 

.4 

.7300 - 

0.1624b 

-.9714 + .1660b 

.6 

.7154 + 

.3305b 

-.8233 + .4009b 

.8 

.7113 + 

.5757b 

-.5047 + .3902b 

1.0 

.7104 + 

.7104b 

0 

1.2 

.7106 + 

.7897b 

0.6965 - 0.8201b 

1.4 

.7117 + 

.8386b 

1.5871 - 2.0921b 

1.6 

.7130 + 

.8693b 

2.6732 - 3.8270b 

1.8 

.7142 + 

.8881b 

3.9554 - 6.0305b 

2.0 

.7152 + 

.8998b 

5.4341 - 8.7063b 

2.2 

.7162 + 

.9059b 

7.1096 - 11.856b 

2.4 

.7173 + 

.9084b 

8.9819 - 15.483b 

2.6 

.7184 + 

.9092b 

11.051 - 19.585b 

2.8 

.7194 + 

.9077b 

13.318 - 24.166b 

3.0 

.7203 + 

.9047b 

15.781 - 29.224b 
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ar 


Fig. 1.3.5 — Flux from a Unit Source at the Center of a Non-absorbing Sphere 
of Radius Equal to Three Mean-free-paths. From R. E. Marshak. H. Brooks, 
And H. Hurwitz. Jr.. Nucleonics. Vol. 4, No. 5. May 1949. 


Curves HI represent the probable shape of the dependence of A(a), indicated by spherical 

1 £—25 

harmonics calculations. 

The corresponding asymptotic solutions in the no-capture case as well as the plane 
boundary case are: 




(z + A) 


(plane) 


( 86 ) 


rF 0 as (r) = F 0 as (») 


( r -rbO 


(sphere) 


(87) 


F as (r) = (^-) [a log (r/a) + X] (cylinder) (88 

A diffusion-equation solution satisfying the boundary condition equation (80) gives the 
same result as transport theory does a few mean free paths away from the free boundary, 

since Fn :i ' s satisfies the diffusion equation (72). 

In many cases adequate results can be obtained by use of simple diffusion theory to¬ 
gether with the known (from transport theory) values of X for the given geometry. 

Explicit use of transport theory is necessary, for example, to calculate the true flux and 

current near a strong absorber or near a free boundary. 

Figure 1 3 5 plots solutions of the diffusion equation for the case of a bare sphere with a 
unit source at the center and f = 0 , Bo = 3. Curve A is the solution of the straightforward 
diffusion equation (boundary condition F 0 (R) = 0). Curve B is obtained by using an extrapo¬ 
lation prescription, and Curve C is the result of using both prescription (3) as well as an 

extrapolation length. 
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Fig. 1.3.6 Extrapolation Distance for a Black Sphere of Radius a. From 
B. Davison and S. Kushneriuk, MT-214, Mar. 1946. 
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cl S 

In Fig. 1.3.8, F 0 (z) and F 0 (z) are shown for the no-capture case near a plane boundary 
to vacuum. 


SOLUTIONS OF DIFFUSION AND TRANSPORT PROBLEMS IN BOUNDED REGIONS 

The methods of particular interest in criticality calculations, viz., the variational 
method, the perturbation method, the iteration method, and the Serber-Wilson method 
are discussed in Chapter 1.4. * 

The spherical harmonics method and its modifications 26 " 29 summarized below are useful 
both in flux and reactor criticality calculations. The P(-approximation contains all the 
results of diffusion theory. 

The Wiener-Hopf method and the related end-point method 30- 33 are useful in deriving 
the general results of transport theory. 


The Spherical-harmonics Method 

The basic idea of this method is to approximate the Boltzmann integrodifferential 
equation by a system of ordinary differential equations. 

For slab geometry, the solutions to the system of linear differential equations (32) 
without source for the total flux F 0 and the higher angular moments are given in the 
P 2 n-i-approximation for isotropic scattering by: 


Fi(z) = l Gj^j) 

i = l 


+ B,(— l) 1 e~^ z 



1 = 0, 1, .. 2n - 1 


For spherical geometry, the differential equations are in the P 2n _^approximation: 


u + i)(£ + 


~ 7 ~ ) F ' +l(r) + ~ V 1 ) Fl-.(r) 


+ (21 + l)[F;(r) - Sj(r)J - (1 + f) F„(r) 6j 0 = 0 (90) 


The solutions F^r) for Sj = 0 are given by: 


F,(r) = £ G^tAjH^r) + (4- l) 1 BjH.t-i/.r)] 

i = l 



The functions Gi(y) are defined by the recursion formula: 
1Gj(W G!_,(W + (1 - 1 )Gj_ 2 (^) = 0 

and explicitly: 

G 0 = 1 
G, = i/v 



2v 


2 (V + 3f) 



[(5 - 4f)^ 2 + 15f] 
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The functions are related to the Bessel functions of purely imaginary argument of the 
second kind (Ki+ij) by: 


Hl(_X) =_ Kl+V * (x) (94) 

Numerical values for the v i for use in the P 3 -approximation are given in Table 1.3.13. 


Table 1.3.13 — v x and v 2 for the P 3 -approximation 

(Mark 63 ) 


f 


±v 2 

-0 

0 

1.972 

-0.1 

0.526 

2.055 

-.2 

.712 

2.146 

-.3 

.835 

2.242 

-.4 

.923 

2.341 

-.5 

.989 

2.443 

-.6 

1.040 

2.544 

-.7 

1.080 

2.646 

-.8 

1.113 

2.746 

-.9 

1.139 

2.844 

-1.0 

1.161 

2.941 


The v x for the P 2 n-i-approximation are defined as roots of: 

G 2 n (p) = 0 

The smallest positive root of Eq. (95) is an approximation to k defined by Eq. (58) 
In regions containing isotropic sources (S 0 ), the solutions for slab geometry are: 

Ftfz) =(F 1 (z)) no source + Pj(z) 


(95) 


(96) 


where: 


p x (z) = CiG[{vi)[e ViZ u(y if z) + (-l/e VlZ u(-i/j,z)] 


(97) 


The Cj depend only on the for the P 3 -approximation 


ci = 


5(llu? - 21) 

9(u\ - v\) 


(98) 


5(11 ~ 21) 

9(u\ -v\) 

The u(i/,z) are defined by: 


± f s 0 (t) e- vt 


dt 


(99) 
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For spherical geometry, the solutions for the F^(r) are: 

Fj(r) = C F i(r)) no source + Pl< r > 
where: 


( 100 ) 


p,(r) = 1 c,G,(t< 1 )[H 1 (i' i r)u(K i ,r) + (-1) 1 H^-vjrM-i/Lr)] 

i = l 

The Ci are defined by Eq. (98) and the u^r) are defined by: 


( 101 ) 


u(i/,r) = |J' S 0 (t)te" rt dt (102) 

The arbitrary constants A* and B, occurring in Eqs. (89) and (91) are determined by the 
boundary conditions of Eq. (76). 

For a semi-infinite medium only one exponentially increasing term is allowed, and A* = 

0 for i = 2, 3, . . .n. 

At a free surface (z = a), the following alternative boundary conditions have been used: 


(1) f 1 F(a,M)/i 2 l+, dM=0, 1 = 0,1, ..., n-1 (103) 

(2) The second medium is considered as a real pure absorber (f =-l); F(a,p) is computed 
in the second medium by the spherical harmonics method and boundary-condition equation 

(76) is applied. 

(3) F(a,p) is required to vanish for a sufficient number of different values of Pj to deter¬ 
mine all constants. The values of p* selected are the n negative roots of P 2n (n) = 0. 

It has been shown by Davison that conditions (2) and (3) are exactly equivalent. If media 
of various “greyness” are to be compared, prescription (2) may present an advantage. 

A generalized spherical harmonics method applicable in principle to any geometry has 
been developed by Mark by using expansions in general tensor harmonics. From these 
expansions, angular moments for cylindrical geometry are obtained. 

In any geometry, the flux F 0 satisfies in the P 2 n-i-approximation the equation: 

ft (V 2 - ^)Fo(r) = 0 (104) 

This equation factors and the constituent parts of F 0 which give its spatial dependence 
are solutions of Helmholtz equations: 

(V 2 - i/f)f 4 (r)* = 0 (105) 

It is worth noting that the form of the solutions f*(r) depends on the geometry of the 
medium, but that the parameters entering the arguments of the solutions are independent 
of the geometry. They depend only on the order of the approximation used and on the value 

of f; for any geometry, they are obtained from Eq. (95). 

For slab and sphere geometries, only 2n Ffs and 2n arbitrary constants occur in the 
^ 2 n-i-approximation, whereas n(n + 1 ) functions of (r) and n(n + 1 ) arbitrary constants 
occur in cylinder geometry. 

Odd order approximations have been used more frequently; for the use of even-order 
approximations, see Mark . 26 

It has been suggested 25 that, in the determination of extrapolation lengths, the even-order 
approximations converge to the exact result from above and the odd-order approximations 
converge from below. 
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Numerical work has shown that, in general, the third-order approximation leads to 
definite improvements over the first-order approximation and that higher approximations 
usually lead to smaller corrections. 

Modified Spherical-harmonics Method (Wick’s Method) 

The basic idea of this method is to approximate the integral: 

/ i dp F(p,z) 

occurring in the transport-theory equation by the use of an appropriate numerical integra¬ 
tion formula. Wick chooses the Gauss integration formula : 34 

d M F <M,z) = 2 I R m F ( z .Mm) (106) 

m=0 

where the p m are defined as the (n + 1 ) roots of: 

p n+i(M) = 0 

and the R ra are listed through n = 5 in reference (35). 

For n = 1: 



Equation (19) reduces to a system of ordinary differential equations: 


Mi + F(z,«) = (1 + f) 2 RmF(z,p m ) (107) 

m =0 

n being the order of approximation. The angular dependent solution of Eq. (107) is differ¬ 
ent from that given by the spherical harmonics method. In Wick’s method: 


F(z,p) 


1 + f 
2 



At 
1 + 


e v i z 


(108) 


where the Aj are to be determined from the boundary conditions and, for n odd, the viare 
the roots of Eq. (95). 


The End-point Method 

The mathematical technique used in the end-point method is to solve the integral 
equations of transport theory and the approximations to these equations by means of the 
Wiener-Hopf technique. 

The basic idea of the Wiener-Hopf technique is to use the Laplace or Fourier transform 
of the neutron density. The transform of the neutron density can be expressed in terms of 
functions depending on f and the boundary conditions. It is frequently possible to determine 
the transforms by using Liouville’s theorem and related arguments of the theory of com¬ 
plex variables. It is often very easy to derive simple results for the asymptotic neutron 
density and for the density near an interface by using the so-called Tauberian theorems. 

The idea of the end-point method is to treat the behavior of the solution near each 
boundary as if no other boundaries existed. If the boundaries are far apart, the assumptions 
of the end-point method are certainly valid, and one-boundary Wiener-Hopf solutions for 
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different regions can be combined in such a way that the asymptotic components coincide. 

It has been shown 36 that the method gives reasonable results if the distance between 

boundaries is only a few tenths of a mean attenuation distance. 

The end-point method is applicable in one-dimensional problems (slab and spherical 

geometries) and is used in treating multiregion transport problems. 


SPACE AND ENERGY VARIATIONS 
(Eugene Gbeuling and Harry Soodak) 


FERMI AGE THEORY 
AGING 

If the diffusion approximation is made on the leakage term, there results the continuity 
equation: 

div D grad <p(r,E)-a a <p( r,E) + 8q ^ E) + S(r,E) = 0 (109) 


with: 

D = (110) 

3°tr 

Combining this with the result of the Fermi slowing-down approximation, Eqs. (10) and 

(13): 

q = £cr s E<p (111) 

leads, in the case of space -independent cross sections, to: 

V 2 q(r,T) —3<7 a <7 tr q(r,r) + 8Q ^ T ^ + S(r,r) = 0 (112) 

where the age variable (r) is defined* by: 



1 dE 
3£cr s at r E 


(113) 


and: 

S(r,T) = 3£a s a tr E S(r,E) 

The age or age difference r(E,E') between two energy values is defined by: 

1 dE" 

3£or s (7tr 



(114) 


(115) 


* r is here defined as an increasing function of E rather than a decreasing function. If the latter 
alternative is chosen, the right side of Eq. (113) and the term 8q /dr of Eq. (112) should be changed 
in sign. 
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Eq. (112) may be rewritten as: 

V 2 q'(r,r) + ^ a ( ^ T) + p" l (E,E 0 ) S(r ,r) = 0 


(116) 


with: 


q = p(E,E 0 ) q' 
where: 


P(E,E 0 ) 



o a dE 

i<r s E 


(117) 


(118) 


and E 0 is any energy value. It is seen that, for a monoenergetic source, the solution with 
absorption is simply the solution without absorption multiplied by the infinite-medium 
resonance escape probability (as given by the Fermi slowing-down theory). 

Tables 1.3.14 and 1.3.15 present some important solutions 57,38 of the age equation in the 
case of single homogeneous regions. It is assumed that, for the finite regions, the extra¬ 
polated boundary (see below, “Finite Regions and Boundary Conditions”) is independent of 
energy. It is seen that the second moment of the slowing-down distribution (the mean 
square distance between birth position and position of crossing a given energy value) is: 

r* (E,E 0 ) = 6 t(E,E 0 ) (119) 

Two media problems are difficult to solve because of the complicated boundary condi¬ 
tions (see below). Some solutions to such problems exist. Bellman, Marshak, and Wing, 3 * 
have reported the solution to the problem of a monoenergetic source displaced from the 
plane interface between two semi-infinite non-absorbing media in which the ratio of scat¬ 
tering cross sections is independent of energy, and a similar problem has been reported 
on earlier by Friedman. 40 


Table 1.3.14 — Aging in Infinite Homogeneous Medium 

[r = t(E,E 0 ); p = p(E,E 0 )] 


Source 

q(r.E) 

Comments 

Point source 

At r = 0, E = E 0 

6(r) 

S = 47T? 6(E —E°) 

e"^ 

P (47Tt)^ 

r*(E ,E n ) =6 t 

Plane source 

e-* 

P 

? = i P = 2t 

At x = 0, E = E 0 

S = <5(x) 6(E-E 0 ) 

3 

*‘Laplacian M source 

At E = E 0 

S « 6(E — E 0 ) f(r) 

Where V*f(r) «= - B 2 f (r) 

rEo oS» dE 
f(r) e Jc ta ‘ E 

a2 ff = <r h + DB 2 
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Table 1.3.15 — Aging in Finite Homogeneous Medium 

(t = t(E,E 0 ); p = P(E.E 0 )] 


Case 


Point source in sphere of 
extrapolated radius = a 

S = f^2«(E-E 0 ) 


Plane (non-uniform) source 

in infinite column of extrapolated 
dimensions = a,b 

« .It rx . rmry 

S = <5(E-E 0 ) 6(z) £ S lm sin —sm-^— 

l.m ■ 1 


Point source in infinite 

column of extrapolated dimensions = a,b 

S = 6(E-E 0 ) 6(z) 6<x-Xo) 6(y-y 0 ) 


“Laplacian” source vanishing 
at extrapolated boundary: 

S = 6(E-E 0 ) f(r) 

V 2 f(r) =-B 2 f(r) 

f(r) = 0 at extrapolated boundary 


q(r,E) 


= 2a*r Jk, 


p * . m7rr - 7 

j- £ m sin -e a 


= P 7 


(47TT)^ 


.♦2 1 (cosh^ 

m • 1 ' 7 

2am , , amr \ - ID f i ' 

-sinh -/ e 

r t / 


£ 1 7tx mrry 

q(r,E) = p I q lm ein — sin — 

l ,m • 1 a u 


where: 


e ~£r t (Jl + 


Solution obtained from preceding one, with 

_ 4 . lTTXfl m 7ry 0 

Slm= S 3i " a Sm — 


or: 


q P (4 ttt)* 


2 [•- 


(x-x 0 +2al)* 


4 T 


1 .m - -«o 


(x-»x e -»2al) 1 

-e 77 


(y-y # +2bm>* 

77 


— e 


(y+y f +2bm)*1 

~4 t J 


fEoo«» dE 


q(r,E) * f(r) e 


where 


(r* ff = a»+ DB 2 


[*■0 g”' 
■'E Co s 


AGING FOLLOWED BY DIFFUSION 

In thermal reactors, the aging process continues until thermal energies are reached, and 
the thermal neutrons then diffuse (see “Thermal Distributions,” above and “Diffusion of 
Thermal Neutrons,” below). If it is assumed that the change from aging to diffusion occurs 
at a definite energy (E^), the thermal-neutron flux (</>thh satisfies: 

div Dth grad </>th(r)-<r a ,th <P\h (r) + q(r,Eth) = 0 (120) 


403 


CHAP. 1.3 


REACTOR PHYSICS 


the solution to which in the case of an infinite homogeneous 
Eq. (50) and Table 1.3.9, as: 


medium, can be expressed, cf., 


<?th 


r e -«\r-r'\ 

(T - ) = J ^thlr-r'| q(r '’ Eth)d ^ 


( 121 ) 


where: 


K 




( 122 ) 


and is the reciDrocal diffusion length. 

Solutions ,37,38 of the problem of aging followed by diffusion for some interesting fast- 
neutron sources in simple geometries are presented in Tables 1.3.16 and 1.3.17. The ex¬ 
trapolated boundary is assumed to be energy-independent. It is seen that the second mo¬ 
ment (the mean square distance between birth position and position of death by thermal ab¬ 
sorption) is given by: 

r 2 (Eth.Eo) = 6[r(E th ,E 0 ) + L 2 ] = 6M 2 (123) 

where M 2 is called the “migration area'* and M is the migration length. 

Figure 1.3.9 plots r 2 cp^ for a point source in an infinite medium; Fig. 1.3.10 plots 
477 fo r Vth dr , the thermal flux within (r); and Fig. 1.3.11 plots 4 ir/* rV^dr for a point 
source at the center of a sphere of extrapolated radius (a). 


Table 1.3.16—Aging Followed by Diffusion in Infinite Homogeneous Medium 


It = T (Eth,E 0 ); p = p (E^.Ej)) 

Source 

<prh(r) 

Comments 

Point source at: 

r = 0, E = E 0 

S = fi(E-Eo) 

4irr i 

^ ( - r> = sXr( e "t 1 eri ( KV7 277 )] 

e [l erf (k/t + 2 /^)j J 

for r » 2 k r 

r 2 = 6 (r + L 2 ) = 6M 2 
L 2 = ‘/k 2 = Dth/a^ih 

Plane source at: 

x = 0, E = E 0 

S = 6(x) 6(E-E 0 ) 

= p 4KD Ih ( e “ [ 1 + erf ( 2 77 

+ e KX [l erf( 2 ^ + «/?)]] 


"Laplacian” source at: 

E = E 0 

S = 6fE —E 0 ) f(r) 

where 

V 2 f(r) =-B z f(r) 

(fixhd) * -hf - q (r.Eth) 

°*,ih 

.p dE 

o/* f = a t + DB 2 

and thus 

offSh= 0* (k 2 + B 2 ) 
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Table 1.3.17 —Aging Followed by Diffusion in Finite Homogeneous Media 



Point source in infinite column of 


Solution obtained from preceding one, with 


extrapolated dimensions - a,b 

S = 6(E-E 0 ) 6(z) 6(x—X q) 6(y-y 0 ) 


Laplacian” source vanishing at 
extrapolated boundary 

<pth(r) - -ft q(r»Eth) 

°a.«h 

where 0 *^“ DB 2 + cr* 

S «= 6(E-E„) f(r) 

V 2 f(r) = — B 2 f(r) 

f(r) = 0 at extrapolated boundary 

. . f(r) dE 

" eff ® *thto B E 
a *,th 

where Oa[(h = D^B 2 + k 2 ) 


IMPROVEMENTS ON FERMI AGE THEORY 

The inaccuracy of age theory is reflected in the gaussian distribution of Table 1.3.14, the 
moment formula, Eq. (119), the resonance escape formula, Eq. (118), and the effective es¬ 
cape integral in the third row of Table 1.3.14. The deviation from the gaussian distribution 
and the special case of hydrogenous media are considered below. The moment and escape- 
integral difficulties, although interrelated, are treated consecutively below. 
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Fig. 1.3.11 —Aging Followed by Diffusion Owing to Central Point Source of 
Fast Neutrons in Finite Sphere of Extrapolated Radius a; 4* / 0 * r 2 <pth(r)dr vs a. 
Reprinted from Wallace and Le Caine, MT-12, NRC-1480. 
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MOMENT IMPROVEMENTS IN THE ABSENCE OF ABSORPTION 

Equations (119) and (115) generally underestimate the second moment owing to a point 
source. As shown by Young,“>« this is a result of the incorrect energy spectrum o age 
theory, the correct moment in the absence of absorption for an arbitrary source, S(E), 

being given by: 


(124) 


rq(E) = 2 / E “l<p(E) dE 

where <p( E) is the flux in an infinite homogeneous medium resulting from an integrated 
source strength of 1 per unit volume. For isotropic scattering in the laboratory system, 

Eq. (124) is exact with: 


1 = 


tfs (E) 


while for non-isotropic scattering, it is approximate with 

1 = 1 /o tr (E) 


For the source: 

S(E) = nr^T) (e, - e) 

in the interval c*E 0 up to E„, the flux (see “Exact Solutions for Special Sources” above) is 
given exactly by: 

and the resulting second moment is simply 6r(E,E 0 ), the age-theory result for a monoener- 

get For S the r monoenergetic source, however, to which Eq. (119) applies, the exact spectrum 
<p( E ) (see "Fluctuations near Source Energy,” above) differs from the asymptotic spectrum: 

in the first few collision intervals and also at the source energy E 0 , where: 


6(E-Eo) 

Thus, Eq. (124) leads to: 

7q (E,E 0 ) = + ® T (E, E o) + 2 J^° l[<p(E)-<p a (E)]dE (125) 

which gives the mean square distance between birth position at E 0 and position of crossing 
the energy, E. _ 

Another second moment (r^,), the mean square distance between birth position and posi¬ 
tion of collision at energy E, is given in the Fermi, Wigner, and G. G. approximations (see 
“Slowing Down with No Space Variation," above) by: 
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(E) = r< *(E) + 


2c 

a s (E) cr tr (E) 


(126) 


for energies (E) below the source energies. Equations similar to Eq. (126)* are usually 
written and, in the case of a monoenergetic source, used in conjunction with Eq. (125) 
modified by neglecting the difference between the exact and asymptotic flux. This proce 
dure gives r^> to within 1 percent of the result of an exact computationf in carbon. 

ESCAPE-INTEGRAL IMPROVEMENTS 

Equations (3) and (4) in the Fermi, Wigner, and G. G. approximations imply: 


gq(r,E) _ q(r,E) 

8 E £E a s' E ) ^(r» E ) 


(127)J 


which for the Fermi case (e — 0) is identical to Eq. (Ill) and leads to age theory. The com¬ 
bination of Eq. (127) with the diffusion equation (109) gives for space-independent cross 
sections: 


V 2 q — 3(7aCTtrq + (1 + € 


Oa gq € 

(Js 3r 3a s otr 


V 2 3q 

3 r 


+ S(r,r) = 0 


(128) 


rather than Eq. (112). 

The solution of Eq. (128) cannot be expressed as a product, as in Eq. (117), of the escape 
integral and the solution without absorption. For a monoenergetic laplacian or mode source 
(cf. Tables 1.3.14 and 1.3.15), the solution can be obtained by replacing V 2 by — B 2 and then 
using Table 1.3.3. The result is: 


q(r,E) = f(r) 


1 + e 


g a + DB 

CT C 


__ r E 0 dE 
e h £cr 5 E 


J E=E 


where 


D = 


3a t r(E) 


(129) 


and: 



<7 a + DB 2 
i + £ Ja + DB2 


(130) 


For a point monoenergetic source, an ad hoc alternative 45 to the use of Eq. (128), which 
retains the simplicity of the age-theory result Eq. (117) (Tables 1.3.14 through 1.3.17), con- 


*Weinberg and Noderer 43 write, in essence, the formula: 





t Marshak 44 fits the scattering cross section by a sum of powers of the energy, and proceeds ac 
cording to the methods described below in “Exact Space-dependence of Slowing-down Density.” 

X Eq. (127) results in Eq. (10) when Eq. (2) is valid, that is, when there is no leakage. 
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sists of replacing Eq. (118) by a more accurate infinite-medium escape integral (Tables 
1 3.3, 1.3.4, and 1 . 3 . 6 ) and replacing r(E,E„) as given by Eq. (115) by one-sixth of the mea ®' 
ured (or more accurately computed) ^ (E,E„). More general source solutions are obtainable 

from these ad hoc solutions by superposition. 


EXACT SPACE DEPENDENCE OF SLOWING-DOWN DENSITY 

DEVIATIONS FROM THE GAUSSIAN DISTRIBUTION 

In an infinite nonabsorbing medium having only elastic scattering with energy-independent 
cross section, results more exact than those from Fermi theory have been obtained. 

A Laplace transform (i.e., multiply by e"^ and integrate from 0 to <*>) of the Boltzmann 
equation for the collision density leads to an equation similar to Eq. (17). This one- 
velocity” problem has been treated by the spherical-harmonic method. 

An alternative method 47 ’ 48 involves a further Fourier transform with respect to the space 
variable, z (i.e., multiply the equivalent one-velocity equation by e 1/v and integrate from 
_«> to +«), before spherical-harmonic expansions are made. The resulting infinite sequence 
of equations is then solved approximately, and the Fourier and Laplace inversions are per- 
formed-the latter by the method of steepest descents. For a plane, isotropic, monoener- 
getic (E 0 ) source, with z the distance from the plane in units of the mean free path: 

u =ln(E 0 /E) 


where M is the mass of the scattering nuclei, and: 


t = u/3 £po 

is the Fermi age, the resulting slowing-down density can be written (for z < u') as: 


0(z/u # ) 

q(z,T) = k(z/u') ^ 


(131) 


where </> and K are as shown in Table 1.3.18. 

The first-mentioned spherical-harmonics method, carried through the P 2 -approximation, 
leads to a less accurate but simpler result for M » 1, namely; 

Z* 

q(z,r) = [1 + (V 4 u)F (z 2 /V )1 


(132) 


where: 


F(z 2 /t) = (B l -2B 0 ) - (2B 1 -B 0 )(z 2 /t) + (B 1 /4)(z 2 /t) 2 


4 7 

Bo = — 1 + * * *' 


15M 


B 1 = ^(l-J i +...) 


5M 


3M 


Equation 132 was first obtained by Placzek 40 using the method of moments 
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In Fig. 1.3.12, a comparison between theory, Eq. (132), and an experimental measure¬ 
ment 50 in graphite is shown. An Sb 124 -Be photoneutron source (E 0 ~ 20 kev) was used, and 
the saturated activity, A s (which is almost proportional to q), of indium foils was measured 
out to about 60 cm from the source. In this energy range, the neutron mean free path is 

essentially constant. For comparison, the gaussian age-theory result is also shown in Fig. 
i.3.12. 


ASYMPTOTIC SPACE DEPENDENCE 


At very large distances (z > — u), Wick has shown that q - e _z . Numerical work done 
for M = 12 by Marshall, a student of Wick, yields the following asymptotic result: 


q(u,z) 



+0.250 


©*•••] 


(133) 


for the same problem as considered previously. 

Wick et al also consider energy-dependent cross sections, finding that in a nonabsorbing 
medium the asymptotic space variation is as z b e _z , where z is measured in units of the 
mean free path at the source energy and b depends upon how rapidly the mean free path de¬ 
creases with decreasing energy. 

In a multiplying medium with k (number of neutrons produced per neutron absorbed) 
slightly less than unity, the general asymptotic solution for the fission density at distance 
z from a plane source (of unit fission rate per unit area) is: 11 



1 z -J 1 -k/m 

2m/T3k e 


(134) 


where m 2 is the mean square migration distance of the neutrons, cf. Eq. (123), from fission 
birth to where they in turn produce fissions. 

By the use of Eq. (27), point sources can be handled from the results for plane sources, 
e.g.: 


q(r,T) 



a q(z>T) 

az J z = 


r 


(135) 


HYDROGENOUS MEDIA 
SLOWING-DOWN DISTRIBUTION 

When a large fraction of the neutron energy may be lost in a single collision, as is the 
case for neutron-proton collisions, the Fermi age-diffusion equation (112) should be re¬ 
placed by Eq. (128) with e = 1 for hydrogen scattering. For hydrogen, Eq. (128) is exact 
except for the diffusion approximation that leads to the V 2 q term. A solution of Eq. (128) 
with cr a = 0, discussed below and shown in Fig. 1.3.13, which takes into account the energy 
variation of a s and atr in H 2 0 does not give a gaussian slowing-down space distribution. If 
the Fermi age-diffusion equation (112) is used for hydrogen, i.e., € = 0 in Eq. (128), a 
gaussian distribution is obtained (cf. Table 1.3.14). 

Despite the non-applicability of Eq. (112) for hydrogen, Wick has shown that, for constant 
cross section, for M = 1, and for non-absorbing media, the collision density of neutrons 
(ip 0 ) slowed down through a logarithmic energy range u is very close to the gaussian distri¬ 
bution up to distances of u mean free paths; see Fig. 1.3.14, Table 1.3.18, and Eq. (131). 
The deviation from age theory (curve B of Fig. 1.3.14) becomes very large only at dis¬ 
tances greater than u mean free paths (factor of ten at 2u mean free paths: curve A). 
Asymptotically, ip c behaves as shown in curve C. 
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Fig. 1.3.12 — Slowing-down Density to Indium Resonance in Graphite from an 
Sb 12< — Be Photoneutron Source. From L. D. Roberts, J. E. Hill, and G. 
McCammon, ORNL-201, 1950. 
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Fig. 1.3.13 — Comparison of Indium Resonance Activity with Theoretical 
Slowing-down Density in H 2 0 from a Fission Point Source. Submitted by N.D.A., 
Aug. 28, 1952. 



Fig. 1.3.14 —Deviation of Collision Density, tp 0 (z), {rora the Gaussian Distribu¬ 
tion (B) of Neutrons Slowing Down in an Infinite Medium of Constant Mean Free 
Path ,1. From G. C. Wick. Phys. Rev. 75, 1949. Source energy = e 10 E; distance 
from plane source = zl; curve A is asymptotic to Curve C at very large distances. 
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Table 1.3.18_Coefficients Giving Deviations from the Gaussian Slowing-down Density 

(Adapted from Bethe, Tonks. and Hurwitz 47 ) 


Mass M 

K(Z/u') 

<*>(Z/u') 

1 


11 / z y 73 /z\* 

1 240 \u'/ 32.256\u '/ * 

9 

1 - 2.225(1) - ♦ 12.39(^) 4 

1 - 1.080(|)’ + <3.169>(£) 

12 


1 - 1 ' 142 (?) + ' 3 - 538 »(^) 

oO 

1 -2.8°(f) ! ' + 19 .2°(^)‘ 

l-1.35o(|) +(4.908 )(y) 


The distribution of fission neutrons moderated in H 2 0 to In resonance energy, 1.44 ev, as 
measured, differs significantly from the gaussian distribution over the entire range of dis¬ 
tances from a point source (cf. curves A and D of Fig. 1.3.15). 

The solution of Eq. (128) for a point fission source in H 2 0, where the presence of oxygen 
is taken into account by including its scattering in the transport cross section, is obtained 
by taking the three-dimensional Fourier transform with respect to the variable r which is 

the distance from source. 

The transformed function Q(E,u>) is given in Table 1.3.3 for hydrogen by the following 
substitution of symbols: 

q(E) — Q(E,w) 

cr(E') — <x s (E') + u; 2 /3 cr tr (136) 

tp (E) — ip( E,w)(l + w 2 /3 CTgOrtr) 

The solution Q(1.44,w) was obtained by numerical integration for several w values. 62 The 
slowing-down distribution at In resonance was obtained by numerical integration of the 
Fourier inverse transforms after correcting 4 Q for the small amount of slowing-down by 

oxygen: 

q In (r) =[l/(27r 2 r)]/ o ~ Q(1.44,w) w sin(wr) du> (137) 

Figure 1.3.13 shows a comparison of qi n (r) with the experimentally measured, saturated 
In-foil activities (A s ). This method is not suitable for obtaining the asymptotic behavior of 
q(r). Because of the sharp resonance of In, the activity (A s ) is directly proportional to the 
collision density at 1.44 ev rather than to the number of neutrons crossing 1.44 ev, which is 
q In . According to Eq. (126): 

r$ = A + 2.5 cm2 

Thus, the theoretical 4irr 2 <7 S <£ curve would appear shifted slightly towards the experimental 
curve. 

ri OF HYDROGENOUS MEDIA 
<P 

Substances such as water or paraffin slow down neutrons very effectively because their 
hydrogen content is high. By ignoring the slowing-down effect of the heavy elements in a 
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r, cm 

Fig. 1.3.15 — Slowing-down Distributions from a Point Fission Source in H 2 0. 
Reprinted from S. Glasstone and M. C. Edlund, The Elements of Nuclear Reactor 
Theory, D. Van Nostrand Co., Inc., New York, 1952. (A) = experimental, to 
Indium resonance; (b) = convolution of three diffusion kernels; (C) = one diffusion 
kernel; (D) = gaussian kernel. 


hydrogenous medium, very good values may be obtained for r^ in terms of the behavior of 
the three-dimensional Fourier-transformed collision density ip(u,u) at u> = 0, u * 0; that is. 




(138) 


Marshak 53 has indicated a method of obtaining ijf( u,0) and its second derivative as a function 
of u exactly. The resulting formula 64 for rj, is: 


^ - 2 [m + hS + X U ¥£) du ' +1(0) 1(u) F(0 ’ u) 

+ l(u) f" l(u') F(u',u) du' + 1(0) JT l(u') F(0,u') du' 

+ f U l(u') f" l(u') F(u',u') du"du' 

Jq * / o 

- 


(139) 
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where: 


F (x,y) = exp + 


-3 


(y-x) + f y C(t)dt 


l(u) = total mean free path at energy E - E 0 e u 
C(u) = 1 (u)/hydrogen mean free path 


THE GROUP METHOD 

Although more generally applicable,* the group method is here described in terms of the 
diffusion equation (109). 


THE FLUX EQUATIONS 

Division of the energy scale into N intervals (E 0l E t ), (Ej,E 2 ), . .. (Ei_i ,Ej),.. . (En- 1 ,E n *) 
with E 0 the highest and E N the lowest energy, and integration of Eq. (109) over the i inter 

val results in: 


div D t grad 4>i(r)-a ai 4>i(r) + qi-i (r)-qi(r) + Si(r) 0 


(140a) 


where: 

4*1 (r) = f E ‘' 1 ^i(r.E) dE 

El 


and: 



S(r,E) dE 


(140b) 


(140c) 


are the integrated flux and source in the ith group, and Dt and a a i are proper average quan¬ 
tities. The quantities q^, and qi are the slowing-down densities, as given by Eq. (3),t at 
the energies and Ej, and may be written as: 


i 


q^r) = q(r,Ei) - £ s^fr) 

J=i 


(141) 


where the Sij are defined by Eqs. (3), (140b), and (141). If the interval Ei_,, Ei is larger in 
extent than a collision interval, then sn is the only non-vanishing coefficient. 

Equations (140) may be written as: 


1-1 


div Di grad ^(rj-ai^frj + £ + S t (r) = 0 


(142a) 


where: 

oq = o a i + fl U (142b) 


♦Safonov 55 treats the many-velocity transport equations. Davison 56 discusses two-group transport 
theory and the two-group Serber method. Feynman, Welton et al 57 use the group method in their work. 

tWhere ~ tp = <p 
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and: 


crij =S H j-Sjj (142c) 

In Eq. (142a), the term represents the total loss out of group i by absorption and 
slowing-down, and the terms 4>j in the summation represent the scattering into group i 
from group j. In the high-energy group, i = 1, the summation is to be replaced by zero. In 
the low-energy group, i = N, all the quantities SNj are taken as zero, since there is no 
lower group into which the neutrons can slow down. 

The boundary conditions as obtained from Eqs. (157) and (158) are: 


Interface 


4>i (r) = continuous 

Di grad 4>i(r) = continuous 

1 a 4>j (r) _ 1 ^ 1 

4>i a'normal \ 3(0.71)Di 


Black boundary 


or 

4>i(r) = 0 at extrapolated boundary 


(143a) 

(143b) 

(144a) 


(144b) 


Recipe (159) for choosing a single extrapolation length, 2.13D eff , for all energies applies 
to the group method as 



Z D i*i( r ) 

i=i _ 

N 

E <f> i(r) 

i=l 


at boundary 


(145) 


As an example of Eqs. (142), the two-group equations are: 
div D, grad 4»i(r) - (a al + s u ) <t>,(r) + S,(r) = 0 (146a) 

div D 2 grad 4> 2 (r) “ a a 2 * 2 (£) + s n*i(l) + s 2 (?) = 0 (146b) 


where, in a thermal reactor, group 2 represents the thermal group and group 1 represents 
the slowing-down or fast group. For this case, the source term S 2 (r) is usually zero. 


SL O WING -DOWN DENSIT Y E QUA TIONS 

When the Fermi approximation is used, Eq. (141) is replaced by: 

qi(r) = |a s Et^i(E) 


(147) 


which is to be inserted into Eq. (140a). In this approximation, it is possible to express the 
group equations in terms of q rather than <p. Thus Eq. (112) leads to: 


(■fe), v 2 Q ‘-fe)i Ql + q i-- qi + Sl=0 


(148a) 


where: 
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(148b) 


S t and Qi are defined as before, and (D/*a s )i and (a a /*as)i are proper averages. Boundary 
conditions are obtained from Eq. (143) and Eq. (144) through the relation: 




dE 

E 



(148c) 


Similarly, Eq. (116) leads to: 

V 2 Qi'(r) + q|_i(r) - q((r) + S.'(r) = 0 

where: 



and: 




q'(r,E) 


dr 

dE 


dE 


s(r,r) dr 
p(E,E 0 ) dE 


Boundary conditions are obtained through the relation: 


(149a) 


(149b) 


(149c) 



P(E,E 0 ) 

D 


q'(r,E) 


dr 

dE 




(149d) 


where 



is a proper average. 


Equations (148) and (149) apply only to the slowing-down process. When there is a ther¬ 
mal group into which neutrons slow down, the quantity is not zero but is rather the 
source of thermal neutrons. Equations similar to Eqs. (148) and (149) may be written for 
the more general age equation (128). 


CHOICE OF PARAMETERS 

Aside from computational considerations, the major questions in applying the group 
method are (1) the choice of the parameters Di, a a i, (D/£a s )t, and the like and (2) the 
treatment of the ch terms. 

An answer to both questions may be obtained by assuming a form for the energy depend¬ 
ence of <p(r,E) within each group. Thus, if <p is assumed to behave as 1/E within each group, 
the parameters entering into the general group equations (142) are: 




In Ei-j/Ei 


(150a) 
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1 r E t-i 

In Ei_,/Ei J E aa(E) 


dE 

E 


(150b' 


1 

Sij InEiVEi 



crs(E') G(Ei,E') 


dE / 

E' 


(150c) 


In Eq. (150c), any of the (exact or approximate) kernels of Table 1.3.2 may be used. Thus, 
in Fermi theory: 

= ^s(Ej) 

,J lnEi_,/Ei 


and: 

sij = 0 for i * j 

In the q equations (148) for Fermi theory, the assumption that q(r,E) depends linearly on 
In E results in: 

Qi = | (qi—i + Qi) In ^=1 (151) 

in terms of which, q A may be solved for and substituted into Eq. (148a). 

The solutions thus obtained may be improved by iteration.* 1 Thus, for example, the $i(r) 
resulting from the “1/E” parameters correspond to: 

leading to discontinuities in </?(r,E) at space boundaries and group boundaries. Improve¬ 
ments can be made by recalculating the parameters in terms of a new spectrum (rather 
than 1/E) obtained by a free-hand smoothing out of the discontinuities. 


GROUP DIFFUSION KERNELS 

Consider the problem of slowing-down without absorption in an infinite homogeneous 
medium with a point monoenergetic source at r = r 0 , E = E 0 . Assuming that each group in¬ 
terval is larger in extent than a collision interval (qi = sii$i), the group equations may be 
written as: 


lfv 2 q, - qi + 6(r-r 0 ) = 0 
12 V *<12 - Q2 + Qi = 0 
1 N yZ< lN ” + ^N-l = 0 

where: 

q i(?r) = q(r,E t ) = Sii4>i(r) 
and: 


(152a) 


(152b) 
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,2 _ Oi _ J_ 

1 S' K 2 

& 11 «1 

(152c) 

The energy Ej is, as before, at the bottom of group i. 

The solutions of Eq. (152a) are: 


q t (r) = kj(r,r 0 ) 

(153a) 

q 2 (r) = j k 2 (r,r (1) ) k 1 (r (1> ,r 0 ) dr (1) 

l 2 l 2 

- k,(r,r 0 ) + k 2 (r,r 0 ) 

(153b) 


q N (r) = / k N (r,r‘») k N _ t (r‘‘>,r“>) ... Mr'"-” 
x Ms lN "' , .r«> dr 1 " . .. dr^' 1 ' 

= y -iiil- kj(r,r 0 ) 

LJ n t\ 2 


(153c) 


where, according to Table 1.3.9, the point diffusion kernel is given by: 


k i(r,r 0 ) 


- I r — r 0 1/1 i 
e - - 

4tt lj | r — r o r 


(154) 


The solution for qN(l) is thus the convolution of all N diffusion kernels. The expressions 
giving q N as a super-position of the individual kernels are generally true, being valid as 
well for the infinite plane kernel (Table 1.3.9) and for the finite kernels,* provided the prob¬ 
lem is spatially homogeneous, i.e., that the macroscopic cross sections are independent of 

position in the reactor. 

In the presence of absorption, the solution q^j(r) is related to q^j(r) by: 



The second moment: 



(155) 


•The finite point kernel, k£(r,r 0 ), for example, is defined by the equation: 
l l V*kp(r,ro) -kp(r,r 0 j + 6(r-r 0 ) = 0 
and by the boundary condition: 
kp(r,r 0 ) = 0 

whenever r is at the extrapolated boundary. Although not a displacement kernel, k|>(r,r 0 ) is symmetric. 
Thus: 

kp(r,ro> = kp(r 0 ,r) 
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of the point source solution is given by: 

^ = 6 (1? + 1| + . . . + 1 2 n ) (156) 

Fermi age theory* may be considered as the limit of group theory, as represented by 
Eqs. (152) as the group intervals: 

AEi = E} — E t 

approach zero and the number of groups approaches infinity. Use of Eq. (147) gives in the 
limit: 


1 __ 1 AEi 

su Ws Ei 

leading to: 


2 


D AE 


i_* 


Zos Ei 


AT t 


from which it follows that Eq. (152a) approaches the age Eq. (112) In the absence of absorp 
tion. Thus, Eq. (156) results in: 


r* - 6 I ATi = 6r(E,E 0 ) 
and Eq. (155) leads to: 




AE 

E 


qp(E,E 0 ) 


A comparison of 1-group, 3-group, and age theory fits vs the measured q^ (r) in water 
is shown in Fig. 1.3.15. 


FINITE REGIONS AND BOUNDARY CONDITIONS 


BOUNDARY CONDITIONS 

Generalizing the one-velocity results of the discussion of “Homogeneous Regions in 
Contact 0 to the many-velocity case, the boundary conditions may be approximated by the 

following formulas: 


Black boundary 


a<P(r,E) 

<p a normal 

or 

<p( r,E) = 0 at extrapolated boundary 


1 _ 1 1 
A ^ 0.71/o tr (E) 0.7lA tr 


(157) 


(158) 


♦Note that only in the Fermi approximation does the assumption (152b) remain valid as the group 
intervals approach zero. 
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where the extrapolated boundary is approximately 0.7lA tr removed from the actual bound¬ 
ary. In regions larger in extent than a few transport paths (size » A tr ), an accurate and 
enormously simplifying approximation is to choose an effective extrapolation length or ex¬ 
trapolated boundary as valid for all energies. A simple and physically reasonable choice* 
is that which correctly gives the total leakage. This leads in the case of condition (157) to 
a valve Af* f given by: 



/A tr ( E ) <P(r»E) dE 


f<p{ r,E) dE 


at boundary 


(159) 


The black-boundary conditions on q(r,E) and q(r,r) are, in Fermi age theory, Eq. (Ill), 
identical with those on <?(r,E). In the Wigner and G. G. approximations, Eq. (127), the q 
boundary conditions are more complicated, involving a combination of q and 8q/8E: 


</>(r,E) = continuous 


Interface 


[ D grad <^(r,E) = continuous 


(160) 


(161) 


These conditions also apply in age theory to q(r,E) but not directly to q(r,r) when t is a dif¬ 
ferent function of energy in the two media. 

Improvements on Eqs. (157) and (158) are given in Tables 1.3.11 and 1.3.12 and Eqs. (81) 
to (88). 


THE IMAGE METHOD 

Finite-region problems, involving the black-boundary condition (158), may often be 
solved in terms of the infinite-medium solutions. 

Thus, for example, the solution in Table 1.3.15 of the aging in an infinite column owing to 
a point source at Xo, y 0 , z = 0 is represented as a sum of the infinite-medium solutions 
corresponding to the actual source and to its images at: (x^ + 2al, y© + 2bm) + , (x^ — 2al, 
y 0 - 2bm) + , (xo + 2al, y 0 - 2bm)~, and (x<, - 2al, y 0 + 2bm)~, where (1) and (m) run from 
— «to + ». The image sources all have the same strength as the actual source and have 
signs indicated by the superscript. The magnitudes and positions of the images are 
arranged so that they negate the contribution of the actual source to the solution at the 
boundary. 

Another example is the problem of a plane source in a semi-infinite medium. The solu¬ 
tion in this case is the sum of the infinite-medium solutions for the actual source and for 
its mirror image, the latter with a negative sign. 

Problems involving spherical symmetry may be attacked by transforming to the equiva¬ 
lent plane problem, and then applying images. The solution in Table 1.3.15 of the point 
source at the center of a finite sphere may be obtained in this manner. The equivalent 
source and its images are dipoles in this case. 

DIFFUSION OF THERMAL NEUTRONS 

Wigner and Wilkins (“Thermal Distributions,” above) have treated the problem of the 
energy spectrum of thermal neutrons in the absence of diffusion. The absence of similar 


♦A better, but more complicated choice for A& ff is the spectral average of Atr weighted with the 
proper adjoint function (cf. perturbation theory in 1.4 and the importance function in 1.6). 
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results on the more difficult problem of thermal diffusion restricts the following to simple 
considerations only. 

DIFFUSION EQUATIONS 

Assuming no low-energy-source neutrons, the diffusion equation (109) for a homogeneous 
medium may be written as: 

DvV(r,E) — CT a <p(r,E) + — = 0 (162) 

where D and a a depend on the neutron energy and, for energies within the thermal region 
(E ~ KT), on the temperature* of the medium. The quantity q(r,E) is still defined by Eq. 

(3) for E above the thermal range. For energies within the thermal range, it is defined as 
the net number! of neutrons crossing below the energy E and is no longer given by Eq. (3). 

Integration of Eq. (162) between the limits E = 0 and E = E th = an energy above which 
thermal effects are unimportant,! results in: 


Dth v2 *th(r) - o aith * th (r) + q(r,E th ) = 0 


(163a) 


where: 


*th(r) = f 0 Eth <P(r.E) dE 


(163b) 


and is the total thermal flux: 

0 th = J DO) <P( r,E) dE (163c)5 


<7a ' th = ¥th(rj ^ CTa(E) V(E,E) dE (163<1) 

and q(r,E th ) is obtainable by previously discussed methods. 

The boundary conditions that are generally used are the group conditions (143) and (144). 

ENERGY-INDEPENDENT CROSS SECTIONS 

When D(E) and a a (E) do not depend on the energy, the thermal flux satisfies the one- 
velocity diffusion equation. For this case, in fact, all the one-velocity results of the dis¬ 
cussion of “One-velocity Theory" are valid 68 for #th(?). According to Eq. (162), the spec- 


*The cross sections depend on the velocity distribution of the target nuclei, especially for light 
nuclei. 

tA thermal neutron may increase in energy following a collision. Thus, g(E,E') and G(E,E ) are no 

longer zero for E' < E. .. 

jThis ambiguity in the choice of E* is a necessary consequence of any such simple considers ■ 

8Eq. (163c) is valid only if Dth is a slowly varying function of position. Note that this happens w 
ever the spectrum changes with position. 
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trum <H E) in a Laplacian mode* is the same as the spectrum obtained without diffusion in 
a medium of effective cross section: 


a| ff = cr a + DB 2 

being close to Maxwellian if <<: 1* 


ENERGY-DEPENDENT CROSS SECTIONS 

Statements may be made concerning the case of energy-dependent cross sections if the 
spectrum is assumed to be uniform throughout space. This assumption leads to space- 
independent parameters given by Eqs. (163c and d) in terms of which the diffusion length! 

L is given as: 


L 2 “ D t h/ a a,th 


(164) 


The spectrum is close to Maxwellian for a a (E)/<T s (E) « 1. The above remarks concerning 
Laplacian modes also apply here. The stronger assumption of “complete amnesia” leads 
to a spectrum of the form o s /(o« + a*) times a Maxwellian, at positions removed from a 
localized source of thermal neutrons. Maxwellian averages of l/v n cross sections are 

listed in Table 1.3.7. 

Two interesting cases in which the assumption of a uniform spectrum is very poor are ^ 
(1) the diffusion in a block of high-atomic-weight material (such as uranium) in which case 
the neutrons of each energy diffuse practically independently, resulting in a hardening ef¬ 
fect for a l/v absorber, and (2) the diffusion in a large block of crystalline matter with 
very small absorption cross section, (such as a graphite thermal column), in which 
case, 61 ' 82 the softening effect of the very low scattering cross section! may overbalance 
the absorption hardening and lead to the production of “cold” neutrons. 
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CHAPTER 1.4 


Reactor Statics; 

Theory and General Results 

Harry Soodak 


REACTORS WITHOUT SPACE VARIATION 


CRITICALITY 

In terms of the neutron-energy spectrum (see Chapter 1.3), the critical equation for an 
infinite homogeneous medium is: 

fa" ua f nv dE = x 
/" o a nv dE 

If the neutrons are created at a single energy which they retain until absorbed, Eq. (1) re- 
duces to: 

k = uF = 1 

where: 

F = utilization = Of/ff a 

if V and F are independent of energy, this holds regardless of the fission-source spectrum 
and the slowing-down processes. If fissions are caused only by thermal neutrons, k = 

„ pF _ i applies, where p is the probability of escaping capture while slowing down. Allow¬ 
ing for fast-fission multiplication by a factor e, the last relationship becomes: 

k = l/epF = 1 

which* is familiar in thermal reactors. 

AIDS TO COMPUTATION 

Determinationt of systems or compositions satisfying Eq. (1) or obtaining relatively good 
values for k despite inaccuracies in determining the slowing-down spectrum is facilitated 


♦Frequently written as: k = Tjcpf = 1 where t) = v and f = 

tin special cases, such as those noted below Eq. (1), this may follow directly; in general, it does 
not, and repeated trials or other procedures are needed. 
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by perturbation, variation, and iteration techniques (cf. the last part of this chapter). 

The following illustrates the use of perturbation methods in adjusting fuel content to 
make a system critical. Assuming v to be constant and splitting off the thermal group 
(Chapter 1.3) yields the steady-state balance equations: 


3n(E) 

at 



<POf dE' + v x( E) ^th a f lh 


+ g(E,E')a s <p(E')dE' - oq> 

J Eth 



Qnth 

at 




G(E th ,E)a s¥ >(E)dE - a a(h </> th = q th - o^th 


where: 



° + a a + a f 


<p(E) = vn(E) and x(E) is the normalized fission spectrum. In this case, the criticality 
condition is: 



^th 

a ath 


+ (1 “ P)* 



cjf <pdE ^ 

a a <pdE 



where: 


P = (7a lh <Pth / ^ <Ta.<pdE + Oau, c?th) 


The equations adjoint to Eqs. (2) and (3) are: 

_L 3m(E) = Q = v Of f” mxdE+ Z? f E m(E')g(E',E)dE' 

vct 3t o J Eth a J Eln 

—1- _ 0 = „ f mxdE - m t h 

v th CT a t h tfath E, h 


m + ^ G(E th ,E)m th 


(5) 

( 6 ) 


The solution of these equations is: 



%h 

th 


um 


m(E) = um 





m = f~ m(E) X (E) dE 



where <f>( E',E) and q(Eth,E) are, respectively, the flux distribution at E' and thermal slow 
ing-down density resulting from a unit source 6(E'-E) at energy E. 
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The first-order perturbation formula comparing two critical reactors differing only in 
fuel content is: 

6 „ £ « 6a < dE + £ m<p6o a <iE + m th V th «a aih 

6R = 0 = — + ——-- f ’ 1 

* . cpafdE + </> t h*f lh l/ Eut * a i dE + ^hOr ih j 


where the 6a represent the change in the labeled cross section owing to the changed fuel 
content is the change in the value of v required to satisfy the criticality condition* 

Eq. (4),’ and <p and m correspond to the calculated case for which the obtained i/ is different 
from its physical value. It has been assumed in Eq. (8) that the effect of the change in 
scattering cross section is negligible. On the basis of this assumption, Eq. (8) may also be 
used to estimate the change in critical mass owing to changing the fuel type. In this case, 
6„ is the change in actual v value. If the fission spectrum is different, the term 
1/m / m6x(E)dE must be added to the right side of Eq. (8). This term may also be viewed 
as the effect on reactivity, R, resulting from the use of a fission spectrum inaccurate by 

6x(E). 


ONE-VELOCITY REACTORS 

For one-velocity reactors without any external source, Eq. (17) in Chapter 1.3 can be 
used with S replaced by the fission source: 


S(r,n,t)= ^ CT f J F(r,n,t)dr 

and the integral equation, Eq. (23) in Chapter 1.3, is true with S(r') = 0 and with 1 + f de 
fined as in Eq. (22), Chapter 1.3: 


1 - f = gs + ; 

a 


o = Of + a c + a s 



BARE REACTORS 

THE ITERATIVE METHOD 

The critical radius of a bare sphere can be computed to any degree of accuracy by an 
iterative method used by Placzek and reported by Carlson. 1 The method, applicable as 
well for anisotropic scattering, uses a polynomial trial function in Eq. (26), Chapter 1.3, 
and matches the moments of the trial function and its first iterate. Results obtained by 
use of a quadratic trial function are given in Table 1.4.1, for the case of a linear scatter¬ 
ing law in the laboratory system. The parameter a is defined as: 

a = 3 cos 0 (j 3 /<j 

where cos"0 is the average cosine of the angular deflection in scattering. 


♦The criticality condition is here regarded as the determining equation for v even though the value 
thus obtained generally differs from the known physical value. 

1 References appear at end of chapter. 
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Table 1.4.1 —Bare-sphere Critical Radius (da) in Units of Mean Free Path 

(l/a) as Computed by Quadratic Iteration 

(LADC-756) 


f 

a* = -1.0 

a* = -0.5 

a* = 0.0 

a* = 0.5 

a* = 1. 

0.0 

• • • 

• • • 

• • • 

• • • 

• • • 

.1 

4.333 

4.585 

4.895 

5.276 

5.770 

.2 

2.846 

2.997 

3.178 

3.396 

3.678 

.4 

1.8081 

1.8907 

1.9871 

2.1015 

2.2408 

.6 

1.3593 

1.4140 

1.4769 

1.5498 

1.6364 

.8 

1.0993 

1.1388 

1.1838 

1.2350 

1.2946 

1.0 

0.9269 

0.9570 

0.9909 

1.0290 

1.0728 

1.2 

.8031 

.8270 

.8535 

0.8831 

0.9167 

1.4 

.7094 

.7289 

.7503 

.7740 

.8005 

1.6 

.6359 

.6521 

.6697 

.6892 

.7108 

1.8 

.5766 

.5902 

.6050 

.6212 

.6393 

2.0 

.5276 

.5394 

.5520 

.5656 

.5808 

CO 

.0000 

.0000 

.0000 

.0000 

.0000 


♦ or = —i cos 6 
<7 


THE END-POINT METHOD 

The end-point method considers the asymptotic (away from boundaries) solution satis¬ 
fying: 

V 2 (p + {kv) 2 <p = 0 f 11 ) 


where, for linear anisotropy: 


tan k 
(1 + f)- 

K 




The method then proceeds to calculate the extrapolated end point, z 0 . The shape of <P and 
the critical size for a few simple geometries* are as presented in Table 1.4.2. Values of 
z 0 as a function of 1 + f and of b = <r B cobO/(o s + va f ) are given in Table 1.3.11 where, for f 
significantly different from zero, terms in b 2 have been neglected. 


THE SERBER - WILSON METHOD 

The Serber-Wiison method is the only method mentioned that generalizes for reflected 
reactors and is discussed later. 

COMPARATIVE ACCURACY OF THE METHODS 9 

The error in critical radius of a bare sphere: (a) for the end-point method, increases 
from 0 to ~0.2% as 1 + f increases from 1 to 3; (b) for the Serber-Wiison method, ncr 


* The method is strictly applicable only in the case of the bare sphere. Compare Ref. (2) 
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Table 1.4.2 —Asymptotic Flux and Critical Size for Simple Geometries 


Case 

Flux 

Critical size 

Sphere 

sin kot 

n 

era — Zq 

(radius a) 

KOT 

K W 

Slab 

(thickness 2a) 

COS K(7X 


Cylinder 
(radius a) 

J 0 (KOT) 

2.405 

oa --z 

K 


rapidly from 0 to -4% as 1 + f increases from 1 to 1.2, and then remains nearly constant 
at ~4% for higher values of 1 + f; (c) for the iterative method with a quadratic trial func¬ 
tion, decreases from -0.2% to 0 as 1 + f increases from 1.2 to the iterative method 

breaks down for f near zero. 

THE TRANSPORT APPROXIMATION* 

The transport approximation reduces an anisotropic problem to the far simpler isotropic 
problem. The “isotropic equivalent" scattering cross section is chosen to be: 

a tr = a s (1 “ cos 6) <13) 

Thus, the anisotropic case may be treated by the above methods with: 


o = CJ f + (7 C + <J tr 


1 



g tr + vo i 
a 



cos 0=0 

Results obtained in this approximation by use of quadratic iteration are compared in 
Fig 14 1 to those of Table 1.4.1 for the case of linear scattering in a bare sphere. That 
the transport approximation is very accurate for f near zero (reactors greater in size than 
a few mean free paths) in the case of linear scattering is also exhibited by Table 1.3.11. 

REFLECTED REACTORS 

The end-point method can be applied to reflected reactors in the special case that core 
and reflectors all have the same total cross section. Derivations of equations and numeri¬ 
cal tables are reported by Frankel and Goldberg 4 for the case of isotropic scattering. An¬ 
isotropic scattering may be treated by the transport approximation. 

The Serber-Wilson method is more general than the end-point method in that equality of 
total cross section in the various media is not required. The case of isotropic scattering 
and spherical symmetry has been extensively reported. l ■ , - , ■ , Other geometries and an¬ 
isotropic scattering are discussed by Davison, 1 pp 94 and 155. Anisotropic scattering may 
be treated by the transport approximations. 


♦Compare Chapter 1.3. 
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Fig. 1.4.1 — Comparison of Bare-sphere Critical Sizes with and without Trans 
port Approximation for Linear Scattering Laws for Various Amounts of Aniso¬ 
tropy. Reprinted from LA-1061 (LADC-756). The quantity l + f = a,+ va f /J 
times the fractional change in critical radius due to anisotropy as computed by 
quadratic iteration is plotted against f for various values of or - 3(a t /a) cos 6, 
with and without the transport approximation. 
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The accuracy of the Serber-Wilson method is greater in the case of reflected reactors 
than for bare reactors. The method underestimates the critical radius, the error (less 
than 2 percent) being nearly the same under a w,de variety of conditions. 


THE SERBER-WILSON METHOD 

The Serber-Wilson method deals with the asymptotic solutions in each region which, for 
spherical symmetry, are; 


sin k c o c r 


( 15 ) 


p-K or.r 
e i i 


K a r 
e i t 


Ai +Bi s 17 , 

wh ere <b = vn(r) is the flux, "c” denotes the core, and "i” denotes the i ,h reflector. The 
cross section, a, is the total cross section given by Eq. (14) in the transport approxima- 
tion. In the same approximation, k c and K t are given by: 


(16) 


tan 1 x c _ 

1 

(17) 

*c 1 

[ + f c 


tanh -1 k j 

1 

(18) 

*i 

1 +fi 



Extension to the case of a multiplying (f. > 0) reflector presents no added difficulty. 
Neutron conservation implies continuity of the current density j(r): 


j(normal) = continuous at boundaries 

where for any Laplacian mode, j(r) is given by:* 



UL 

? 

K <7 


grad (f 


( 20 ) 


Thus: 


L (r) = A 


f 


sin kot 


k 2 ot 


(- 


KOT 


- COS KOT 



HI 

K l OT 




- B i e 4Kor 



( 21 ) 

( 22 ) 


where subscripts have been omitted from the right sides. 

In place of the boundary conditions on the flux <p (cf, Chapter 1.3), the method uses the 
“Serber condition" which requires that the integral Eq. (23), Chapter 1.3, be satisfied at 
the center of symmetry. This, however, gives only one equation, and this is sufficient only 
in the case of a bare reactor or a single infinite reflector. In other cases, the missing 


* Eq. (20) is a generalization of Eqs. (70) and (71). Chapter 1.3, being valid for f > 0 as well as for 
f < 0. 
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equations are supplied by satisfying the Serber condition “in detail."* In the spherical 

case under consideration, the Serber condition “in detail" reduces to the Wilson conditions 
that: 

<Mr,-l) = continuous at boundaries 
4>(r,— l) = 0 at outer boundary 

where <p( r,-l) is the radially inward flux at r computed as if the media to the left and 
right of the boundary each extended to infinity. For the asymptotic solutions, <p( r,-l) is 
given by:| 


4irc/?(r,— 1) = A 


(1 + f) _ ar 


X 


e* r In^Ml -1*]) 


47r<p.(r,-l) = ^ * f) e cr {A.E^cxrtl + x]) + BjEjfarfl - x])} 


x 


For criticality computations, it is sufficient to apply the conditions 


F(ar,f) = ^L!£Sh —LL = continuous at inner boundaries 

^(normal) ' r ' 

0(r,-l) = 0 at outer boundary. 


(23) 

(24) 


(25) 

(26) 


NUMERICAL RESULTS 

Numerical results are easily obtained in the case of a single reflector, whether finite or 
infinite. The critical equation for this case is: 

F c (a c a,f c ) = F 1 (a 1 a,f 1 ,y) (27a) 


where: 

a = core radius (27b) 

ya = outer radius (27c) 

The parameter A c does not appear in F c , and the parameters Aj and B t are eliminated 
from Fj by use of condition (26). 

Figure 1.4.2 plots F c as a function of o c a for values of f c ranging from 0.02 up to 2.0. 
Figure 1.4.3 plots Fj for an infinite reflector (y = ») as a function of ctj a for values of fj 
ranging from 0 to —0.8. Figures 1.4.4 to 1.4.8 plot for fj = 0, —0.02, —0.05, —0.1, and —0.2 
F t as a function of o^a for several values of y ranging from 1.1 to «>. 

If any of the F! plots is superposed! on Fig. 1.4.2 with the oa axes coinciding but with 
the origin (o t a = 0.1, F { = 0.1) of the F t graph located at the point§ (a c a = 0.1 G c /a if F c = 
0.1) of the F c graph, then the solution for any given value of fj and for any given f c and y 


* Davison, 7 p 92. 

t E,(x) = f* ——— dt, and I m signifies the imaginary part. 
• 'I X 


X When either curve is redrawn as a transparency. 

fi This brings the two graphs into the same distance scale, the aa scales being logarithmic. 
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is obtained from the o c a value or the a,a value at the point of intersection of the corre- 
sponding curves. The critical radius is given by: 

(cr c a) (a^a) 
a = —— = - 

a c ai 

Sweeney, Goldstein, and Carlson 9 present an extensive tabulation of functions in terms 
of which F(oa,f) may be expressed. 

DIFFUSION THEORY* 

The one-velocity diffusion-theory equation for a homogeneous region is: 

(28) 

DvV + (k - 1) = 0 

where: 

vo f vo f 
k = f = I 

is the multiplication constant. Thus: 

_ (30) 

V 2 </> + b 2 <p = o 


where: 



(k - 1) a a _ fa 
D D 


(31) 


The buckling, B 2 , is positive in a multiplying region, in which: 
B 2 = (kdj 2 


(32a) 


and negative in a non-multiplying region, in which: 
B 2 = -(ka) 2 


(32b) 


It follows that Eq. (28; gives correct asymptotic solutions for a linear scattering law if 
k is given by Eq. (12) or by the equivalent t equation for a non-mu ltiply ing medium. These 
equations lead tot the following expressions for B 2 which for 0 < cos 9 ss 0.2 are accurate 
to better than 1 percent in the stated f ranges: 



B 2 = 3fo* 


B 2 = 3fo 2 



^ cos 0^ 
^ cos ej 


(1 + 0.8060f) 

(1 + 0.7848f) 


(33a) 

(33b) 


* See Chapter 1.3, “One-velocity Theory.*’ 


k orf 

+ —K 
K * 


;uc*v6iuv;uy in 


JGoldberger, unpublished. An equation usually written for f < 0 and cos 6 = 0 is 
-B 2 = 3o (T a (l - 0.8 ^ = -3^(1 + 0.8f) 
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The current density, j, is given by: 


j = -D grad 0 

and the boundary conditions are continuity of 0 and j (normal) at interfaces, and 0 = 0 at 
an extrapolation length outside a black boundary. The diffusion constant, D, is given by:* 



(35) 


BARE REACTORS 

In general, there are a discrete infinity of positive B 2 values for which the solutions of 
Eq. (30) satisfy the 0 = 0 boundary condition. The lowest of these B 2 values belongs to the 
fundamental 0 mode and is called the geometric buckling, B|. The higher modest cannot 
correspond to the steady-state solution because they call for negative neutron densities. 

The critical equation is: 


where the material buckling, B 2 m , is given by Eq. (31). 

Table 1.4.3 presents, for some geometries, the fundamental mode along with the corre¬ 
sponding value of B 2 . The actual reactor fills the volume of the geometrical shapes con¬ 
sidered except for an extrapolation distance from the boundaries.* Other geometries 
which have been treated are the spheroid, 10 the right hexagonal cylinder;" a truncated 
cone," and spherical segments. 13 The spherical sector is also treated elsewhere. 


Variational Principle 

The geometric buckling may be obtained by a simple variational formula: 


61 ~ 0 (37) 

I = J (pV 2 (pdr - Bg / (p*dr = J (grad <p) 2 dr - B 2 J <^dr 

where: 


0 = 0(«i) 

is a trial function satisfying the 0 = 0 boundary condition for all values of the parameters 
a { . The elimination of the a [ from the equations: 

*- = o 

a a i 


♦In the P, approximation (Chapter 1.3), D = X^/3. 

|Only the fundamental has no zeros inside the extrapolated boundary. The higher modes decay in 
time and are useful as expansion functions in dynamic considerations. 

JThis statement does not have a clear meaning for most of the considered geometries. 
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results in a value for B g as a function of the geometry.* A numerical example 15 gives for 
a sphere of radius “a”: 

B|a 2 = 14.0 

for a trial function: 

4> = a,(r - a) 2 

and gives: 


B 2 a 2 = 11.6 

o 

for a trial function: 


0 = cr t (r - a) 2 + a 2 (r - a) 4 
the correct result being: 

B 2 g a 2 = tt 2 = 9.87 

Effect of Density on Critical Size 

In the case that the reactor undergoes a uniform compression or dilation so that the 
final shape is geometrically similar to the initial shape, the following theorem is valid for 

all cases, including multivelocity reflected reactors. 

THEOREM: In any critical system, if the density of all components is reduced (in¬ 
creased) uniformly, then to make the system again critical, all linear dimensions must be 
increased (reduced) by the same factor. Thus, if p is the factor by which the density is 
multiplied, all cross sections are multiplied by p, linear dimensions are divided by p, and 

the mass is divided by p 2 . 

For a reactor composed of a fluid contained in a tank of fixed shape, a uniform fluid- 
density change alters the geometry of the reactor. Tank shapes may be chosen 18 so that 
the slope of the reactivity vs density curve is positive, negative, or zero. 

REFLECTED REACTORS 

As in the Serber-Wilson method, the flux 0 in each homogeneous region is the solution 
of Eq. (30), which for spherical symmetry has the form given in Eqs. (15) and (16). The 
boundary conditions are simplified in that 0 is continuous and 0 = 0 at extrapolated 
boundary replace the Serber conditions. The continuity of j (normal) is retained in order 
to conserve neutrons. For criticality computations, it is sufficient to use the conditions: 


jL - = continuous at boundaries 

j (normal) 

0 = 0 at extrapolated boundary 

Use of the diffusion theory relations in the transport approximation: 

<p D 9 (p 
i+n = 4 “2 9n 


(38a) 

(38b) 


(39a) 


* Some care must be taken in order to obtain the buckling in the fundamental mode, rather than in 
one of the higher modes. 
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0 D 8 0 
] - n = 4 + 2^ 

(j n =j +n -J-n) 


(39b) 


where n denotes normal, + denotes outward, and — denotes inward, results in rewriting 
Eq. (38a) as: 

a = continuous 

where the albedo, a is given by: 



(40a) 


or: 

JL = 1 + a (40b) 

2j n 1 - a 

Tables 1.4.4 through 1.4.6 list for plane, spherical, and cylindrical geometries, the en¬ 
countered <f)’s along with the corresponding formulas for j and <£/j. In these tables as in 
the following remarks, the symbol B is defined as: 

B = i/jB r | < 41) 

so that it is real and positive in non-multiplying as well as multiplying media. 


Table 1.4.4 — Useful One-group Functions; Plane Geometry, 

Coordinate x (Note; w = Bx) 



3 



cos w 

sin w 

A (cos w + a sin w) 

e“ w 

A(e “ w + ore w ) 

sinh B(b — x) 


DB sin w 

—DB cos w 

ADB(sin w - a cos w) 

DB e‘ w 

ADB(e * w — ae w ) 

DB cosh B(b -X) 


DB 


cot w 


DB 


tan w 


cot w + a 


DB 1 — a cot w 


DB 


1 1 + are 


2w 


DB , _ 


ae 


2w 


DB 


tanh B(b — X) 
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Table 1.4.5— Useful One-group Functions; Spherical Geometry, 

Coordinate r (Note: w = Br) 


<t> 


sin w 


w 


/sin w cos w 
DB (^- - — 


) 


<P/ j 


1 


DB ^ - cot 


cos w 
w 


-w 


w 


/e* w e w \ 

A(-— * a —) 
V w w / 


sinh B(b — r) 
Br 


/cos w sin w 


) 




cos w 
w 


(>-;)] 


DB 


1=(‘ ■• a - v(* ■- a] 


D B ^ + tan w ) 


1 + a cot w 


DB l(i + “M 1_ w) 


cot w 


DB 


("3 


1 + ae ,vy 


DB [( i ^)-“( 1 -^) e,w ] 


DB 


[cosh B(b - 

r) sinh B(b - r)l 

1 

l Br 

~ + W? \ 

DB^coth B(b — r) +-^j 


Table 1.4.6_Useful One-group Functions; Cylindrical Geometry, Coordinate r 

(w = Br; notation is that of Brit. Assoc. Math. Tables) 




J 0 (w) 

DB J,(w) 

1 J 0 (w) 

DB Jj(w) 

Y 0 (w) 

DB Y t (w) 

1 Y 0 (w) 

DB Y,(w) 

AlJ 0 (w) + aY 0 (w)l 

ADB lJ t (W) + aY,(w)l 

1 J 0 (w)+aY 0 (w) 
DB J|(w) + arY|(w) 

K 0 (w) 

DB K t (w) 

1 K 0 (w) 

DB K,(w) 

AlKo(w) + al 0 (w)] 

ADB [Ki(w)-ali(w)l 

1 K 0 (w) + al 0 (w) 
DB K,(w)- ali(w) 
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Effect of the Reflector 

Some general remarks may be made concerning the effect of a single reflector on the 
critical size. Consider the spherical case, Table 1.4.5. column 1 of the table pertains to the 
core, column 6 to a reflector of outside radius b and thickness b - a = t, and column 4 to an 
infinite reflector. For a thin reflector (t « 1/B), (p/j reduces to t/D u the reflector thick¬ 
ness in units of the diffusion constant, D t . If further, t/a « 1, use of column 1 and of the 
critical condition: 


/<p\ c — core 

\j /! 1 — reflector 

leads to a reflector saving (6 = a - a 0 = a - tt/B c ) of: 



6 





For a thick reflector (t » 1/B), column 6 goes over into column 4 in which: 



1 

D 1 (B 1 + 1/a) 



For a “perfect’* reflector, B t a « 1, or Bt « B £ : 

and the reflector savings in the case: 

D t = D c 

is: 



For an “equivalent” reflector: 
D i = D c > B, = B c , a = | a*, and 
For a reflector in which Bja » 


6 - 4 a o 
1 or B t » B c : 


(4>/j)i = 


D,B 


i u l 


showing that the characteristic parameter is DjBj 


Numerical 

As in the Serber-Wilson method, numerical results are easily obtained for the simple 
geometries in the case of a single reflector, whether finite or infinite. Thus, the following 
graphs may be drawn: 
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(i\A( w d B r ) for the core as a function of w c = B c a for various values of D C B C 
V / j V c» c c 

(2)-$-(w 1 ,D 1 B,,y) for the reflector as a function of w, = B,a for values of D,B, and y 

where y is the ratio of the outer boundary coordinate to the inner boundary coordinate, 
both measured from the center of symmetry. The w scales should be logarithmic in 
order that superposition of the two graphs with the w axes coinciding leads to the same 
distance scale on the w = Br axes. The w values at the point of intersection of the (1) and 
(2) curves give the critical coordinate a through the relations: 


c 1 

In multi-reflector problems, the value of <f>/j at the core boundary may be computed by 
starting with the outermost reflector, column 6 of Table 1.4.5. Matching 0/j’s with the 
next outermost reflector, column 5, results in the value of a for that region. This process 
may be continued until the core radius is reached, assuming that the geometry and re¬ 
flector properties are fixed in advance. The final <t >/j may then be matched to the core, 
column 1 or the above-mentioned graph, to obtain allowable combinations of D c and B c . If 
all boundaries except the core boundary are fixed in advance, the above process results 
in a <f>/j which is a function of the core radius. This function may then be matched to 
(<f>/i) for a known core composition to yield the core radius. 

A matrix method which may be used in place of the above procedure is presented below 

in the treatment of two-group theory. 


OTHER GEOMETRIES 

Geometries more complicated than the plane, spherical, and cylindrical have been 
treated without resort to numerical integration of the differential equations. Accurate re¬ 
sults exist for the infinitely reflected spheroid 10 and hemisphere, 17 when the core and re¬ 
flector have the same total cross section. The result in the hemisphere case is: 

a hemi is slightly less than 1.3a sphere 

where the a’s are the critical radii in the infinitely tamped problem. Also, an accurate 
perturbation formula has been given 18 for the critical volume of a nearly spherical core 
inside an infinite reflector of the same total cross section. 

The variational method, described above, may be extended in order to obtain the critical 
conditions for reflected reactors. Perturbation theory 19 on the diffusion equations may be 
used to evaluate the flux distribution in a reactor not differing overmuch in geometry from 
spherical symmetry, for example. 

Problems such as (1) a finite cylindrical core surrounded on all sides by an infinite or 
finite cylindrical reflector and (2) a parallelepiped core surrounded on all sides by an 
infinite or finite parallelepiped reflector are often treated in the following approximation. 
The description given applies to a cylindrical core (radius a, height 2h) with infinite re¬ 
flector. The total volume is divided into the regions listed in Table 1.4.7 along with the 
assumed flux in each region and the corresponding buckling conditions. The region labeled 
ZR is not used in the calculation. The diffusion boundary conditions are applied to the C-Z 
boundary and to the C-R boundary. They are: 


D B_ 
c cz 


cot B cz h = 


1 

DlB z 


1 J 0 (B cr a) _ 1 K 0 (B r a) 

D c B cr J l< B cr a > D,B r K^B^ 


449 



CHAP. 1.4 


REACTOR PHYSICS 


Table 1.4.7—Approximate Method for Difficult Cylindrical Geometry 


Region 

<P 

Buckling condition 

Core, C 

r < a 
|z| < h 

J 0 (B cr r) cos B cz Z 

B| = B 2 , + Bc z 

Core, Z 

r < a 
|z| > h 

Jo(B cr r) e‘ B z z 

- B? = B| - B 2 r 

Core, R 

r > a 
|z| < h 

K 0 (B r r) cos B cz Z 

- Bf = B 2 - Bf 2 

Core, ZR 

r > a 
|z| > h 

Not used 

Not used 


Assuming, for example, that D c , B 2 , D t , B 2 , and h are fixed in advance, the two boundary 
conditions and the three buckling conditions enable the determination of the five unknowns, 
®cr» ^cz> » an< ^ ®r* 

The method as just described is often simplified by guessing a value for B cz or for 
B cr . Such guesses may be easily related to guessed values for the reflector savings 6h 
or 5a. 


MANY-VELOCITY REACTORS 

THE ONE-VELOCITY OR FE YNMAN-WELTON METHOD 

Reference 20 is a comprehensive report on this method and makes use of the transport 
approximation. * Anisotropic scattering may be treated by the spherical harmonic method. 
An extension of the method in the case of hydrogenous systems has been reported by Davi¬ 
son. 21 The case of the bare-slab reactor with a linear scattering law has been treated by 
Selengut 22 in an accurate approximation for not-too-thin reactors and is discussed below. 

CONSTANT CROSS SECTIONS 

The following two theorems are of interest for the method even though assumptions they 
contain are very restrictive. 

THEOREM 1. If the cross sections, angular dependence of scattering, fission spectrum, 
and v, are all independent of neutron energy, then the energy-integrated flux, / 0 “ vn(r,I2,E) 
dE, satisfies the one-velocity Boltzmann equation. 

THEOREM 2. If further, the reactor consists of a bare core or of a core surrounded by 
reflectors which cannot alter the neutron energy,f then the direction-integrated flux: 

<t>{ r,E) = / vn(r,fi,E)d« 

is separable into: 

0(r,E) = F(r)G(E) 


♦See also Davison, 7 Chapter VII. 
■f No fission and no slowing-down. 


450 



CHAP. 1.4 

REACTOR STATICS; THEORY 

where F(r) is the space distribution of the one-velocity problem. When scattering is iso¬ 
tropic, the spectrum G(E) satisfies the critical condition: 

(<r s + vOf)G(E) = vX(E)a, f‘ G(E)dE + a s f~ g(E,E')G(E')dE' 

These theorems and the results below for variable cross sections illustrate the wide 
applicability of one-velocity theory. 

VARIABLE CROSS SECTIONS ON TRANSPORT APPROXIMATIONS) 

The case of energy-dependent cross sections can be easily treated only for a bare core 
or a core surrounded by a reflector which cannot change the neutron energy (no slowing- 
down and no fission). Reflectors which do change the neutron energy may be handled by 

two-eroup theory, as discussed later. 

Consider a core fission cross section, o f , a capture cross section, <7 C , a cross section 
o s for scattering with energy change, and a cross section a e for scattering with neglected 
energy change. The core is surrounded by a reflector in which: 

ct s = 0 and <7f = 0 


Let; 

«,(*> = of' + a<e E) + v ( s E> 

be called the removal cross section. 

The balance equation in terms of the removal density A(r,E) in the core 

A(r,E) = or r (E)c#>(r,E) 
may be written as; 

A(r,E) = / core P(r,r\E) S(r',E)dr' 
where the source S is given by: 


(43) 


(44) 



S(r,E) - vX (E) j; *§* A(r,E')dE' + j; g(E,E') gjg A(r,E')dE' 



and the kernel P(r,r',E) represents the probability that a neutron released at r' with 
energy E is absorbed (with o a ) at r without intervening energy loss. The kernel P thus 
includes the effect of the “elastic” scattering <7 e in both the core and reflector. 

Consider now a fictitious one-velocity problem at energy E with the reflector having 
the same cross sections (“elastic” and capture) as in the actual problem and with the core 
having the same fission and “elastic” cross sections as in the actual problem and with a 
capture cross section given by ct c (E) + a s (E). The removal cross section in this one- 
velocity problem is then the same as in the actual problem, given by Eq. (43), and the 
source density may be written as p(E)A^Hr,E) where A (1) is the one-velocity removal 
density and p(E) is the number of neutrons released per neutron removed. The one- 
velocity balance equation is then: 

A(»>(£,E) = p(E) f cQte P(r,r',E)A (1 >(r',E)dr' (47) 
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with eigenfunctions A n (r,E), n = 0,1,2, . .., and with eigenvalues: 

„ ,e) . 



where i/ n (E) is the value of v required to balance the n'th mode of the one-velocity problem. 
The value of ^o(E) and the space distribution A 0 (r,E) in the fundamental mode may be ob¬ 
tained by the methods discussed in “One-velocity Reactors.” The values in the higher 
modes are similarly obtainable. 

The kernel P(r,r',E) may be written as: 

p (r,r',E) = J - 4 = A n (r,E) A n (r',E) (49) 

n = 0 ^ nV ' 

where the modes A n (r,E) form a normalized orthogonal* set when integrated over the 
core: 

L A n<>:.E) A m (r,E)dr = 6 nm (50) 


Various approximate solutions of the many-velocity problem, Eqs. (44), (45), and (46), 
may be obtained by making approximations in the kernel P or by expanding A(r,E) into: 

A(r,E) = E G„(E) A„(r,E) 

D 

and keeping as many terms as desired. 

Thus, in the “first upper approximation,” it is assumed that: 

<*>(r,E) = = G(E)A„(r,E) (51) 

which when substituted into Eqs. (45) and (46) leads to (after multiplication by A 0 (r,E) and 
integration over r) the critical equation: 

*'i(E)or f (E)G(E) = u x ( E) / a f (E')G(E')A„(E,E')dE' + / g(E,E')a s (E')G(E')A„(E,E')dE' (52) 

wdiere: 


A„(E,E')= / COIe A 0 (r,E)A () (r,E')dr (53) 

In the simplest, or “first lower approximation,” it is further assumed that: 

* 

A,(r,E) = A,(r,E') = A a (r) (54) 

from which it follows that A eo =l. Equation (52) may be solved as follows, the results being 
written for A 00 (E,E / ) » 1 as in the first lower approximation. Choose the normalization 
for G(E) such that: 

v f Q m o f (E')G(E')<iE' = i (55) 

and solve for G(E) from the integral equation:t 


*A discussion of orthogonality is given by Davison, 7 Chapter VII. 
t Approximate methods for solution of such equations are discussed in Chapter 1.3. 
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y 0 (E)cr f (E)G(E) = x(E) + f 0 * g(E,E')o s (E')G(E')dE' (56) 

The value of u is then determined by Eq. (55). 

Both these approximations are exact in the case of constant cross sections. In this case, 

integration over energy of Eq. (52) gives: 

i/ 0 (E)cr f (E) = vctf (E) + ct s (E) 

thus proving Theorem 2 (above). 

There are good, although not entirely rigorous, arguments leading to the statement that 
the upper and lower approximations lead to upper and lower estimates for v. This state¬ 
ment is borne out by test calculations which further indicate that the errors owing to these 
approximations are less than a few percent in a variety of cases. Detailed discussions of 
accuracy and of procedures leading to higher approximations are discussed in the refer¬ 
enced reports. 

INELASTIC REFLECTORS IN TWO-GROUP THEORY 

Practical equations are obtained in two-group theory for the case of reflectors which 
slow neutrons down. The results given below may be extended to include the effects of 
fission in the reflector. In the following, all symbols have the same meaning as above: 

The subscripts 1 and 2 refer respectively to the fast and slow groups; the subscript 21 
refers to inelastic scattering from group 1 to group 2; and the asterisk refers to the re¬ 
flector. Thus: 

o r i = a fi + ^ci + ^21 
and: 


a r 2 _ a f 2 + °c 2 


In the reflector: 



The balance equations are: 

A,(r) = f COIC Pi(£.r') S,(r')dr' (57) 

A 2 (E)=/ coie P 2 (£.E') S 2 (r')dr'+ / core P*(r,r') S,(r')dr' (58) 


where: 



and: 






+ 


On 

o r i 




(60) 


where Xi and X 2 are the fraction of fission neutrons released in groups 1 and 2, and where 
the kernel represents the probability that a group 1 neutron released at r' in the core 
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is absorbed as a group 2 neutron at r in the core after having been inelastically scattered 
in the reflector. 

The one-velocity problems, defined as above, give for the fundamental mode: 

A 0 i(r) = Poi / Pi(r,r')A 01 (r')dr' 

A 02 (r) = Ho 2 / p 2 (r,r / )A 02 (r / )dr / 


In the simplest lower approximation, it is assumed that: 


A 0 i(r) = A 02 (r) = A 0 (r) 

(61) 

<#>i(T) = ^ = G,A 0 (r) 


°Tl 


0 2 (r) = ^ = G 2 A 0 (r) 

(02) 

CT r2 


fcote P 2 *i (T,r')A 0 (r')dr' = yA 0 (r) 

(03) 


where y is discussed below. 

These assumptions lead to a pair of homogeneous equations in Gj and G 2 with the solu¬ 
bility conditions that 


v — 


PoiPoj^ri^ 


Xl(*f* a 21 + <7fl a r2M02 + °f2° r rl^01^02>') + X 2 ° r rl°f2Poi 


(04) 


and with: 


G2 _ Poi<Tn <Hi 
G, vXi<Ht ^fi 

Several approximate formulas for y are discussed, 20 all having the form 


(65) 


V toil 


( 00 ) 


where Q| is the average probability that a neutron liberated in the tamper at velocity 2 
(via inelastic scattering) is absorbed in the core. Use of the asymptotic solutions of one- 
velocity theory gives for Q*: 


Qi=4- 


h?hl 


3 (h t + hj)(l + h,a)(l + h 2 a) <r* 2 


(■-i) 


(07) 


where a is the core radius and h t and h 2 are determined from: 


hi/<7* _ 

tanh" 1 h,/a* arf 

(08) 

h_ a e2 
tanh * h 2 /aj 

(09) 
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where the o**s are the “elastic” scattering cross sections and the <7*’s are the total cross 
sections being the sum of removal plus elastic cross sections. Thus, for: 

1 - o*/<j+ = ^«l,h» V3cr*a* 


NON-ISOTROPIC SCATTERING 

The effect of non-isotropic scattering on the preceding results is illustrated by the case 
of linear anisotropy in a bare-slab reactor. 22 Using the first lower approximation, the 
direction-dependent flux: 

<£(x,E,p) = vn(x,E,p) 

may be written as: 

♦ (*,E,H) = R[e ik3t f(E,n)] ( 70) 

where R[x] denotes the real part of x. The direction-integrated flux: 

</>(x,E) = J-i 0 (x,E,p) 

has the form: 

<f>(x,E) = H(E) cos Kx (71) 

where: 

K = JL (72) 

K 2a 

and a is the distance from the center of the reactor to the extrapolated boundary, assumed 
the same for all energies. The current density: 


j(x,E) = JL\ p dp <f>(x,E,p) 


has the form: 

j(x,E) = J(E) sin Kx. <7V 

Substitution of Eq. (70) into the Boltzmann equation results in a pair of coupled integral 
equations for H(E) and J(E) which may be written as follows: 

H(E) = G„(E) - G,(E) (74) 

J < E > = ^ G « (E) + a G ' (E) (75) 



tan" 1 g(E) 
a(E) 


a(E) = K/a(E) 


(76) 

(77) 
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where o(E) is the total cross section, and G 0 and Gj satisfy: 

~j||~G 0 (E) = v x (E) £ dE' o f (E')[G 0 (E') - G t (E')] 

+ / 0 * g(E,E') dE' a s (E')[G 0 (E') - Gj(E')] (78) 


«(E)q(E) 
1 - /3(E) 



3fl 0 (E') 

a(E') 


g(E,E')a a (E') 


1 -fl(E') 
0(E') 


G 0 (E') + Gj(E') 




The equations are written in terms of G 0 and G, because G x goes to zero as jl^(E), the 
average cosine of the angle of scattering, goes to zero. Thus, Gj is a measure of the 
effect of anisotropy. 

The above equations correctly reduce to Eq. (52) (with A* = 1) in the case of isotropic 
scattering. It is to be noted that cr(E)//3(E) = t/ 0 (E)crf(E), where t'o(E) * s the value of v re¬ 
quired to maintain criticality in a one-velocity reactor at energy E, the removal cross 
section being a r = Of + ct c + cr g = a. 

Equations (78) and (79) may be solved* for G 0 and G t in the normalization: 


v J~ dE' ( 7 { (E')[G„(E') - G,(E')] = 1 (80) 

and v may then be obtained from Eq. (80). Using this normalization for a reactor con¬ 
sisting of hydrogen and an element which scatters isotropically without energy loss, 

Eqs. (78) and (79) reduce to: 


o(E) 

0(E) 


G 0 (E) = X (E) + <r e ( E ) t°o(E) - G t (E)] + 



<W E ') [Go(E') - G,(E')] 


a(E)g(E) , . = „ r- dE' 

1 - /3(E) ° l( } J 0 a(E')E' 


° sh(E') 


1 - fl(E') 
0(E') 


Gq(E') + Gj(E') 


(81) 

(82) 


which may be converted (by differentiation) into a pair of coupled differential equations. 


UNIFORM MEDIA 

Reactors in which the core and reflector have uniform scattering and moderating 
properties, with the fuel affecting only the absorption, afford certain simplifications in 
the theory and have received considerable attention. Unless specified otherwise, the fuel 
will be assumed to be distributed uniformly in the core; non-uniform distributions will be 
considered separately later. 


GAUSSIAN SLOWING-DOWN 

The case of a spherical thermal reactor in an infinite medium with Gaussian slowing- 
down has been treated by Volkoff. 23 The notation is given in Table 1.4.8. 

The method starts with the equations of elementary diffusion theory: 




g(r) 

D 




(83 A) 
(83B) 


* Approximate methods for solution of such equations are discussed in Chapter 1.3. 
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Symbol 

r 

*0 

a 

sub 1 
sub 2 
f 

g 

D 

L 

L, 

M 

y 

k 

PClxl) 

S(r.r') 

*(y) 


Table 1.4.8 — Notation for Discussion of Volkoff’s Work 

Definition 

Distance from center of symmetry 
Critical radius of unreflected reactor 
Critical radius of reflected reactor 
Indicates core 
Indicates reflector 
r times thermal flux 
r times slowing down density 
Thermal diffusion constant 
Thermal diffusion length 
S lowing-d own length 
/ L 2 + Lj , migration length 

L ,/L 

Multiplication constant Ik, > 0, k 2 < 0) 

Slowing-down density at position x owing to a plane source at x = 0 

1 |P(lr - r'|) - P(|r + r'|)) = slowing-down density at r owing 
4irr r /l 

to a unit spherical shell source at r' 

Fourier transform of P(y) where y = |x|/L, 


with the conditions: 


f,(0) = 0 = f 2 (-) 
f,(a) = f 2 (a) 


dfi(r) 

dr 


r=a 


_ d f 2 (r) 
dr 


r=a 


where g(r) is given by: 


gW = f* 47rr'dr'f|(r')S(r,r') + ^ J a ” 4„r'dr'f 2 (r')S(r,r') 

D J 0 2 

which may be written in terms of the plane kernel P as: 

J" fl( r')P(| r -r'|)dr'+^ [jj f 2 (r')P(|r - r'|)dr' 


J^°f 2 (r')P(|r-r'|)dr'| 


(84) 


(85) 


( 86 ) 


where the range of definition of g, i u and f 2 has been extended to negative values of r by’re 
garding them as odd functions. 

The actual three region (image) problem as contained in Eqs. (83), (84), and (86) is now 
approximated by a two-region problem formed by extending the reactor image to 
Thus, Eq. (83A) is to hold for ^ r ^ a, Eq. (83B) holds for a < r < ®, and Eq. (86) is 
replaced by: 


= ^ I" fj(r')P(|r - r'|)dr' + — f" f 2 (r')P(|r - r'|)dr' 
D T.r Ti 


k 2 _ 

2 


(87) 
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This two-region problem is solved by the Wiener-Hopf method and is shown by test com¬ 
putation to be a very accurate approximation to the actual three-region problem. The 
two-region criticality* results are given below. 

The critical radius is given by: 

a = a 0 [l - c th - Cf] ( 08 ) 

where a 0 is the bare critical radius, given by: 





is the fractional reflector savings owing to thermal neutrons entering the core from 
the reflector: 


€ th =-tan l — 

v 2 


(90) 


€f is the fractional savings owing to fast neutrons entering the core 


c f = - [IO'i, Y\) - JO'i, v ly y 2 )] 

7T 


(91) 


and: 


l(^i, ri) = 


= £ p f 

" J o 


dx 


1 


x 2 -u] 


x 2 - 1/5 x 2 + y?(l - kj*(x)) 


, v i/, ^ r*° dx x 2 + v\ 

u 2 t "Yz) ~ P I 2 -J ~ 2 ~. fTT\ -, . , xi 

v Jo x z - v\ x 2 + (1 - k 2 4>(x)) 


(92) 


where P denotes the Cauchy principal value of the integral. The quantities v x and v 2 are 
the values of the infinite medium buckling (using L s as the unit of length) and are the posi¬ 
tive real roots of: 


k« = 


*(»',) v 




Y 1 


(93) 


k ’ i) 


If the reflector contains no fuel, then k 2 = 0 from which it follows that v 2 = y 2 and 
J(ir u u 2 , y 2 ) = 0. In this case: 


= 0) = z tan 1 - 


Yi 


(94) 


£f (k 2 = °) = “ I (*'i» Vi) 


* Flux and slowing-down distributions are discussed in Ref. (24) where the deviations from the 
asymptotic solutions are investigated in the neighborhood of the core reflector interface. 
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For a Gaussian slowing down kernel: 


p(W) 


1 

271tL s 


e -x*/4L? 



the transform is given by: 


$(*/) =e-^ 



Figure 1.4.9 plots e th (k 2 = 0) as a function of K = (M./LJv, for various values of Lj/rn,. 
Figure 1.4.10 plots e f (k 2 = 0) as a function of K for various values of y, and also exhibits 

contours of constant k t . 

For a finite reflector, the modification of the above is discussed in Ref. (25). For com 
parison with two-group results, see French and Hurwitz. 28 


GENERAL KERNELS 

The formal work of the preceding section applies immediately to a general displacement 
slowing-down kernel provided that of Eq. (96) is replaced by the appropriate trans¬ 
form Applications to multigroup kernels are given by Volkoff and LeCaine. 

The major simplification arising for thermal reactors from the presence of a uniform 
slowing-down medium in a finite or infinite region can be clearly stated: Let S(x) be the 
source distribution of fission-energy neutrons. Then, the slowing-down density at thermal 

q(x) may be written: 

q(x) = / k(x,x') S(x')dx' (97) 

where k(x,x') characterizes the medium but is independent of the fuel distribution. Then, 
for uniform media: 


k(x,x') = k(x',x) 

If the medium is Infinite in extent, in addition k(x.x') depends only on |x-x'|. 

If the thermal-diffusion coefficient, D, is uninfluenced by the fuel distribution, the re 

actor criticality equations may be written as: 


q(x) = / k(x,x / )rja af (x')^(x')dx' 

(_ v • DV + <7^)4* = <1 - ^af * 

using the Green’s function, g, defined by: 

(—V • DV + (Jjuh )g(x,x') = a am “ *'> 


(98) 

(99) 


( 100 ) 


one has: 

<r am 4>=/ 

= / h^x'jCT^&'WtxOdx' 

which defines h as: 

h(x,x') — V j g(x,x")k(x",x')dx" - g(x,x') 


( 101 ) 


( 102 ) 
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Fig. 1.4.9 — The Fractional Reflector Savings Owing to Thermal Neutrons. 
Reprinted from CRT-391. The curves give f^asa function of K - M^i/L, for 
various values of Lj/M! for a non-multiplying reflector (k 2 = 0). 
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Fig. 1.4.10—The Fractional Reflector Savings Owing to Fast Neutrons. Re 
printed from CRT-91. The curves give € f as a function of K = M^j/L, for 
various values of -ft for a non-multiplying reflector (k* = 0). 
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Owing to the uniformity of the medium, the kernel h is symmetric: 


h(x,x') = h(x',x) 

for a wide class of kernels k in finite media. In infinite media, all k, h depends only on 
|x-x' | and is clearly symmetric. 

This formulation, as in Eq. (101), is a useful starting point for various considerations 
such as variational calculations, flat flux, and flat power. 

The work of Greuling 28 on infinite spherical water systems illustrates variational cal¬ 
culations. He uses a variational principle for 77 obtained from Eq. (101) above by multi¬ 
plication with < 7^0 and integrating: 

CT am / <t>2(T ai d Z = // a af (103) 

The value of 77 (as contained in h) given by this expression is stationary with respect to 
variations in <p. Greuling used a parabolic trial function for <p. Garabedian and Weinberg 29 
have extended Greuling’s work to finite reflectors and slab geometry. 


MODE METHODS 

Suppose the infinite-region slowing-down kernel k(|x—x'|) satisfies the linear differential 
equation: 

Lk(|x — x'|) = 6 (x — xf) (104) 


Then, in many cases of interest, the slowing-down kernel for a finite region V, K(x,x')> 
satisfies the same equation and vanishes for x or x' on the surface S(V). In such a case, 
q(x) defined by: 

q(x) = fj f y Ktx^Oo^ 0(x')dx' (105) 

may be evaluated 30 without specific knowledge of K as follows. Let the ^ n (x) be a complete 
set of linearly independent solutions of: 

(V z + B* )* n = 0 (106) 

* (s) = 0 if s on S 

normalized so that: 


f v K\ tdT = 1 

Then, with: 

f*= f *nfe) a af 


(107) 


k(B) = 4 tt k(r) gl ^~ r 2 dr 


(108) 
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one has: 


f n <M*) = °al 0W 


q(x) = t i / v Kfx.x'Ja^lxJdx' 

= r?Zf n k(B n )^ n (x) 

The criticality condition may be formulated as follows. From Eqs. (99) and (109): 


(109) 


_ V*(Bn) - 1 


V 


( n ip n (x) 


n am 


from which, using Eq. (107): 




m 


( 110 ) 


This yields the critical condition in the form of the vanishing of the infinite determinant: 


0 = 


a 


^ a ,<p — 1_ 6 

v / <?am + UB m 


nm 


an) 


For small reactors, only a few modes need be considered. 

BARE REACTORS 51 

If < 7 ^ is independent of position, as in a bare homogeneous reactor: 


fv * n ° , af^m d S = <J af 6 n. 


m 


and only the fundamental mode (smallest B 2 ) is of interest. The critical determinant, 
Eq. (Ill), reduced to: 

^(B) = 1 + 

or, with: 
k =-^- V 

^af + ff am 


and: 


L 2 = 


"af +ff am 


then: 

1 + L 2 B 2 


k = 


TT(B) 


( 112 ) 
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This is the usual form. For small B : 


k(B)* = 4 t t 


oo 

k(r) 


sin Br 2j 

——-r'dr 

Br 


= E 


(-D n 


n=0 


(2n + 1)! 


2n (B 2 ) n 


1 _-PB 2 
6 


(113) 


so that: 


k =* 1 + 


( 


L 2 + l r 2 


) 


B 2 = 1 + M‘B 


2td2 


(114) 


which is the familiar expression in terms of the migration area M 2 . 

k(B) may often be computed from microscopic data. Thus, the familiar Fermi theory 
result for a bare thermal reactor with Gaussian slowing-down may be found in most any 
of the standard references. 35 Many people have constructed nomograms from which the 
buckling can be readily evaluated. 

Hydrogen moderated machines have been treated 36 * 37 by representing the leakage as a 
fictitious absorption; the slowing-down then being treated correctly. The addition of 
heavier moderators and inelastic 38 slowing have been considered. 

Selengut 39 gives a more exact transport approach for hydrogen machines, employing 
an approximate boundary condition. Davison 21 considers hydrogeneous systems with and 
without reflectors. 


NON-UNIFORM FUEL LOADINGS 

For the general case of arbitrary fuel loading, Eq. (98) or (105) is solved with Eq. (99) 
by numerical methods. Often the iterative method is useful (cf. discussion at the end of 
this chapter). 

Two special cases of non-uniform fuel loading are of special interest in thermal re¬ 
actors: 

(1) Uniform volume power density in core, or a ^(p = constant in core. 

(2) Uniform power density in core per unit fuel mass, or <p = constant in core. 

For uniform power density per unit volume, 40 from Eq. (101): 

<p = const, x / core h(x,x')dx' (11 

and: 



(116) 


Goertzel 41 has shown that in idealized thermal reactors the smallest critical mass is 
attained with a non-uniform loading that makes the thermal flux flat in the core. Bot 
infinite and finite reflectors have been treated in multi-group formulation. In the case 
of water systems, the flat flux loading saves about 0.3 of the fuel requirement, but in a 

graphite system, 42 the reduction is only a few percent. 


* We assume 47r/ 0 kfrlr^dr - 1. 
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When the core is restricted to a smaller size, the flat-flux solution calls for a shell 
of fuel at the core boundary in addition to a continuous distribution In the interior. Re¬ 
actors having only the shell loading have also been studied; in a two-group thermal 
model, such machines are possible only if 7,-1 > ^7 l. and hence a shell reactor of this 
sort is not possible in light water. In a graphite system, the fuel needed for a shell re- 
actor is about 30 percent greater than for a uniform core reactor. 


MULTIPLE REGIONS 

TWO-GROUP CALCULATIONS* 

When a reactor consists of several regions, each of which is homogeneous, one- or two- 
group models may be handled with reasonable effort. Occasionally, three-group reactors 
have been discussed also by the method outlined below. The present discussion, however, 

is restricted to two-group reactors. 

The standard two-group equations in the simple geometries may be written in any region 
as: 


-BLJL r^— <t>( + (U SD +Uaf) 4>i = Wfs^s 
dr dr 1 

_ ± r" — 4>s + °as Os = "sD <0f 

dr dr 


(117) 


The subscripts f and s refer to the fast and slow groups, respectively. Within a region the 
cross-sections and diffusion coefficients, are constants, p = 0, 1, or 2 for slab, cylindrical, 
or spherical symmetry. For cylinders of finite height, unreflected at top and bottom, the 

correct equations contain: 


?i r i +D i;) 

r dr dr dz / 



as the leakage term. When the form 4> = tf>(r) cos ttz/H, where H is the extrapolated height, 
is substituted, equations of the form of Eq. (117) result, where a* and are the actual 
cross sections corrected for the longitudinal leakage. This separation may also be applied 
to vertically reflected cylinders where the extrapolated height involves an intelligent guess 
of the vertical reflector savings. Similar separations are possible for finite slabs. 

The boundary and interface conditions are 

(1) At center of coret (r = 0): 


d<ft t = _ 0 

dr dr 

(2) At outer extrapolated edge of reflector (r = a): 


<t> { = &B = 0 

(3) At interfaces between media (r = aq, i = 1, 2, ..n - 1): 


♦Chapter 1.3 contains some discussion of the group equations, 
t In slab geometry this condition is implied by the symmetry about r = 0. 
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d<fts 

dr 


continuous 


The general solution of the homogeneous equations (117) will give rise to four arbitrary 
constants in each of the n regions. Boundary conditions (1) and (2) yield four equations on 
these constants, and the interface conditions yield 4(n-l) so that the 4n arbitrary con¬ 
stants satisfy 4n conditions. Thus, the problem can be solved only in special cases. The 
critical equation expresses the conditions under which a solution can be found.* 

Since the condition that 4n homogeneous equations in 4n variables have a solution is 
the vanishing of the determinant of coefficients, one could obtain a 4n degree determinant 
as the critical condition. A matrix approach 43 assures the vanishing of a 2 x 2 determi¬ 
nant as the critical condition (NxN determinant in N-group theory). 

The matrix method will now be described. In each region, the general solution of 
Eq. (117) may be written as a linear superposition of solutions of the equation: 


(ii 

\r^ dr 



(118) 


where k 2 satisfies the characteristic equation: 


DfX 2 + ct sd + o-af 
- ct SD 


- w fs 

DgK + <7 as 


(119) 


Equation (119) has two roots for * 2 , to be written k\ , k\ . For each root, Eq. (118) has two 
linearly independent solutions, to be written F and G. These are tabulated in Table 1.4.9 
for various u. 

In the core, one may write (with ' denoting derivative with respect to argument!) for the 
solution of Eq. (117) subject to the central boundary conditions (and thus involving two 
arbitrary constants): 



( F(x t r) 

DgjqF'Oqr) 

RjFOqr) 

RjDfKjF'^r) 


F(* 2 r) 

D s K 2 F'(K 2 r) 


R 2 F(x 2 r) 


R2DfK 2 F'(K 2 r) 



( 120 ) 


where: 



° v ts 

D f*i + ^SD + *af 


_ Ds*i g as 
a SD 


( 121 ) 


*Form sheets and instructions for carrying out two-group calculations by hand have been published 
by Spinrad and Kur&lh, ANL-4352. 
t i.e. d/dr ip(Kr) = /cf(xr). 
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Equation (120), which is a matrix equation, will be abbreviated as 
*/’core( r ) = M core (r) (c 2 ) 


( 122 ) 


It is further possible to construct a propagation 
the property: 

4'{t) = M(r,r') tp{ r') 

This matrix is given by: 

M(r,r') = ABC(r) (TV) B -1 A” 1 

where: 


matrix M(r,r') in any region which has 

(123) 

(124) 


A = 


10 0 0 


0 D 
0 0 


8 


0 0 
1 0 


0 0 0 D f 


A -1 = 


1 0 


0 0 


0 D~ l 0 0 


0 0 
0 0 


1 0 
0 Df 


B = 


10 10 

0 1 0 1 

Ri 0 Rj 0 

0 Rj 0 R 2 


B" 1 = 




R 2 - R 


C(r) = 


FOqr) G(K t r) 
f^F'Oqr) (x,r) 


0 

0 


0 

0 


F(#c 2 r) G(x 2 r) 
* 2 F'(K 2 r) k 2 G , {k 2 t) 1 


(125) 


C -1 (r) = 



0 


KjW(Kir) 

0 

0 


0 


/c 2 W(/c 2 r) 

0 


0 


0 

0 


K 2 W(K 2 r). 


/CjG'(Kjr)-G(xjr) 0 
— icjF # (#c,r) FOqr) 0 


0 

0 


0 

0 


0 

0 


k 2 G' (x 2 r)-G(K 2 r) 
— *c 2 F'(K 2 r) F (x 2 r) ( 
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Table 1.4.9 — Solutions of Equation (118) 



Geometry 

F(p) 

G(p) 

W(P) 

0 ■ 

Slab 

cos p 

sin p 

1 

1 

Cylinder 

<Mp) 

Y 0 (P) 

2 



rrp 

2 

Sphere 

sin 

cos p 

1 


P 

p 

P2 


where: 


W(p) = F(p)G'(p)-F'(p)G(p) 


(126) 


and is the Wronskian of the functions F and G. It can be shown from Eq. (118) that W(p) = 
const. In this notation: 

( F(iqr) 

K.F'^.r) 

: 

The usual two-group diffusion treatments are given in the standard texts. 35,44 Friedman 45 
has considered two coupled Boltzman equations. Adler 46 considers the reduction of a two- 
group system to an equivalent one-group, with attention to boundary conditions. For addi¬ 
tional references the reader should see the treatments of Spinrad, 47 and Wigner and Fried¬ 
man. 48 

In terms of the propagation matrices, one has: 


: 

F(k 2 r) I 

K 2 F'(K 2 r)/ 



where the matrix M is the product: 

M = M(a,a n _ 2 )M(a n _ 2 ,a n _ 2 )... M(a 2 ,a,) M core (or I ) 
and is of the form: 


(127) 


(128) 


M = 



It follows that: 
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01 

03 


>1 

n 


= 0 is the critical condition. 


Alternate methods reducing the 4n x 4n problem are possible. Thus, for example, two 
sets of particular solutions <pf, (f> g may be chosen in the outer region. Each solution is 
then worked inward by matching at the interfaces until the core radius (assumed known or 
unknown) is reached. A linear superposition of these solutions with arbitrary coefficients 
may then be matched to the core solutions (also involving two unknown constants) to pro¬ 
vide four equations in the four unknowns. The problem is thus reduced to an equivalent 
two region problem. 

Also of interest is a “back-and-forth” or trial-and-error method. 48 In this method as 
used for non-multiplying reflectors, the fast flux, which is known in the outermost re¬ 
gion, is worked back to the core boundary, the position of which is guessed. From the 
known core composition, the slow flux can be calculated in the core and worked forward 
through the reflectors. It will not, in general, vanish at the extrapolated reactor bound¬ 
ary. The process is repeated with another guess of the location of the core boundary. 
Although tedious, the method has been used effectively in three-group calculations. 


MULTI-GROUP CALCULATIONS * 

The main method used for solution of multi-group equations with more than two-groups 
is a numerical iterative method. 50 - 51 In a simple form, this may be described as follows. 
The equations are of the form: 




i-l 

<Pi + = I k ij0j + f i S 

i^l 


(129) 


where: 

S = v £ a f j4>3 ( 13 °) 

and S/v is the fission density. The value of u for which Eqs. (129) and (130) have a solu¬ 
tion may be obtained as follows. Given an S (n) (r), Eq. (129) is solved in sequence for i = 

1, 2, ... to obtain <*>{ n) . Then, substitution of these <p[ n) in Eq. (130) yields S (n+1) (r). 

’ This process is started by guessing S (0, (r) (S (0) = 1 is good enough) and is continued 
until v (r) = S (n) (r)/S (n+1 V) is substantially constant (independent of. r). If the v thus 
obtained is not that characteristic of the fuel, the assumed composition of the reactor is 
varied and the computation repeated. 

The are usually obtained by numerical integration of the differential Eq. (129) sub¬ 
ject to the boundary conditions: 


= 0 at r = 0 

dr (131) 

0. = 0 at r = a (outer boundary) 

Standard methods may be used for the numerical integration. However, owing to the form 
of the boundary conditions, a particular solution of the differential equation <t >ip and a 
homogeneous solution are both obtained by integration in the direction of increasing 
r. Then: 


<h = <Piv + 


♦Chapter 1.3 contains some discussion of the group equations. 
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is again a particular solution. The value of a is so chosen that: 

0i(a) = 0 

The calculations involved in the above iteration method are tedious. The advent of mod¬ 
ern electronic computing machines has tended to make this method become one of the most 
important techniques, especially for intermediate reactors. One major advantage is that 
arbitrary variations of reactor properties with r do not materially add to the difficulty of 
solution. 

ODD SHAPES 

A number of references on various shape reactors are given above under “One-velocity 
Reactors” and in Table 1.6.8. One should note also work by Davison 52 on extension of the 
spherical harmonics method to more complex shapes. 

Numerous numerical approaches, such as relaxation methods, permit attack on novel 
geometries, especially in one-group systems, as do the electrical network or simulator 
analogue machines. Weinberg 53 mentions source-and-sink methods for handling odd 
shapes, corner situations, and the like; compare also the Wheeler control volume re¬ 
ferred to in Chapter 1.6 regarding the uses of source-sink methods for bounding solu¬ 
tions. The following discussion of perturbation theory also indicates methods of frequent 
utility. 

Monte Carlo methods permit attack, especially with the aid of modern computing ma¬ 
chines, on energy-dependent reactors having odd shapes or multiple regions. 

NON-UNIFORM MEDIA 

Some instances of space-variable systems were mentioned above under “Non-uniform 
Fuel Loading.” 

Some solutions have been obtained for the one-group reactor equation with variable 
buckling; 54,55,56,57 the quantity which satisfies that equation may involve other factors in 
addition to the neutron flux. 58 

Goertzel 69 has investigated the conditions under which the Fermi equation for a bare 
reactor of variable density may be separated into space and energy equations, thus per¬ 
mitting solution of the problem by elementary methods. Formulae are given which apply 
to thermal reactors, resonance reactors, and mixed thermal-resonance reactors. He has 
further used a mode method 60 to study solutions of the Fermi-age equation for variable 
density moderator and non-uniform fuel distribution. 

A transverse gap extending across a reactor has been studied theoretically and ex¬ 
perimentally to some extent. References are given in the last part of Chapter 1.6. 

Empty channels such as those used for gas cooling have received considerable atten¬ 
tion. 61,52 


PERTURBATION THEORY 
THE EIGENVALUE PROBLEM 

Some of the mathematical techniques of handling eigenvalue problems are directly 
applicable to the reactor equations. Of specific importance are the perturbation and var 

iation methods and the iteration methods. 

The Boltzmann equation or any of its approximations may be written as: 



(132) 
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where n is the neutron density,* and the operator H does not depend! on n and is therefore 
linear. Further, H has has the form:! 


H = uJ-K 


(133) 


where v is the number of neutrons per fission. 

Equation (132) may be transformed into an eigenvalue problem in several ways. One 

method considers the normal mode solutions: 


for which the eigenvalue A satisfies: 

An = Hn 

If the greatest A value is zero, the reactor is critical. A second method considers the 
critical or steady-state problem: 



for which the eigenvalue v Q satisfies: 


v Jn = Kn 
c 


(134) 


The lowest v r value is then the value of v required to maintain a steady chain reaction. 


PERTURBATION AND VARIATION METHODS 

Let dr be the volume element such that Jndr is the total number of neutrons § in the 
reactor. Define the operator adjoint to M by the requirement that: 

/ uMvdT = / vM + udr ( 135 ) 

for all real functions u, v that satisfy the boundary conditions on n. The operators H, J, 
and K are usually not self-adjoint. That is, H = H+ is not usually true. 

Consider, as an example, Eq. (134) and the adjoint equation: 


v J + m = K f m ( 136 > 

V 

and the equation for the “perturbed” problem: 63 

i/'J'n' = K'n' (137) 

C 


* n is a function of energy, neutron velocity direction, and position. 

t In power reactors, the cross sections contained in H depend on the power through temperature and 
density effects, thus causing H to become non-linear. This case is treated in Chapter 1.6. 

X For the form of H, J, K, cf. Chapter 1.6, “General Equations” and “Two-group, Bare, Thermal 
Reactor.” 

fi Delayed or latent neutrons are considered in Chapter 1.6. 
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Multiplication of Eq. (137) by m and Eq. (136) by n' and integration of each product followed 
by a subtraction leads to, after use of Eq. (135): 



J m(6K)n'dT — v' Q J m(6J)n'dr 

J mJn'dr 


(138) 


where 6’s denote the primed quantity minus the unprimed quantity. This exact* result may 
be written in three approximate forms: 



j mSKn'dr - v' c f mfiJn'dT 

f mJndr 




f m6Kndr — v’ z f mSJndr 
f mJndr 

J m6Kndr - v c f m6Jndr 
f mJndr 


(138a) 

(138b) 


(138c) 


Forms (138b) and (138c) have the advantage of not requiring knowledge of the perturbed 
density n'. The value of v' c in some applications of Eq. (138b) is simply v. In some 
important cases, however, such as in the measurement of danger coefficients, 63 the 
perturbation is localized in space, and perhaps in energy, and causes an appreciable 
local perturbation in n. When this occurs, 6Kn' or 6Jn' may be experimentally or 
computationally determined and the .more correct result, Eq. (138a), becomes applicable. 

The variational method of arriving at form (138c) has the added advantage of leading 
to a method for estimating the eigenvalue v Q . It is based on the fact that the equality: 

„ - J mKn f nK+m (135 

c f mJn f nJ + m 


holds when any function is used for n so long as m satisfies Eq. (136) and when any function 
is employed for m provided n satisfies Eq. (137). Thus, if changed or assumed values m' 
and n' are used in place of m and n, the change or error, 6v c , is proportional to the prod¬ 
uct (m-m')(n-n'). Another way of stating this result is to say that expression (139) for v c 
is stationary with respect to variations of m and n about their correct values. Form 
(138c) is obtained from Eq. (139) by varying m, n, K, and J and neglecting terms containing 
the product 6m 6n. 


THE REACTIVITY 

THE ADOPTED DEFINITION 

The reactivity, here denoted by R, generally means a quantity measuring the departure 
of a reactor from criticality, being unity for a critical reactor, greater than unity for a 
supercritical reactor, and less than unity for a subcritical reactor. In dynamic considera¬ 
tions, where R plays the role of an effective multiplication constant, the definition of the 
characteristic time is fixed by the definition adopted for reactivity. 


♦The approximation 6(y c J) = 6v c J + y c 6J has been made. 
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A simple and useful definition* of reactivity is: 
v 

v c 


(140) 


Thus, R is the eigenvalue of the equation: 

RKn = ^Jn 

which is simply a rewrite of Eq. (134). Similarly, the adjoint equation: 
RK + m = i/X^m 

is a rewrite of Eq. (136). Thus, as in Eq. (139) the equality: 


(141) 


(142) 


v mJndT 

R = —-—-- 

f mKndr 

has the stationary property. Further, the relation: 


(143) 


6R _ 6vc_ (144) 

~R ” v “ v Q 

gives the difference in reactivity between two slightly different reactors, where 6* is 
given by Eq. (138) or any of its approximate forms. 


interpretation by importance 

The adjoint function m as given by Eq. (136) or Eq. (142), represents the importancet 
of a neutron towards maintaining the chain reaction. For any neutron distribution n, not 
necessarily satisfying Eq. (141), the quantity v/mJndr is then the creation rate of im- 
portance via fission neutrons, and /mKndr is the net destruction rate of importance owing 
to scattering, absorption, and leakage. Thus, Eq. (143), which is correct for any n, states 
that the reactivity is the multiplication constant as measured by importance (rather than 
by neutron number). The significance of the stationary character of Eq. (143) is that the 
reactivity as defined depends only on the reactor characteristics v, J, and K and is in¬ 
dependent of changes in the neutron distribution within the reactor. 

Equation (144) may be simply interpreted when form (138c) is substituted for 6v c . The 
result may be arranged to state that the fractional increase of reactivity is equal to the 
fractional increase in creation rate of importance minus the fractional increase in des- 

truction rate of importance. 

The characteristic or effective generations time 1 is given by 


I f mndr 

f mKndr J mKndT 


(145) 


* This is the definition used by the KAPL physics group. 

tSee Chapter 1.6 for a physical definition of this quantity. The function m is the same as the 
“iterated fission probability,” a term employed by the KAPL group. Cf. KAPL-98 for a comparison 
of this with the fission probability. 
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in terms of which, the dynamic equation* based on Eq. (132) may be written. The quantity 
I is interpreted as the total importance of neutrons, and the time 1 is then the average 
turnover time of importance, being given by the total importance divided by the destruction 
rate of importance.! If v were suddenly made zero (and thus R — 0), there would be no 
further production, and as a result, the total importance I would decay as e~ t/l 
Equation (5) states that the importance m of a neutron in a critical reactor is equal to 
the average importance of the neutrons emerging from the first collision. Equations (7a) 
and (7b) state that the importance of a neutron is given by the importance of the first 
generation fission neutrons resulting from the neutron in question. Equation (7c) defines 
IfTto be the average importance of a fission neutron. 

ITERATION METHODS 

One useful method of solving: 

~ Jn= Kn 
K 

proceeds as follows. One guesses Jn 0 and solves the equations: 

^k+i = Jn k 
for k = 0 , 1 , ... 


Then: 


Lim - 

C 

II 

c 

k— 

J n k dT 

and: 


Lim 

JHk+l R 

k— 

Jn v 


Clearly the method is useful only if the convergence is rapid, as is the case for small re¬ 
actors. Also, owing to the form of the operator J, one can usually guess Jn 0 easily. This 
is because Jn 0 is the fission distribution multiplied by the fission spectrum. A similar 
approach also applies to the adjoint equations: 

-- J + m = K + m 

R 

Often it is useful to calculate in this way m^ and n k , (for k = k' = 1 possibly) and obtain 
R from Eq. (143). This is usually extremely accurate even with k = k' = 1. 


* Chapter 1.6 treats the effect of delayed neutrons and further discusses Eqs. (132) and (144). 
t A somewhat more physical definition by Hurwitz is that 1 is the weighted average of the time re¬ 
quired by a fission neutron to produce another fission. A fission source is assumed to have a spatial 
distribution like the normal power distribution, and each resulting fission is weighted by the impor 
tance of the neutrons to which it gives rise. 
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CHAPTER 1.5 

Reactor Statics; Experimental 
and Numerical Results 

Mathew M. Shapiro 


Classification of critical mass and related data involves numerous parameters and 
might be done in various ways. For example, reactors are frequently classified as fast, 
intermediate or resonance, semi-thermal, thermal, or mixed (i.e., fast in one part of the 
reactor and slow in another) according to their neutron energies. Another common classi¬ 
fication is by moderator material. This will be employed here with energy types used as 
modifying or descriptive terms. Somewhat arbitrarily, “unmoderated” will be used to mean 
"unmoderated by carbon or lighter elements.” 

Ages for fission neutrons in a number of common moderators and water-metal mixtures 
are given in Tables 1.5.1 and 1.5.2; the spatial slowing-down distributions for some of these 
are shown in Figs. 1.5.1 to 1.5.6. Table 1.5.3 gives experimental ages for Ra-Be neutrons 
in some water-metal mixtures. Thermal diffusion lengths appear in Table 1.5.4. 


HOMOGENEOUS REACTORS 


MODERATED CORES 
HYDROGEN MODERA TORS 

By fitting the measured slowing-down distribution of fission neutrons in water with a 
synthetic kernel, Greuling has calculated the critical mass of water-moderated, spherical 
reactors having an infinite water tamper. Those results which apply to highly enriched 
uranium appear in Fig. 1.5.7. 

The water boiler reactors (LOPO, HYPO, and SUPO) are described in Table 1.5.5. 
Figures 1.5.8 and 1.5.9 show thermal- and fast-flux distributions for the low-powered 
assembly with a BeO tamper. 

Tests of various tamper materials have been made by observing their effects either on 
the criticality of the low-powered water boiler or on its multiplication of a natural source 
when a small part of the BeO tamper was replaced by the specimens. BeO bricks were 
removed from a 3-in. x3-in. area extending radially from the core surface to the outside 
of the tamper (one foot thick) and replaced by the material to be tested. The estimated 
change in critical mass for the materials, when used bare and when covered by 0.030 in. 
of Cd, is given in Table 1.5.6 relative to bare and Cd-covered BeO. 

The result of a critical experiment on the HRE is shown in Table 1.5.7. 

In addition to the calculations mentioned above which are directly related to critical ex¬ 
periments, some additional theoretical results are of interest. 
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The calculated effect of varying the tamper material around a spherical core of fixed 
composition is shown in Table 1.5.8. The theoretical results for an infinite D 2 0 reflector 
and different fuel concentrations appear in Table 1.5.9. 

Figure 1.5.10 shows the minimum critical mass of a water-tamped pure U 235 -H 2 0 
spherical core as a function of core radius. The least mass (0.69 kg of U 235 ) occurs for 
a radius of 16.7 cm. The shape of the fuel distribution required to minimize the mass is 
shown in Fig. 1.5.11. For a radius smaller than 16.7 cm, some of the fuel is lumped at 
the core-reflector interface. Figure 1.5.12 shows the fuel loading for a core of 13 cm 
radius. 

D MODERA TORS 

Oak Ridge measurements for enriched U 235 thermal D z O systems with D z O reflectors* 
appear in Table 1.5.10 and Argonne results for bare, natural-U, homogeneous systems in 
Table 1.5.11. 

A number of computations performed by Nordheim and his group are given in Tables 
1.5.12 through 1.5.16. These include bare, D 2 0, and graphite reflectors and Pu and U 235 - 
U 238 fuel. Table 1.5.17 gives D 2 0 reflector savings. 

Calculated results for bare reactors with natural or slightly enriched U are shown in 
Fig. 1.5.13, and for natural U with perfectly pure D z O in Table 1.5.18. 


LATTICES 

The term “lattice" as used herein applies to large thermal reactors usually using 
natural uranium. 

THEORY 

In the following discussion, the notation in Table 1.5.19 will be adopted. 

VALUE OF 7] 

In terms of basic constants, the number of neutrons from thermal fission per thermal 
neutron absorbed in U is: 


<j f (25) N 25 v 2 s 

71 ” (o,(25) + a c (25)] N„ + a c (28) N„ 
With recent data 7 ' 8 as follows: 

1^25 = 2.5 ± 0.1 
= 0.183 ± 0.008 

o f (25) 

o f (25) = 549 ± 8b 
cr c (28) =2.80 ± 0.07b 

^ = 137.8 ± 1 

n 28 


• The new Argonne experimental reactor (CP-5) is to be of this type, with about 1.1 kg of U 
held in A1 plates' in a core 2 ft in diameter and height surrounded by about 2 ft thickness of reflector 

6 References appear at end of chapter. 
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one obtains r? = 1.33 ± 0.05 for natural U. This accuracy is not adequate for low-k reactors. 

Greater accuracy may be obtained with exponential and critical experiments, in which 
7 / is one of the parameters involved. The value of T) usually quoted from the early Chicago 
graphite exponentials, using €, p, f, and M 2 values calculated by the standard formulae, is 

1.315.* 

If measured thermal utilizations are used instead of the calculated values, Way finds* 

7 / = 1,340 ± 0.7% which agrees well with the value obtained from homogeneous D 2 0 ex¬ 
ponential experiments. 12 

FAST EFFECT 

In addition to the thermal fissions in U 23 *, there are also a few fast fissions produced 
in the uranium before the fast neutrons escape from the uranium lumps. The result of 
this effect is to increase the number of available fast neutrons by a factor e given, ac¬ 
cording to a one-group theory with appropriate fast constants, by: 


e-1 



GP 

1-SP' 



Here P is the probability of a fission neutron from U 236 colliding within the lump before 
escaping, and the numerator, GP, thus expresses the net neutron gain from such first- 
flight collisions. SP fast neutrons emerge from these first collisions within the lump, and 
a fraction P' of these, in turn, collide before escaping. The net gain in neutrons from 
these second-round collisions is thus SPGP', or SP' = x times the gain in the first colli¬ 
sion. Assuming P' to be the same for all succeeding rounds of collisions, one obtains the 
factor 1 + x + x 2 +_= 1/(1-x), which gives the above formula. 

The calculation of P and P' is a geometrical problem, with P evaluated for a source 
distributed like the thermal neutron flux in the lump, while for P' the source after one 
collision is assumed to be uniform throughout the lump. If the distribution of thermal 
neutrons within the lump is taken as that characteristic of diffusion into the lump, one has 
p as a function of k and R (where R is the dimension of the lump and 1 /k is its thermal- 
diffusion length) and also of the macroscopic total fast cross section, No t , as follows: 

P = P (Na t R, K/No t ), with P' = P (No t R, O). Curves! for P are given in Fig. 1.5.14. 

Table 1.5.20 gives constants for natural U; the set of numbers yields results which agree 
with experimental results, as shown in Table 1.5.21. Values for metal rods are given in 
Table 1.5.22; for smaller sizes, €-1 is proportional to the radius r or, if the density be 
altered, to pr. In some early calculations, 13 the values of e-1 used for U 3 0 8 were about 
0.8 of the values for metal of the same pr. 

In close-packed lattices (e.g., light-water moderator) fast neutrons may travel from 
one lump to another and give interaction effects in €. 14,15 


THERMAL UTILIZATION 

In the case of a homogeneous reactor, the thermal utilization is the ratio of uranium 
thermal absorption cross section to total thermal absorption cross section. In a heter¬ 
ogeneous reactor, thermal neutrons are born in the moderator and must diffuse into the 
fuel, so that the average thermal flux in the fuel element is lower than that in the mod- 


♦Tlus is for the entire set of 44 Chicago graphite exponentials. 

T For the formulae see CP-644. For hollow cylinders see Guggenheim and Pryce, MT-199; do not 
use CP-644 for this ease. 
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erator. This depression in flux decreases the thermal utilization from the value it would 
have in the homogeneous situation. 

Most lattice calculations use a formula, Eq. (3), for f derived from simple diffusion 
theory. This appears to give values of f about 2 percent greater than measured values. 

Some compensation for the errors of simple diffusion theory can be obtained by altering 
certain of the constants which enter. More precise calculations using the P 3 approxima¬ 
tion are currently receiving attention. 

The diffusion theory result is given here for the following configuration. A central 
region of radius* r 0 is filled with uranium. Following this is a sheath of absorbing but 
non-moderating material {e.g., steel or aluminum jacket). Following this is an air gap 
and finally, extending from r { to r 2 , moderator. r 2 is the effective outer radius of the 
moderator such that the volume (and mass) of moderator is that actually associated with 
a cell. It is assumed that the slowing-down density into thermal is uniform throughout the 
moderator volume and that there is no neutron current across the outer boundary r 2 . Then: 



F( *o r o) 


N,a al Vi + N 


2 a a2 V 2 


N 


o<7 a oV ( 


) 


+ X U 2 r,, k 2 r 2 ) 



where V 0 , Vj, V 2 are volumes; N 0 , N lt N 2 atomic densities; and < 7 a0 , <j at , cr a2 , absorption 
cross sections for fuel, sheath, and moderator, respectively. ac 0 is the reciprocal diffusion 
length in fuel and k 2 that in moderator. F and X are functions as given in Table 1.5.23 and 
Figs. 1.5.15 through 1.5.17. Clearly F = 1, X = O corresponds to the homogeneous case. 

F is the ratio of the thermal neutron density at the surface of the uranium rod to the aver¬ 
age thermal neutron density in the rod. X measures the "excess" neutron absorption in 
the moderator due to the excess neutron density in the moderator over that at the mod¬ 
erator air interface. The rise in neutron density across the jacket (blocking effect) has 
been neglected. It is usually a small effect for a thin jacket layer. 17 

Thermal constants are found in Table 1.5.4 and in Chapter 1.2. The derivation of Eq. 

(3) is such that Maxwell-averaged cross sections would be used, except as one alters the 
constants to compensate somewhat for the errors of diffusion theory. In graphite lattices, 
this is accomplished by increasing the value of the graphite capture cross-section ( 7 a2 
where it appears explicitly in Eq. (3). Thus, whereas for AGOT graphite the best value of 
the ratio of its capture cross-section to that of U is 0.67 x 10*" 3 , it is customary to employ 
in Eq. (3^) a value of 0.78 x 10 3 ; i.e., in effect to increase the graphite capture cross sec¬ 
tion by / 6 . This decreases f in typical graphite lattices by about 7 1.5^. 

RESONANCE ESCAPE PROBABILITY 

In the homogeneous medium with absorption and elastic moderation, the resonance es¬ 
cape probability according to the Wigner slowing-down theory (cf. “Slowing Down with No 
Space Variation," Chapter 1.3) is of the form: 



exp 


_ f g a 

J o ;i + 


o s 




This formula is exact for (a) moderation only by hydrogen or (b) absorption only in sep¬ 
arated sharp lines. For U resonance capture, (b) very nearly obtains and also the ab- 


« 

* In spherical or cylindrical geometry. In slab geometry, radii are to be interpreted as distances 
from the plane of symmetry. 
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sorption is confined to a fairly small energy region so that variation in £ and a s may 
usually be neglected. Then: 



where: 


a a <*ff 





r dE f dE 

J off Y = J “ F = A 

The above cross sections are macroscopic; a s includes the scattering of the U and all 
lighter atoms, and £ is weighted over all the scatterers so that £ a s gives the total slow- 

ing-down power. 

The notation of Eq. (6) is also used for microscopic cross sections. It is seen that the 
value of A per U atom should depend only upon the total scattering cross section per U 
atom (assumed independent of energy). Figures 1.5.18 and 1.5.19 give experimental re¬ 
sults for U and Th, while Table 1.5.24 gives asymptotic values for infinite dilution with 
moderator. The effective absorption integral for U is increased by a factor of 26 as the 
dilution goes from zero to infinity; for Th, the factor is 4. Table 1.5.34 gives resonance 
integrals for a number of other materials. 

In a system with lumped fuel elements, one has volume absorption within the lump ap¬ 
propriate to the homogeneous material there, plus sharp-line absorption at the lump sur¬ 
face of neutrons coming from the moderator outside. Thus, for lumps which are not too 
small, one would expect: 




S 



Here a is as before while, by a somewhat more complex argument,4/3 = p(o/a s ) 2 ; 

S M, and p are the surface area, mass, and density of the lump, respectively. Thus, the 
effective absorption integral is of the form: 

f° ac„f = A + 4 < 8 > 

For U, Figs. 1.5.18 and 1.5.20 indicate the variation in A and p with scattering dilution; 
Table 1.5.25 gives values from experimental measurement on metal, and Table 1.5.26 in¬ 
cludes values which have been used for compounds. 

In addition to the above "self-protection" considerations, in lattice computations one 
also takes into account the depression in resonance neutron flux at the fuel rod of the 
same kind as discussed under thermal utilization. Thus: 

P = e‘ l/T (9) 
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N 2 V 2 (£ C7 s ) 2 


N 0 V 0 




dE 


ao eff 


F (/C 0 r 0 ) + X (« 2 r 1 ; * 2 r 2 ) 



where the bar signifies resonance neutrons, 0 and 2 refer to fuel and moderator, respec 
tiveiy, and the cross sections are microscopic. 

Values used for « 0 are 0.0222 p for U 7 and 0.025 p for UjOg, 13 where p is density in 
gm/cm 3 . Moderator constants are given in Table 1.5.27. 


AGE 

An approximate formula for the age of neutrons in a lattice 17 is: 




where the total volume, V t , is comprised of the lump volume, V 0 , the moderator volume, 

V 2 , and such void volume as may be present. The age to thermal of fission neutrons in 
the moderator, r f , is given in Table 1.5.1; the age r. n of inelastically scattered neutrons 
in the moderator has been estimated 8 at 231 cm 2 for graphite of density 1.6. The quantity 
P is the same as in Eq. (2). The above formula, in effect, supposes that the lumps contrib¬ 
ute no elastic slowing-down but have (per unit volume) the same average scattering power 
as the moderator. 

In the presence of empty channels, neutron streaming and anisotropic effects enter (e.g., 
reference 7, p. 29 ff). 


THERMAL DIFFUSION AREA 

If L| is the moderator thermal diffusion area, the fuel lumps absorption is taken into 
account by using: 

L 2 = f, L| (12) 

Here f 2 is the thermal utilization of the moderator, i.e., the fraction of all thermal ab¬ 
sorptions in the lattice which occur in the moderator. In the notation of Eq. (3) above: 




NiOalVA 
No a a 0 Vo / 


F (/< 0 r 0 ) 



Because of the higher temperature of the neutrons in a lattice, L 2 is somewhat greater 
than the values (Table 1.5.4) based on sigma-pile measurements; e.g., the neutron tempera¬ 
ture (reference 7, p. 31) in the Oak Ridge graphite reactor is about 140°C higher than the 
graphite temperature, whereas in a sigma-pile, the neutron temperature is about 80°C above 
the graphite temperature. In materials with constant scattering cross-section, L is pro¬ 
portional to the square root of the absolute neutron temperature. 

Neutron streaming and anisotropic effects appear when there are empty channels (ref¬ 
erence 7, p. 29 ff). 
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EXPERIMENTAL AND NUMERICAL RESULTS 
GRAPHITE 

A series of 44 graphite exponential experiments was carried out at Chicago during the 
war and subsequently analyzed by Way and Cashwell; their final report was never issued 
because* of difficulties in the cases containing water. Their last published note (ref¬ 
erence 11, p. 24) on this study is: 

"A summary of the data and calculations for the 44 graphite-uranium exponential pile 
experiments performed from 1941 through 1944 will be issued shortly in collaboration 
with E. D. Cashwell as CP-3124. In the early days there were many changes in the “best” 
values of the fundamental constants so that results for one group of exponential experi¬ 
ments would not be calculated with the same constants as those for another group. Now, 
however, calculations for all the experiments have been made in a uniform manner with 
the same values of the constants and the results are all directly comparable. 

The chief purpose of the exponential experiments was to serve as a guide and check in 
developing theoretical methods of calculating k, the reproduction factor in a lattice, from 
the product k = f per?. The symbol f denotes the thermal utilization, p the chance of es¬ 
caping resonance capture, e the fast effect and t) the number of neutrons produced per 
thermal neutron captured in uranium. The theoretical methods used were so-called dif¬ 
fusion theory methods described in the Project Handbook Chapter IV E. 

The whole group of experiments shows that 2 different values of r? are needed to give 
agreement between the measured and calculated k’s for the experiments in which the ura¬ 
nium was in the form of oxide and for those in which it was used as metal. If instead of 
the calculated value of f, the value found directly from a measurement of the cadmium 
ratio is used in the product f p e r), fairly good agreement between experimental and cal¬ 
culated k can be found for all experiments using rj = 1.340. The average deviation in the 
value of t) needed for perfect agreement and 1.340 is only about 0.7 percent. That a large 
part of this deviation is due to experimental fluctuations is shown by the fact that in a 
group of experiments on seven almost identical lattices the deviation was -0.4 percent. 

This value of r?, 1.340, is in good agreement with the value recently determined from the 
homogeneous P-9 exponential experiments, namely 1.335, and from values found by sub¬ 
stitution of measured cross sections or cross section ratios in the definition for r). 


t/ = 77(25) a a (25)/a a (25 + 28) = 1.35 using tj(25) = 2.10, 

a.(25) = 640/140, and cr r (25 + 28) = 7.13 

d v. 


tj = 77(25) 


1 + 


a A ( 28) 


a f (25)(1 +a(25)) 


r 


1.34 


using 77 ( 25 ) = 2.10, a a (28)/af(25) = 0.66, and 1 + a(25) - 1.17 


The conclusion seems to be that diffusion theory methods are good for determining p 
and c but are adequate for calculating the thermal utilization only to within one or two 
percent. Moreover, it seems that the values of the constants now in use for the calcula¬ 
tion of p and € (see above reference in Project Handbook) must be nearly correct. 


♦Communication from Miss Way. 
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Figure 1.5.21 gives calculated multiplication factors for a considerable range of metal 
rod lattices; Figs. 1.5.22 through 1.5.27 give pf values for spheres and rods of full- 
density metal, half-density metal, and oxide. 

Table 1.5.28 indicates the effect of fuel composition and density upon the best value of 
multiplication factor obtainable with rod lattices in graphite. 

Reflector savings for graphite reflectors around graphite lattices are given approxi¬ 
mately (reference 7, p. 46) by: 

T 

saving = 1.2L tanh — 

where T is the reflector thickness and L is the reflector thermal diffusion length. 
BERYLLIUM 

A sample of U metal in Be metal lattice was tested in a hole in the Argonne graphite 
pile. 22 Each fuel lump contained 182 cc of U (radius of equivalent sphere = 3.52 cm), 
and the volume ratio of Be to U was 17.2. A buckling value of 407 x 10" 6 cm -2 was ob¬ 
tained from what was considered to be the best of the experimental measurements made. 

Theoretical calculations have been made 23 for Be metal and oxide lattices. The ages 
used there are now out of date. 

LIGHT WATER 

Six lattices of slightly enriched U metal in water have recently been measured at 
Brookhaven. Bucklings and water reflector savings are given in Table 1.5.29, and cadmium 
ratios are given in Table 1.5.30. Table 1.5.31 gives results with boron poisoning added. 

Twenty-four lattices of natural U in water were operated at Oak Ridge. It was con¬ 
cluded 24 that: 

(1) “The best k obtainable at room temperature with H 2 O and ordinary U in a cylindrical, 
no-gap geometry, is probably very near 0.99. 

(2) “A k larger than unity can probably be attained by going to sufficiently high tempera¬ 
tures or by use of a gap geometry.” 

Tables 1.5.32 and 1.5.33 summarize results. 
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Table 1.5.1 —Age of Fission Neutrons in Various Moderators 

Substance 

Age to indium 
resonance, cm 2 
(BNL-170) 

Estimated age 
from indium tc 
thermal, cm 2 

Age to 

thermal, 

2 

cm 

Source of information* 

h 2 o 

30.4 ± 0.4 

1 

31.4 

ORNL-181, 1948 (E); 

ORNL-641, 1950 (E) 
MonP-219, 1946 (T) 

D 2 O(0.16% H 2 0) 

100 ± 5 


125 

CP-2796, 1945 (T); CP- 
3073, 1945 (T); CP- 
3453, 1946 (E); CP- 
1531, 1944 (E) 

CP-3195, 1945 (T); 

MonP-269, 1947 (T) 

Be (p = 1.85) 

80 ± 2 

17.2 

97.2 

ANL-4076, 1947 (E and T) 

BeO (p = 3.0) 



105 ± 10 

MUC-WC-MLG-10, 1946 
(T) 

C (p ± 1.60) 

311 ± 3 

53 

364 

ORNL-187, 1949 (E) 

BNL-152, 1952 (T) 

* (E) = experimental; (T) = theoretical 
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Table 1.5.2—Age of Fission Neutrons in Water-Metal Mixtures 


Metal 

Vol. metal 
Vol. H 2 0 

Experimental age 
to indium resonance, 
cm 2 

Theoretical age, 
indium resonance 
to thermal, cm 2 

Age to 
thermal, 
cm 2 

Reference 


A1 

0.5 

49.6 

2 

51.6 

Experiment, 

ORNL-294, 

1949 


1.0 

76.8 

3 

79.8 

Theory, 

MonP-219, 

1946 

Zr 

0.25 

35.7 

• • • 

• • • 

Experiment 

ORNL-641, 

1950 


Table 1.5.3—Age of Ra-a-Be Neutrons in Water—Metal Mixtures 

(Munn and Pontecorvo, Canadian Jour. Res., A, 25, 157, 1947. Reference also contains 

spatial distribution curves for Bi-H 2 0 systems) 


Medium, 

Concentration (C), 


Age, 

volume ratio 

gm-atoms/liter 

Detector 

cm 2 

h 2 o 

C H = in 

ny 

55 

h 2 o* 

C H = HI 

Rh (Cd difference) 

54.5 

HjO 

c H = in 

In resonance 

46.3 

h 2 o* 

C H = in 

Rh resonance 

46.2 

H z O : Bi:: 1:1 

C H = 56 

Dy 

93.7 


C Bi = 23 



H 2 0 : Bi: : 2 :1 

C H = 74 

In resonance 

66.3 


C B i = 15 



H 2 0 : Bi:: 1 :1 

C H = 56 

In resonance 

79.5 


C B i = 23 



H 2 0 : Bi: : 1 :2 

Ch = 37 

In resonance 

86.2 


Cgi = 30 



H z O : Pb :: 1:1 

C H = 56 

In resonance 

72.8 


Cpb= 27 



H 2 0:Fet: 1.3:1 

C H = 63 

In resonance 

53.2 


C Fc = 60 




* Measured with Rn-a-Be source by Amaldi and Fermi, Phys. Rev. 50, 899(1936) 
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Table 1.5.4 —Thermal Diffusion Length and Transport Mean-free-path of Various Materials 


REACTOR STATICS; EXPERIMENTAL 


CHAP. 1.5 
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♦CP-2161, 1944, gives dL/dT = 0.0061 crn/’C in the temperature range 27° to 93*C 
12200-m/sec values; obtained using a calculated value of 4.70 b for the Maxwellian average of the total 
cross section 



Table 1.5.5—Critical Mass Data for Los Alamos Water-boilers 
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REACTOR STATICS; EXPERIMENTAL 


CHAP. 1.5 


Table 1.5.6— Effect on Critical Mass of Replacing Small Portion of BeO Tamper in 

Water-boiler with Other Materials 


(R. E. 

Carter et al, La-105 

, July 1944) 


Am, 

.. gm U* 55 

Material 

Bare 

Cd covered 

BeO 

0 

0 

C 

1.52 

0.67 

# 

D,0 

1.93 

.9 

Pb 

2.67 

.5 

B1 

2.74 

.85 

Oak 

5.0 

5.8 

HjO 

5.3 

4.8 

Paraffin 

7.0 

8.7 

Air 

8.0 

4.8 

Cu 

11.9 

0.5 

Fe 

12.7 

.6 

WC 

15.79* 

3.8t 

Tu 

-4.54 

0.6 


* Density = 4.91 
t Density = 5.56 


Table 1.5.7 — Homogeneous Reactor Critical Experiment 

(Reactor dimensions and materials from TID-5022; critical fuel concentration 

from ORNL-1318; Sept. 19, 1952) 


Core 


Tamper 

Fuel 

concentration, 

Material 

Shape 

Material 

Shape 

gm U 235 Ag H z O 

>90% enriched uranium 
as UOjSO* aqueous 
solution 

18 -ln.-diameter 
sphere, 
volume = 50 

liters 

d 2 o 

Sphere, 39 in. 
OD, 10 in. 
thick 

25 


CHAP. 1.5 


REACTOR PHYSICS 


Table 1.5.8 — Critical Radius and Amount of U 236 in Spherical Core for Various 

Infinite Reflectors* 

(CP-2182, Sept. 30, 1944) 



Critical radius 

Mass U 238 

Reflector 

(R), cm 

(G), gm 

Graphite (p = 1.6) 

16.1 

600 

d 2 o 

16.3 

622 

h 2 o 

20.7 

1273 

BeO 



(p = 3) 

14.7 

456 

(p = 2) 

16.3 

622 

Be 

15.5 

535 

None 

27.3 

2920 

* Enrichment = 12.5%; concentration = 2.8 x 10“ 3 U 235 

atoms/molecule fyO 

Table 1.5.9 — Critical Radius and Amount of U 235 in Spherical Core with Infinite D 2 0 

Reflector for Various Concentrations of 12.5% Enriched Fuel 


(CP-2185, October 1944) 


Z = U 235 atoms/ 

Critical radius 

Mass U 231 

H 2 0 molecule (x 10 3 ) 

(R), cm 

(G), gm 

2 

18.3 

668 

2.4 

16.1 

544 

2.8 

14.8 

794 

3.2 

13.8 

456 

3.6 

13.1 

438 

4.0 

12.6 

432 

5.0 

11.6 

421 

6.0 

11.2 

453 

10 

9.5 

455 
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Table 1.5.10 — Criticality Studies on Enriched U-D,0 Systems* 

(Snell, MonP-454, and Addendum) 


u 235 . 

Core 

Core 

Core 

volume, 

gm/liter 

height, cm 

radius, cm 

liters 

10.35 

61.8 

20.8 

84 

5.17 

61.8 

30.4 

160 

2.58 

100 

40.4 

512 


* Fuel in A1 tubes of 1.5-in. diameter spaced 
tion of data from more complex arrangements. 


Reflector thickness, cm 

Critical mass, 

Bottom 

Top 

- » 

Lateral 

,,235 
gm U 

20 

62 

50.2 

869 

20 

62 

40.6 

930 

20 

24 .. 

30.6 

1323 

, 11.9, or 

16.9 cm. “No- 

-hole” extrapola- 


A few tenths percent H in the D 



Table 1.5.11 —Exponential Experiments with D z O and U0 2 F 2 Solutions* 

(Wattenberg, CP-3364) 


uo 2 f 2 


concentration, 

Critical radius 



gm/cm 3 

(R c ). cm 

Volume of D 2 0, liters 

Mass of uranium, kg 

0.0238 

452 

358,000 

6,602 

.7034 

247 

62,700 

3,583 

.1484 

208 

37,300 

4,348 

.2004 

205 

35,400 

5,598 

.2493 

209 

37,100 

7,343 

.2986 

228 

47,900 

11,438 

.3476 

244 

52,200 

14,586 


♦For bare spherical reactors; about 0.2% H in D 


491 


Table 1.5.12 — Spherical D 2 0-U Cores with Infinite D 2 0 Reflector 


CHAP. 1.5 


REACTOR PHYSICS 



-H CVJ <J) O O CO C- 

H ^ M CO lO 0> M 

^ CO CO CO CO CO lO 


M ^ CO CO CO O 

CD CO t- CO ^ 

CO CO CO M CO M CO 



w h h o o 

*h co o co in co eg 

CO rH rH 


^ (N b- O b- (N CO 
H CO CO M H 
eg rH 



N lO O) M ^ CO O) 
•••••*• 


eg 

Tt- 


rH CO t- 

co eg eg 


CO OJ CO 
eg f-H rH 


o> in to ^ co 
• •••••• 

© « m o 
^ eg eg eg eg rH rH 





• id in co eo -H 

• • • • • • 

. eg o o> co t- 

co cd in in in 


t> co eg co o 

• • • • • 

in o) ^ co in ^ 

co in m m in m 


• O rH co co 

• ••••• 

• CO ^ CO H O 

in in in in in 




in o co in t- o 
rH eg eg eg eg co 


II 

3 

* 


492 


atoms U 238 /atoms U 235 




Table 1.5.14 — Spherical D 2 0 Systems with Graphite Reflectors 
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Table 1.5.16 — Laplacians for D z O Systems 
(U 235 Data from XP-2813X; Pu (Data from CP-2589X) 


Z = Fuel 

atoms/D 2 0 molecule (x 10 3 ) 

U 235 (x 10 3 ) 

Pu (x 10 3 ) 


0.08 

1.43 

1.91 


.09 

1.58 

2.07 


.10 

1.72 

2.23 


.125 

2.03 

2.57 


.150 

2.31 

2.86 


.175 

2.55 

3.095 


.20 

2.77 

3.32 


.23 

3.01 

3.53 


.25 

3.15 

3.65 


Table 1.5.17 — DjO Reflector Savings* 



(Garabedian, CNL-36) 




Reflector saving, 

cm 

Reflector thickness, cm Case I, 10.35 gm U' 

235 /litcr Case II, 5.17 gm U 235 /litcr 

0 

0 


0 

20 

15.3 


15.9 

30 

18.8 


19.5 

40 

20.6 


21.6 

50 

21.6 



62 

22.5 


23.8 

oo 

24.2 


26.1 


• For 
critical 


2-group theory; slightly larger savings obtained by other methods, 
radius was 43.6 cm in Case I and 50 cm in Case II 


The bare-core 
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Table 1.5.18 — Natural U with Pure D 2 0 

(Ott, MonP-374; bare unpoisoned spherical reactors at room temperature, 
no H impurity in the D. This report contains a criticality nomograph 

for D 2 0-modcrated machines) 


D 2 0 molecules/U 23B atom 


D 2 0 volume, m 3 


40 34.3 

60 20.4 

80* 19.0 

100 20.4 

120 22.5 

•This case calls for 0.164 gm U/cc, a total of 3120 kg U or 22 kg U 235 . 
Addition of 1.1 kg Pu reduces the volume to 13.2 m 3 , and the mass of U to 
2140 kg. Core size reductions possible by means of a reflector were not 
computed 


Table 1.5.19 — Notation 
k » Multiplication factor = r) c p f 

tj = Number of neutrons produced by thermal fission for each thermal 
neutron absorbed in U 

( = Multiplicative effect of fast fission = Total number of neutrons 
produced per neutron produced by thermal fission 
p = Fraction of neutrons which become thermal 

f = Thermal utilization of fuel = Thermal neutrons absorbed in U per 
thermal neutron captured in all materials of the lattice 
M l = Migration area = r + L 2 
t = Age in lattice 

L 2 = Thermal diffusion length in lattice 
B = Buckling = k- 1/M 2 for k near unity 


Table 1.5.20 — Data for Fast Effect in Natural Uranium 


Quantity 

CL-697 

o f , b 

0.29 

(Tel, b 

1.5 

(Tc. b 

<0.04 

o t , b 

4.3 

V 

<2.55 

^• b 

Not 

3.5 
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Table 1.5.21 —Values of Fast Effect, c 

(BNL-152) 


Shape* 


Radius, cm 


c 

-- ■ -4 _ - 

Calculated 

Experimental using CL-697 

(Hill, CP-1548) constants 


Cylinder 

1.71 

1.032 ± 0.003 

Sphere 

3.22 

1.042 i 0.004 

Sphere 

3.96 

1.048 ± 0.004 


1.036 

1.041 

1.048 


*U metal (p = 18.9 gm/cc) 


Table 1.5.22 — Fast Effect for U Metal Rods 

(BNL-152) 


Radius, cm e-1 

1 0.0224 

1.1 .0243 

1.2 .0261 

1.3 .0280 

1.4 .0299 

1.5 .0316 

1.6 .0333 

1.7 .0350 
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Table 1.5.23 — Formulae for F and E = X + 1 
(Science and Engineering of Nuclear Power, Vol. II) 



F(x) 

• 

E(x,y) 

Plane 

x coth x 

(y - x) coth (y - x) 

Cylinder* 

x I 0 (x) 

2 I,(x) 

y 2 — x 2 I,(y)K 0 (x) + I 0 (x)K,(y) 

2x MyJK^-MxjK^y) 

Sphere 

x 2 tanh x 

y 3 - x 3 1 - y coth (y - x) 

3 x - tanh x 

3x 1 - xy - (y - x) coth (y - x) 


•K, is here defined so as to be always positive 


Table 1.5.24—Resonance Integrals for the Heavy Elements 


Material /o a dE/E, barns 


Remarks 


Th 232 

U 

Hf 


81.3 

<240 

7700 


Measured value from CP-3093 (1945) 
Sources: CP-3580 (1946), CN-442 (1943), 
CP-372 (1942). CP-3202 (1945) 

Calculated from data in ORNL-641 (1950) 
on Zr containing Hf 



Table 1.5.25 — Resonance Integrals in Uranium 


Observer 

Method 

Date 

A = / a(E) dE/E, barns 

p = J (HE) dE/E. 
barns gm/cm 2 Reference 

Creutz 

Activation 

1944 

9.25 

24.7 C-116 
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Table 1.5.26—Resonance Constants in Project Calculations 


Material 

A, barns 

p/A, gm/cm 2 

Reference 

U 

9.25 

% 

CP-372 

u 3 o 8 

12 

% 

CP-372 

uo 2 

11.51 

1.92 

CP-445 

UF 6 

14.6 

1.12 

CN -442 


Table 1.5.27 —Moderator Resonance Constants 

(CL-697, IV E) 

Substance £a s , b/atom or molecule ic 2 /p,* cm 2 /gm 


Water 

38.5 

0.583 

Heavy water 

5.28 

.141 

Be 

1.26 

.128 

BeO 

1.76 

.0690 

Graphite 

0.76 

.0672 


* Values given are for use with U; if the fuel is oxide or hex, 
multiply the values of x 2 /p by 0.88 
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Table 1.5.28 —Effect of Fuel on Multiplication Factor 

(Roughly assembled and rounded-off values based on 
Nucleonics, Jan. 1951; CP-372; CN-442; CP-445; CN-362) 


Fuel 


Form 

Density, gm/cc 

^max 

U 

18 

1.08 

U 

9 

1.07 

U 

6 

1.06 

uo 2 

6 

1.05 

u 3 o 8 

6 

1.04 

UF 3 

6 

1.03 

uf 6 

3.7 

1.01 

uo 2 

1 

1.02 


Table 1.5.29 — Water Lattices with Slightly Enriched U* 
(Communication from J. Chernick, Sept. 18, 1952) 



Lattice! 


1.5 :1 
1.75 :1 
2:1 

2.5 :1 
3:1 

4 :1 


Buckling,! cm -2 * 10 3 


2.85 ± 0.06 


3.453 ± 
3.65 ± 
3.700 ± 
3.304 ± 
1.76 ± 


.034 

.09 

.055 

.028 

.10 


2.94 ± 0.05 


3.486 ± 
3.86 ± 
3.647 ± 
3.271 ± 
1.88 ± 


.053 

.07 

.025 

.066 

.04 


2.89 ± 0.05 
3.470 ± .033 
3.75 ± 

3.673 ± 

3.288 ± 

1.86 ± 


.08 

.048 

.018 

.06* * * § 


Reflector saving,§ cm 


7.86 ± 0.14 


7.16 ± 
7.23 ± 
6.81 ± 
6.82 ± 
6.83 ± 


.08 

.26 

.17 

.11 

.52 


7.56 ± 0.11 
7.15 ± .12 
6.75 ± .20 
6.99 ± .09 
7.05 ± .09 
6.37 ± .19 


7.71 ± 0.14 


7.16 ± 
6.94 ± 
6.90 ± 
6.94 ± 
6.42 ± 


.10 

.23 

.16 

.11 

.2211 


* Metal rods 0.750 in. diameter and 4 ft long, 1.027 wt-% U 235 , 30-mil A1 cladding on rods, 
triangular lattice array. Values reported are results of least-squares fits 

t Lattice designation is volume ratio of water + A1 to U 

! Chernick’s cover letter says in part “The migration areas to be attributed to these 
lattices are still tentative. We get values ranging from 30-36 cm 2 depending on the form of 
the theory used to compute the thermal utilization. We hope to get better values from the 
analysis of intercell traverses which have just been completed. Members of the group under 
Karl Cohen report a value of 30 cm 2 if the assumption of constant reflector savings is used, 
34 cm 2 if the variation with poison is accounted for” 

§ Infinite lateral water reflector 

S Averages for this lattice are weighted because one measurement is much poorer than the 
other 


499 



CHAP. 1.5 


REACTOR PHYSICS 


Table 1.5.30 — Cadmium Ratios in Slightly Enriched Water Lattices 
(Communication from J. Chernick, Sept. 18, 1952) 


Lattice 

Gold : cadmium ratios 

Indium : cadmium ratios 

1.5:1 

1.918 ± 0.052 

2.576 ± 0.014 

2:1 

2.292 ± .038 

3.044 ± .16 

3:1 

2.884 ± .025 

4.30 ± .033 

4:1 

3.307 ± .045 

5.742 ± .092 



Table 1.5.31 — Slightly Enriched Lattices with B Poisoning 
(Communication from J. Chernick, Sept. 18, 1952) 

Boron concentration, 


Lattice 

B atoms/10 3 H z O molecules 

Buckling x 10 3 , cm" 2 

Reflector saving 

1.5:1 

0.216 

2.164 ± 0.082 

7.61 ± 0.18 

1.5:1 

.563 

1.107 dt 

.217 

7.61 d: .46 

1.5:1 

.860 

0.243 ± 

.05 

7.75 ± .46 

2:1 

.359 

2.045 ± 

.255 

7.45 dt .67 

2:1 

.590 

1.272 ± 

.314 

7.11 ± .78 

2:1 

.824 

0.326 ± 

.094 

7.32 ± .22 

3 :1 

.174 

2.086 ± 

.052 

6.79 ± .20 

3 :1 

.345 

1.137 ± 

.057 

6.37 d: .19 

3:1 

.512 

0.019 ± 

.049 

6.59 d: .17 

4:1 

.074 

1.103 dt 

.050 

7.16 d: .24 

4:1 

.146 

0.596 ± 

.067 

6.60 d: .30 

4:1 

.218 

-.054 dt 

.070 

6.81 d: .32 
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Table 1.5.32 — Description of Natural- 

U Lattices 

in Water 




(CP- 

•2842) 





Lattice 

Description 

Cell type 

Vh,o/V 

u ' 

'ai/Vu 

r 0 , cm 

1 

Vert. rods, no gap 


Sq. 

1.14 


0 

1.50 

2 

Vert. rods, no gap 


Sq. 

3.27 


0 

1.50 

3 

Horiz. stacked slugs 


Sq. 

0.27 


0 

1.40 

4 

Vert, rods, no gap 


Hex. 

1.78 


0 

1.50 

5 

Vert, rods, no gap 


Hex. 

3.17 


0 

1.50 

6 

Slugs in vert, tubes 


Hex. 

2.06 


0.140 

1.40 

7 

Vert, rods, no gap 


Hex. 

1.36 


0 

1.50 

9 

Slugs, cork spacer gap 


Hex. 

1.60 


0.140 

1.40 

10 

Slugs, cork spacer gap 


Hex. 

1.70 


.140 

1.40 

11 

Slugs in tubes, no gap 


Hex. 

1.42 


.140 

1.40 

12 

Slugs in tubes, no gap 


Hex. 

1.57 


.140 

1.40 

13 

Slugs in tubes, air gap 


Hex. 

1.92 


.346 

1.40 

14 

Slugs in tubes, air gap 


Hex. 

1.56 


.346 

1.40 

16 

Small rods, no gap 


Hex. 

1.80 


0 

1.00 

17 

Small rods, air gap 


Hex. 

2.01 


0.247 

1.00 

18 

Small rods, no gap 


Hex. 

1.50 


0 

1.00 

19 

Small rods, no gap 


Hex. 

2.10 


0 

1.00 


Table 1.5.33- 

— Natural-U Lattices in Water 





(CP 

-2842) 






A x 10 18 , cm' 2 








corrected 

L , cm 2 

T, 

cm 2 

u 

^corrected 

Lattice 

6A/6T 25°C 100°C 

25 6 C 

100°C 

25 °C 

100°C 

25°C 

-\ 

100°C 

1 

1.65 478 602 

2.5 

2.8 

54.7 

57.8 

0.973 

0.964 

2 

-14.6 4018 2321 

3.4 

3.7 

39.9 

42.6 

.840 

.898 

3 

23.0 6568 8293 

2.2 

2.4 

131.0 

133.0 

.417 

.325 

4 

-1.41 370 264 

2.8 

3.1 

44.0 

50.2 

.983 

.986 

5 

-8.10 3452 2844 

3.4 

3.7 

40.1 

43.0 

.860 

.875 

6 

-3.05 637 429 

2.9 

3.2 

44.9 

47.9 

.970 

.978 

7 

0.0 126 129 

2.6 

2.9 

51.7 

54.7 

.993 

.993 

9 

-2.75 84 -13 

2.7 

3.0 

48.8 

51.9 

.996 

1.007 

10 

-5.32 265 -13 

2.8 

2.1 

47.8 

51.1 

.987 

1.007 

11 

0.34 188 218 

2.6 

2.9 

51.0 

54.0 

.990 

0.988 

12 

-.46 297 268 

2.7 

3.0 

49.2 

52.2 

.985 

.985 

13 

.89 20 120 

6.0 

6.6 

94.5 

103.0 

.998 

.987 

14 

-27 

6.1 

6.7 

112.0 

121.0 

1.003 


16 

278 

2.8 

3.1 

48.4 

51.7 

0.986 


17 

-0.18 0 -8 

6.8 

7.5 

110.0 

120.0 

1.000 

1.001 

18 

2.50 660 848 

2.7 

3.0 

51.5 

54.7 

0.965 

0.952 

19 

329 

2.9 

3.2 

46.5 

49.3 

.984 
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Fig. 1.5.1 — Siowing-down Distribution in D 2 0. Reprinted from CP-3453, 1946. 
The ordinate is r 2 times the number of fission neutrons slowed to 1.4 ev (indium 
resonance energy). The (theoretical) curve is given by: 



and is plotted for r x = 58 cm 2 and t 2 = 48 cm 2 . <£(x) = J e'Y 1 dy. 
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0 ' log io A s vs Z { * l,hou * ,fons ^ )Qr, correction) 

b= Ioq^ vs Z (with tronsport correction) 

c:|og io A s y5 Z * ,fan 5 P 0f, correction) 

d-log l0 A $ vs Z 2 <*.fh transport correction) 
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Fig. 1.5.2_Slowing-down Distribution of Fission Neutrons from a Plane 

Source*in Graphite. Reprinted from ORNL-187, 1949. The ordinate is the 
logarithm of the number of fission neutrons slowed down to 1.4 ev (indium 
resonance energy). If the distribution were Gaussian, curves c and d would be 

straight lines. 
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Fig. 1.5.4 _Slowing-down Distribution in Be(£ = 1.85 gm/cc). Reprinted from 

ANL-4076, 1947. Indium resonance activity, point fission source. 





5 







Fig. 1.5.6 — Slowing-down Distribution in Ai-H 2 0 Mixtures. Reprinted from 
ORNL-294, 1949. Indium resonance activity; point fission source. 
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CORE VOLUME, liters 


Fig. 1.5.7 — Critical Mass of Water-moderated and Tamped Spheres vs Core 
Volume for Highly Enriched Fuel. Reprinted from Circle Report II, Jan. 7, 1949. 
The quantity x is the ratio of the macroscopic poison absorption cross section 
to the U 23B absorption cross sections. 
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DISTANCE FROM SPHERE TO CHAMBER 
(CENTER TO CENTER), cm 

Fig. 1.5.8 — Flux Distribution in Low-powered Water Boiler as Measured with 
a U 233 Chamber. Reprinted from AECD-3054, Oct. 19, 1944. 



DISTANCE FROM CENTER OF SPHERE, cm 

Fig. 1.5.9 — Flux Distribution in Low-powered Water Boiler as Measured 
with a U 238 Chamber. Reprinted from AECD-3054, Oct. 19, 1944. 
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U -235 = 1.5% 
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Fig. 1.5.14 Probability of First Flight Collision within a Lump. Reprinted from CP-644. 

the graph, a is the macroscopic total cross section, Na r For spheres and cylinders R is the 
radius; for slabs it is the half thickness. 
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Fig. 1.5.16 —Contours of X(x,y) for Thermal Lattice Calculations. Reprinted 
from TPI-20(u). 
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Fig. 1.5.17 — Contours of X(x,y) for Resonance Lattice Calculations. Reprinted 
from TPI-20 (u). 
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LOG |0 (<r # per Uatom, barns) 


Fig. 1.5.18 — Effective Resonance Integral for U. Reprinted from Weinberg and 
Noderer, ORNL-51-5-98. 



<r s /Th ATOM, boms 

Fig. 1.5.19 — Effective Resonance Integral for Th. Reprinted from Hughes and 
Eggler, CP-3093. 
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PITCH OF SQUARE LATTICE, in. 



Fig. 1.5.21 — Calculated Values of k-1 for Uranium Metal Rods in Graphite. Reprinted from 
Guggenheim and Pryce, TPI-20(u), Aug. 1945. Graphite density 1.6 gm/cc; U metal 18.9 gm/cc; 
early project purity of materials; 1.15-mm A1 sheath on rods; no air gap. The radius of the 
circle which has the same area as the cell is the equivalent radius. Reference report gives 
similar graphs for various air-gap thicknesses and other related material. 
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Fig. 1.5.22 — The Function pf for Uranium Metal Spheres of Density 18. Re¬ 
printed from Plass and Wigner, CP-372, Dec. 1942. Inverse of pf plotted against 
graphite-to-uranium volume ratio; r 0 is radius of sphere in cm. Graphite of 
density 1.6 gm/cc; early project purity. 
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CHAPTER 16 


Reactor Dynamics 

Gerald Goertzel 


REACTOR KINETICS 

The subject of reactor kinetics is concerned with the calculation of how the neutron 
The subject oi rea reactor varies with time. Into the equations for 

f time Calculation of these properties will be discussed later in this chapter. 

kinetics are based on an equivalent space-independent one^ 

model Eauation (1) describes this model, and the terms of these equations are in 
a general reactor in Eqs. (4) and (5). Problems to which the equations for 
the equivalent one-group space-independent model can not be adequately applied have 

been treated only slightly. 1 

SPACE-INDEPENDENT ONE-GROUP MODEL 
The equations of motion may be written as. 


dn 

dt 


= !L^n-^ + 2^ c ‘ + S 


dc 

dt 


- - c t 




l 


where 


n = 


AT 1 


kn/1 
n/1 
k0n/l 
[(k/1) - (k/3/l)]n 

kfyn/1 

0 


total neutrons in the reactor 
Ci = total delayed-neutron emitters of type i 

mean life of delayed-neutron emitters of type i 
s = source strength, neutrons per unit time 
= rate of production of neutrons (prompt and delayed) by fission 
= rate of loss of neutrons, all causes 
= rate of creation of delayed-neutron emitters 
= rate of production of prompt neutrons by fission 
= rate of creation of delayed-neutron emitters of type i 

= s a 


1 References appear at end of chapter. 
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GENERAL EQUATIONS 

The equations describing the time behavior of a nuclear reactor may be written in the 

form: 

^ = (1 - 0)f o (E)JN + ^ MEMjCj + S - KN 

1 

( 2 ) 

f(E) = (1 -0)f o (E) + Y,0i f i( E > 

where: N(x,E,u>)/47t = neutron density per unit volume per unit energy per unit solid 

angle of velocity direction 

/3 = £ /3j = fraction of fission neutrons which are delayed (assumed independent 

of energy of neutron causing fission) 

= fraction of fission neutrons emitted by the i’th delayed-neutron 
emitter 

f 0 (E) = energy spectrum of prompt neutrons arising from fission (neutrons 
arising from fission are assumed to have an isotropic angular 
distribution), J" f 0 (E)dE = 1 

fj (E) = energy spectrum of neutrons emitted by the i’th delayed-neutron 
emitter,/ 0 *° fj(E)dE = 1 

f(E) = energy spectrum of all fission neutrons 

JN = // i/(E)o f (E)vN(x,E,w)dE dcu/47r = production rate of fission neu¬ 
trons per unit volume per unit time 

KN/ 47 T = net rate at which neutrons leave the region in phase space as a re¬ 
sult of absorption and scattering (for a one-group dif¬ 
fusion theory reactor model, KN = —v V • D V N + o a vN) 

S/4tt - source density per unit volume, energy, and solid angle 
Af 1 = mean life of the i’th-type delayed-neutron emitter 
Ci = density (number per unit volume) of i’th-type delayed-neutron 
emitters 


THE IMPORTANCE FUNCTION 

To convert Eq. (2) to the form of Eq. (1), it is useful, at least for studying the effect of 

small changes in J and K, to introduce the importance function, W*(x,E,u>). For sma 

changes in J and K, neither W nor the shape of N will change appreciably, but the magn - 

tude of N (and of W) may change a good deal. 

The importance, W, may be defined as follows. Consider a reactor slightly below cri 

cal. A source of neutrons therein will produce an equilibrium neutron-distribution, : 

the source is moved within the reactor, the shape of N will not change much, but the m 

nitude may If the equilibrium total-neutron content is a measure of the magnitude 

W(x E a,) may be defined as the neutron content of the reactor resulting from a unlt ; 

pohi't,-monoenergetic, unidirectional, neutron source at x with energy E and direction «. 

The absolute magnitude of W is not of interest, but its shape is. 


•This function was denoted by M in Chapter 1.4. 
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REDUCTION OF GENERAL EQUATIONS TO EQUIVALENT ONE- 
GROUP SPACE-INDEPENDENT FORM 


The abbreviation: 

J (3) 

(f,g) = J f g dE dx du ) 

will be of use in the following. In terms of this notation, and the definition of W, the effect 
of the source term on the reactor behavior as given in Eq. (2) may be written ^ <W,S). 
This suggests multiplying the first of Eq. (2) by W (using 8W/81 = 0) and integrating. If 
one further multiplies the others of Eg. (2) by Wfj (E) and integrates, there results: 


1(W,N) = jw, [(1 — /3)f 0 (E) +£ ftfi(E)]jN|-^ ^(W.fjtEJJN) 


+ Yj * |(W,f i (E)C i ) + (W,S) - (W,KN) 


(4) 



dl 

Equation (4) can be put into direct correspondence with Eq. (1) provided one talks of the 
total neutron importance (W,N) in place of the total number of neutrons n in Eq. (1). 
Similarly (W f,C.) is the importance of type-i delayed-neutron emitters. One then defines 
the effective lifetime, 1, so that (W,N)/1 is the rate of destruction of importance (W.KN) 
and k so that k(W,N)/l is the rate of creation of importance (W,fJN). In terms of these 
concepts, the following definitions change Eq. (4) formally into Eq. (1): 


n = (W.N) 


c,= (W,f,C,) 
y = (W,f(E)JN) 

S = (W,KN) (5) 

= 0. (W,f,JN) 
s = (W,S) 

From Eq. (5), it is easily seen that: 

(WjfJN) (6) 

K (W,KN) 

or, the multiplication constant, k, is the rate of creation of importance (prompt and de¬ 
layed) divided by the rate of destruction of importance. Similarly: 

1= (W t NL (7) 

(W,KN) 
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or the lifetime is the total importance divided by the rate of destruction of importance. 
Further discussion of the meaning of 1 is given in Chapter 1.4. 

However, in place of ft, one must have: 


(W, fjJN) 
Pl (W,f JN) 



and, in place of ft 


i 




The are factors giving the increased importance of delayed neutrons owing to their 
lower energy. The e. may often be taken as unity or, at least, as independent of i (Cj = 
e, all i). 

Equation (1) may thus be applied to the general reactor provided that the definitions of 
Eqs. (6) and (7) are used for k, l and that ft is replaced by €jft. Since k-1 is a factor in 
the forcing term in Eq. (1), k-1 must be determined reasonably well. The choice of Eq. 
(6) as a definition for k, together with the specific choice of W as the weighting function, 
assures this; this is clear from the discussion of importance functions in Chapter 1.4. 
Methods for calculating W are discussed there. 

EXAMPLE: TWO-GROUP, BARE, THERMAL REACTOR 
The critical equation is: 


-V.D f Vv f N f + cr SD v f N f = ^ f v s N s 

-V-D s Vv s N s + cr a v s N s = °sD v f N f 
A comparison with Eq. (2) shows that: 




If Df, o§i> Of, D s , and o a are independent of position, the solution for a spherical reactor 
of extrapolated radius a, actual radius a - A, is given by: 
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where: 


n 


Lf = ogD v f + DfV f 1- 


(13) 


L f “ a a v s + D s v s ( a 


provided the critical condition: 
a SD v f = L S L f 

is satisfied. One easily calculates: 


(14) 


(W,f JN) = LgL 


J sin 


: _2 EL 

a 


2- VCTf V 


dV 


nr 


(W,KN) = vo { \ s 


7rr 

r sin “ sin Ll 

j -^ ( —V'DfVfV + asD v f ) “ dV 


- i/a f v s 


2 

n sin 

J ~ 


nr 


nr 


. nr 
sin — 


sin 2 — r sin a a 

- a SD v f dV + L f J —(- V-Ds v s v * a a v s ) r dV 


= WfV s 


. ? nr 

/ sin 2 — 

—"r 3 " [ qsp v f ( L s- ^f v s) + g a v s L f] dv 


(15) 


nr 


J (dr S1 , 7 A j iLsDfVf + L f D s v s 1dV 


nr 


(W,N) = ^fV s (L s + Lf) 


~ sin' 

J r 


dV 


In using these equations, the underlined quantities are varied in calculating 6k. Before 
such variation, the results simplify to: 


(W,f JN) = L s Lft'(7fV s 


sin' 

J r 


. nr 
* 

d V 


(16) 


(W,KN) = va f v s 2L s L f - w f v s CT SD v f 


2 * r 
ip^r 


dV 


and from Eqs. (6) and (7) (the last expression in each line uses the critical condition): 
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L s Lf 


2L s Lf - ^a f v s CT SD v f 


1 


Ls + Lf _ 1 + J_ 

2L s L f -WfV s asDVf Lf L s 



From Eq. (15), one may calculate the general formula for 6k arising from small changes 
in a critical (k = 1) reactor: 



[W, 6(fJ-K)N] 
(W,KN) 



&(yOfV s ) + U 

WfV S a SD v f \ 


® SD V f \ 

Lf / 


6(n a v s ) o a v. 


a y s 
a a v s 





a^^ fVf 6(DfVf) 
Lf DfVf 




SOLUTIONS OF THE KINETIC EQUATIONS, CONSTANT k 

If s = 0 and all coefficients are constant in Eq. (1), the general solution may be obtained 
in terms of n and Cj at a given time by the method of Laplace transforms. Thus, if N(p) 
and Cj(p) are the transforms of N(t) and c^t), respectively, and the initial conditions are: 


n(0) = n # 

Ci(0) = 

the transform equations are: 
pN - n # = N + ^ A i C i 

pCi - c fi = -AfCi + kC ^ — 


(19) 


Upon solving for N, one has: 

n . V AiCi0 

0 2 j P+A t 

N= “ k - 1 . k€0 k yv A t gift 

p I 1 1 Li p + Ai (20) 

1 Y A AjCjQ \ gjftj 1 

n 9 ep 2 j\ Ciftn J €0 P + Af 

= T lp . h - 1 y £jft A, 

k€0 kc/3 " P + x i 
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Upon finding the inverse transform of Eq. (20), one has 

n(t) = n 0 £ AGPiJePi 1 

where the pi are the roots of:* 



lp k- 1 + l iiP± _AL_ = o 

ke/3 ek/3 Lj e/3 P + M 

and: 

J_ j A i c io € i^i 1 

1 e/3 + 2-J €j /3j n 0 e/3 P + 

A(p) = * j_' y~£i^i A i 

ke/3 €/3 (P + *i> 2 


( 22 ) 


(23) 


Equations (21), (22), and (23) may be applied to a sudden increase in k at t - 0, where 
for a long time before, the reactor was operating at k = 1. In this case, Eq. (13) is modi- 

fied by setting: 


l*t c lo _ ! 
e l ft n o 



. . .. c ■ thi< , rase are given in Figs. 1.6.1 and 1.6.2. If, further, |(k - l)/(ek0)| « 1, 
after using Eq. (24), the terms proportional to l/e/3 in Eqs. (20), (22), and (23) may be set 


t0 SetUng l/e/3 = 0 means that n rises suddenly at t - 0 to the value [using Eq. (20)]: 


n(0 + ) 


Lim pN(p) 

p — oo 



k - 1 

ke/3 


(25) 


This rise is known as the "prompt jump" and occurs with a mean rise time corresponding 
to the most negative root of Eq. (22), a period approximately given by: 


1 _ _1_ //. _(26) 
p ke/3/ \ ke/3/ 

Neglecting 1 will have negligible effects on the periods other than that of Eq. (26) for 
i- _ i)/(ke/3)| « 1. For example, (assuming specifically that = e = 1), the effect of 1 upon 
period is seen in Fig. 1.6.3, where the largest root of Eq. (22), p = 1 /t c , is plotted vs 
k - 1 for various values of 1. 


• For (k - l)/(e/3k) « 1. the most positive root of Eq. (22) is: 


P 


(k - 11 /fkcP) . V' A = 12.5 see for u” 5 

_L + V €l ^ i ' * f ^ Xl 

eflk e/JXj I 


k - 1 , IX i k - 1 - ck0 

For -70ir >>1+ 7T pa '—i 
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TIME (t), sec 


Fig 1.6.2_Power Following a Sudden Decrease in k. Reprinted from Re-* 

actor Physics Progress Report, KAPL-706, April 1952. Prior to changes, the 
power was unity. 
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EXCESS REACTIVITY K“l 

Fig. 1.6.3 — Effect of Neutron Generation Time on Reactor Period. Reprinted 
from M. M. Mills, Journal of Reactor Science and Technology, TID-71. 


If one again makes the assumptions that = e, all i, and 1 = 0, then Eqs. (22) and (23) 
may be solved graphically with graphs characteristic of the fissionable species involved 
but otherwise independent of the reactor. Thus, Figs. 1.6.4 to 1.6.10 give for U 235 : 


f ( P) .yh - A i_ _ i 
vp ' Zj p p + 


A (p) = 


v h _! 

Zj P P + ; 

J_ 

V x i 
Zj p (p + ; 


Ai) : 



as functions of p. The line with ordinate - (k - l)/(ek/3) intersects f(p) at the p,. The corre 
sponding A(p A ) are immediately obtainable from the graphs. 


SOLUTIONS OF THE KINETIC EQUATIONS, k VARYING WITH TIME 

In bringing a reactor to critical, k is increased gradually until the neutron flux is visi¬ 
ble. To make the flux visible sooner in this process, neutron sources are usually located 

in the reactor. 


540 


REACTOR DYNAMICS 


CHAP. 1.6 



Fig. 1.6.4 — Parameters Needed to Find the Neutron Level Following a Step 
Change in Reactivity. Submitted by Nuclear Development Associates, Inc., 

Dec. 15, 1952. The figure is constructed assuming a zero neutron generation 
lifetime and delayed neutron characteristics for U 235 (cf. Chapter 1.2). n(t) = 
n 0 Z A(Pj)ePi l . The ordinate on the upper graph is the negative reactivity change 
in clollars. Go horizontally from 8k to intersection with curve. Abscissa is pj. 
The lower curve is A(pj) vs p. Use of Figs. 1.6.4 to 1.6.10 yields all six values 
of p, and A(Pj). 
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Fig. 1.6.5 _Parameters Needed to Find the Neutron Level Following a Step 

Change in Reactivity. Submitted by Nuclear Development Associates. Inc.. 

Dec. 15, 1952. The figure is constructed assuming a zero neutron generation 

lifetime and delayed neutron characteristics for U 23S (cf. Chapter 1 - 2) * “ ( , “ 
n z A(p,)e Plt . The ordinate on the upper graph is the negative reactivity chang 

in dollars. Go horizontally from 3k to interseotion with curve *kbsossa isft- 
The lower curve is A( Pl ) vs p. Use of Figs. 1.6.4 to 1.6.10 yields all six values 

of p« and A(Pi). 
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(P) 

Fig. 1.6.6— Parameters Needed to Find the Neutron Level Following a Step 
Change In Reactivity. Submitted by Nuclear Development Associates, Inc., 

Dec. 15, 1952. The figure is constructed assuming a zero neutron generation 
lifetime and delayed neutron characteristics for U 236 (cf. Chapter 1.2).. n(t) = 
n 0 £ A(pi)ePi*. The ordinate on the upper graph is the negative reactivity change 
in dollars. Go horizontally from 8k to intersection with curve. Abscissa is p ( . 
The lower curve is A(p,) vs p. Use of Figs. 1.6.4 to 1.6.10 yields all six values 

of Pt and A(pi). 
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Fig. 1.6.7— Parameters Needed to Find the Neutron Level Following a Step 
Change in Reactivity. Submitted by Nuclear Development Associates, Inc., 

Dec. 15, 1952. The figure is constructed assuming a zero neutron generation 
lifetime and delayed neutron characteristics for U 235 (cf. Chapter 1.2). n(t)= 
n 0 X A(pj)e p,t . The ordinate on the upper graph is the negative reactivity change 
in dollars. Go horizontally from 8k to intersection with curve. Abscissa is Pi. 
The lower curve is A(p t ) vs p. Use of Figs. 1.6.4 to 1.6.10 yields all six values 

of p t and A(Pj). 
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CJ 



Fl i #6# 8— Parameters Needed to Find the Neutron Level Following a Step 

Change* in Reactivity. Submitted by Nuclear Development Associates. Inc., 

" 1952 The figure is constructed assuming a zero neutron generation 

lifetime and delayed neutron characteristics for U 2 « (cf. Chapter 1.2). n(t) - 
n Z A(p )e p, ‘ The ordinate on the upper graph is the negative reactivity change 

in dollars Go horizontally from dk to intersection with curve. Abscissa is p t . 
The lower curve is A(p,» vs P. Use of Fig.. 1.6.4 to 1.6.10 yields all six values 

of p t and A(P|). 
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Fig. 1.6.9— Parameters Needed to Find the Neutron Level Following a Step 
Change in Reactivity. Submitted by Nuclear Development Associates, Inc., 

Dec. 15, 1952. The figure is constructed assuming a zero neutron generation 
lifetime and delayed neutron characteristics for U 235 (cf. Chapter 1.2). n(t) = 

2 A(pi)ePi T . The ordinate on the upper graph is the negative reactivity change 
in dollars. Go horizontally from 8k to intersection with curve. Abscissa is pj. 
The lower curve is A(pi). The lower curve is A(p t ) vs p. Use of Figs. 1.6.4 to 
1.6.10 yields all six values of p t and A(pj). 
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Fig 1.6.10 — Parameters Needed to Find the Neutron Level Following a Step 
Change in Reactivity. Submitted by Nuclear Development Associates. Inc., 

Dec. 15. 1952. The figure is constructed assuming a zero neutron generation 
lifetime and delayed neutron characteristics for U 236 (cf. Chapter 1.2). n(t) = 
n 0 Z A(p,)e p ‘‘. The ordinate on the upper graph is the negative reactivity change 
in dollars. Go horizontally from Ok to intersection with curve. Abscissa is p*. 
The lower curve is A(pi) vs p. Use of Figs. 1.6.4 to 1.6.10 yields all six values 
of p, and A(Pj). 
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Many people 2,3 ' 4 have solved the kinetic equations with k = A + Bt for cases as indicated 
above and also for cases in which k = 1, t < 0 and k = 1 + (dk/dt)t for k > 0. An example of 
this latter case is given in Fig. 1.6.11. 

If k = 1 + (dk/dt)t for both positive and negative times, the solution is somewhat differ¬ 
ent and depends on the source strength in the reactor. 



Fig. 1.6.11 — Relative Reactor Power for k Varying Linearly with Time. Re¬ 
printed from WAPD-34, Vol. I, RM-62. At time zero the reactor is critical and 
k commences to rise at the rate shown on each curve. 


Thus, for one average neutron-delay group, neglecting the prompt lifetime, the equa¬ 
tions for linearly varying k can be readily solved. 

On the basis of the above assumptions Eq. (1) may be written: 


0 — (k — 1)^ — k/3p + Ac + s 

if—* c + wj 



Elimination of c gives an equation for n/1, the loss rate of neutrons. The fission rate is 
nearly n/1 v. Thus, one has for n/ls: 


+ ( 1 -»s^ + x(k - 1) s + x “° 



which may be solved by quadrature given k(t). In Fig. 1.6.12 n/ls vs(k - l)/0 = (t/0) (dk/dt) 
is plotted for k = 1 + t dk/dt with various values of /3/(dk/dt) (with A = 0.05, a value best 
used with 0 = 0.004). If at any time the change in k is stopped, the reactor period will be: 
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A k, dollars 


Fig. 1.6.12 — Relative Reactor Power for k Varying Linearly with Time. Taken 
from KAPL-847 (to be published). See also, Eq. (34). 

= _l£_ = 1 - k(l - 0) (30) 

d X(k — 1) 

dt Is 

This period is also given in Fig. 1.6.12. 

Assume the neutron flux will first be detectable after a multiplication of 10 T . Then, if a 
reactor is started by increasing the reactivity at a rate of one dollar every 200 sec, the 
flux will become visible when the reactivity is 0.77/3 above delayed critical (i.e., 0.230 
below prompt critical). If the reactivity is kept constant at 0.770, the flux will continue to 
rise with a period of 6 sec. More accurate values of the period (calculated using six delay 
groups) can be obtained from Fig. 1.6.3 or 1.6.4. 
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The solution of Eq. (1), for k an arbitrary (specified) function of time, may be obtained 
numerically. The work is expedited by using: 5 


ct(t)=9£r e ~ M(t-s > k(s)n(s)ds 

1 - oo 


(31) 


to eliminate the cj and obtain (with zero source): 


h k - 11,11 -t i|m * /: is». t 


(32) 


The sum in the brackets is, for a given species of fissionable material, a universal func¬ 
tion of t - s if one uses the approximation €[ = e. 

Plots 6 for U 235 of: 


K(t) = £ 


X t t 1 e-V 


0 


I(t) = f K(s)ds 


(33) 


L(t) = f~ I(s)ds 


are given in Fig. 1.6.13. 

I(t) and L(t) are useful in numerical integration. Thus 


J K(t - s)f(s)ds = f(t 2 ) 


I(t -t 2 ) 


L(t — t 2 ) — L(t — tj) 
U-U 


- f(t t ) 


I(t - t,) - 


L(t — t 2 ) — L(t — tj) 
t,-t. 


if one may approximate f(t) for t in the range t t to t 2 by: 

f(t) = f(tl) + t f(tl) _ f M 

An approximate solution of Eq. (32) or Eq. (1) is given, for slowly varying k(t), by: T 


n(t) = C 



f‘ p(t')dt' 
*0 



where p(t) is the most positive root of Eq. (22) with k = k(t). See Fig. 1.6.14 for appli¬ 
cations of Eq. (34). 
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rii 


I 


■■■■■■■■■■■■■■BBBBB’lBrJil'J!!!'! 




400 sec 


S85SS 




1 

P dt P 

Fig 1 6 13 _Reactor Period and Ratio of Neutron Production Rate to Source 

Strength for k Increasing Linearly with Time. Submitted by Nuclear Development 
Associates. Inc., Dec. 15, 1952. Calculations were carried out with one delay 
group having a mean life of 20 sec. For an example see Eq. (30) et seq in the 


TIME (t), sec 
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TIME (t), sec 


Fig. 1.6.14—Some Functions Useful when k has a Known Time Behavior. Re 
printed from Reactor Physics Progress Report, KAPL-706, April 1952. See 
Eq. (31) et seq in the text. 


INHOURS 

Equation (22) may be used to determine k - 1 for an experimental reactor period, 
T = 1/p: 



kT + 


2 € &T + Tj 
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where r i = 1/Aj. The inhour is a unit of reactivity and is defined as a constant times the 
right side of Eq. (35). The definition of this constant gives for the reactivity in inhours 

for a period T (with T if 1, T in seconds): 



_L + y lAli 

kT Li T + t. 
_1_ 

1 + Y €i -to 

3600k Zj 3600 


1 


(36) 


Clearly, I is dimensionless and decreases as T increases. For large T, one has approxi¬ 
mately: 


3600 

T 



Ljhli ~ Lhli i 

T 3600 



That is, the inverse of the reactor period in hours is the reactivity in units of inhours. 


THE DOLLAR AS A UNIT OF REACTIVITY 

The combination (k - l)/0 occurs fairly often in the kinetic equations. This suggests the 
use of 0 as a unit of reactivity. Thus, by definition, (k - l)/3 is the reactivity change meas¬ 
ured in dollars (symbol $). One one-hundredth of a dollar, as might be expected, is a cent. 


REACTIVITY COEFFICIENTS AND RELATED TOPICS 

Reactor dynamics is concerned with the solution of the equations of motion of a reac¬ 
tor system, including any external equipment with which there exists an interaction It 
was indicated above that in most problems changes in the system can be represented in 
their effect on neutron behavior in the reactor, in terms of a single number, k, the multi¬ 
plication constant. .. 

In the following study of the changes in k arising from changes in the system, these 

changes are represented in terms of the thermodynamic variables of temperature and 
density T(x t) p(x.t), and in terms of concentrations, Zj (x,t),* of the various substances 
of which the'reactor is constructed. Detailed consideration of control rods or other meth¬ 
ods of obtaining control action is deferred until later in this chapter 

The starting point of these considerations is contained in Eq. (6). If one replaces k by 
k + 6k, JN by JN + 6(JN), and KN by KN + 6(KN) in Eq. (6), where: 

_ (w.fJN) = . (38) 

(w,KN) 

there results: 

(W,f JN) + (W,f6(JN)) _ r (39) 

(W,KN) + (W,6(KN)) 

or, using Eq. (38): 


* There is clearly one variable too many since the z, determined p. It is nonetheless convenient to 
keep these variables. 
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(W,f6(JN)) 
(W,f JN) 


(W,6(KN)) 


1 

(W,KN) 


(W,6(KN)) 

(W,KN) 



In Eq. (40), the second factor on the right need rarely be considered. Furthermore, un¬ 
less 6J or 6K are concentrated in energy or position (as in a control rod), one may re¬ 
place 6(JN) and 6(KN) in Eq. (40) by (6J)N and (6K)N, respectively. This simpler pertur¬ 
bation treatment yields? 


(W,f6JN) _ (W,6KN) 
(W,fJN) (W,KN) 



[It may be remarked that the two denominators on the right in Eq. (41) are equal, as 
follows from Eq. (38).] 

In applying Eq. (41), it is often useful to write 6k as an integral over the reactor vol¬ 
ume: 



6k_ 

6T 


6T + 




dV 



This expression defines the variational derivatives 6k/6T, 6k/6zi. In Eq. (42), over-all 
density changes correspond to 6z[/zi = 6p/p, and the effect of such a density change is 
given by: 


6k = /(E Z i6f t )7 dV = /S 6P dV 

which also defines 6k/6p. 

DENSITY EFFECTS 

Density changes in the reactor change macroscopic cross sections and diffusion co 
efficients. Thus, for any macroscopic cross section, a: 


6a = 6p (44 ) 

a p 

whereas, a diffusion coefficient, D, varies inversely as a cross section: 


6D = _ 6p (45) 

D p 

In computing the effect of the density change, the motion of the boundary should not be 
neglected. Thus, in a slab reactor, the diffusion coefficient before and after an expansion 
might look like Fig. 1.6.15. 

In such a case, 6D may be given as in Fig. 1.6.16. It is the positive part of 6D which, 
in a diffusion-theory reactor model, gives rise to the portion of 6k coming from the change 
in buckling. Similar procedures apply to cross sections and the like at core-reflector in- 

terfaces. 

Consider the “Two-group, Bare, Thermal Reactor" discussed previously with density 
changes arising only from expansion (no removal of material as in a liquid reactor). 
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Clearly, from the conservation of mass law, the motion of the boundary is given by: 

/ 6p dV / 6 p dV 

/p dS 4n-pa 2 (46) 


On applying Eqs. (9), (41), (42), and (46), there results: 



where [ ] A arises from cross-section changes, [ ]g from diffusion-coefficient changes, 
and [ ]c from boundary motion. If 6p is uniform (independent of position): 



DIRECT TEMPERATURE EFFECTS 

The effect of temperature changes alone (in addition to the effect of the concomitant 
density changes) occurs through changes in the cross sections which are functions of the 
relative velocities of the neutrons and nuclei. The relative velocity changes with tem¬ 
perature for two reasons: 

(1) The absolute velocities of the nuclei change (Doppler effect). 

(2) The thermal-neutron velocity distribution changes. 

If one considers a nuclear process with macroscopic cross section <r(s) as a function of 
neutron speed, if he assumes that this cross section is a function of relative speeds of 
neutron and atom only, and if the number of neutrons having a speed between s and s + 
ds is N(s)ds, then an effective cross section, cr*(s), may be so defined that: 

f Q °° <y*(s)sN(s)ds (49) 

is the total number of processes under discussion that take place per unit time. 

Let Q(y) dy be the probability that the speed of the nuclei is between y and y + dy; then, 
if the neutron and nucleus velocity vectors are randomly oriented: 8 




dy dx 



In almost all cases of interest, the distribution of nuclear speeds can be taken as Max¬ 
wellian (cf. Chapter 1.3), and Q(y) is given by: 



4 1 2 


e 
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where: a = (2kT/M)*^ 

M = atomic mass 
k = Boltzmann’s constant 
T = absolute temperature 


In this case: 


cr*(s) 


1 _ 

as 2 /n" 




(52) 


Clearly, the major contribution to the integral in Eq. (52) comes from x in the range 
s ± a. U |x|cr(|x|) does not change much in this range, it may be removed outside as s o(s) 

with the result: 

<j*(s) - cr(s) 


Note Eq. (53) is a precise result for 1/v cross sections. 

Equation (52) is of primary interest in studying the effect on resonance capture of the 
spreading of sharp lines by the nuclear motion. This spread, known as “Doppler broad¬ 
ening,” is seen clearly in Eq. (52), since sa*(s) will be of appreciable size over a range 
2 a greater than xct(x). It was seen in the discussion of lattices in Chapter 1.5 that the 
resonance escape probability depends upon the evaluation of the integral. 



When ct* is varying rapidly, a factor of 1/E can be taken outside the integral sign with 
little error. For convenience in calculation, one can then investigate the quantity F, de¬ 
fined 9 by: 



aj may be obtained from Eq. (52) if we use for a a the Breit-Wigner formula (cf. Eq. (26) 
of Chapter 1.2). 

By introducing the reduced energy variable: 


, = _ E - _gr 

5 r/2 


one may write approximately: 



“4 


(55) 


(56) 


where: 


= 4E r kT (57) 

A m r 2 

A m is the ratio of nuclear mass to neutron mass and E r and r the energy and width of 
the resonance, respectively. In obtaining Eq. (56), the expansion: 
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was used in the exponential. 
For homogeneous mixtures: 2 

F M _. 2 + A(P-l)_ 

PV 2(1 + P) + rA 2 


where: 


P= Vl + yA(2 - A) 

_ ( a a)max 

y --- 

a s 


and A is the root of: 


A(5 - 4A + A 2 ) 



where: 


erfc W = 1 - 7? I 0 * d “ = h JT ^ du 

This result is exact in the following limiting cases: 


0 = 0 
0 = «> 


any y 



(59) 



any 0 


Roe 10 has treated the case of inhomogeneous mixtures, where self-absorption effects 
are important, in slab geometry. He considers a one-velocity problem in which the reso¬ 
nance absorbers are in the form of plane slabs separated by slabs of moderator. Neutrons 
are assumed to be produced uniformly in the moderator. In Fig. 1.6.17, F has been plot¬ 
ted vs prN(0). The auxiliary function N(0) is given in Fig. 1.6.18. Figure 1.6.19 gives the 
function: 


n dF „ 9F 
80 _ 8T 

1 - N(0) " 1 - N(0) 

which is useful for calculating temperature effects. The quantities involved are defined 
as follows: 


l a = foil thickness 

1 m = moderator thickness between foils 

T = ^mu ! a 

o 8 f = macroscopic scattering cross section of foil 
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Fig. 1.6.17 — Curves for Calculating the Effect of Foil Self-absorption and Doppler-broadening on Reso¬ 
nance Absorption. Reprinted from a personal communication from G. M. Roe at KAPL. When using curves 
above the heavy line, use the ordinate scale on the right. For use of these curves see text Eq. (54) et seq. 
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Fig. 1.6.19 — Curves for Calculating the Effect of Temperature on Resonance Absorption. Reprinted 
from a personal communication from G. M. Roe at KAPL. W = (0(3F/30)/l-N] * [T(3F/3T)/1-N], See 
text following Eq. (54). 
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a sm = macroscopic scattering cross section of moderator 

1/p = l/p 0 + 21 a a sf 

a = (lA)[lm + (1 - e)l a ] (J sm 

e = fraction of foil plane actually occupied by the foil 


A plot of p 0 vs a is given in Fig. 1.6.20. 

The effect of the energy change of thermal neutrons may be calculated only on the 

basis of some model. The customary model assumes that the thermal neutrons are in 
fact represented by a density: 


n th (r,E) = R(r)f(E,T) 

(b0 ; 

where T is an appropriate mean temperature of the thermal neutrons and f(E T) is the 
corresponding Boltzmann distribution of neutron energies. In a weakly absorbing medium, 
Eq. (60) is a good approximation, with T the moderator temperature averaged over a 
suitable region. For absorbing media, the thermal neutrons on the average will have 
g er energies than those corresponding to the moderator temperature. The determina- 
tion of an appropriate temperature is discussed in Chapter 1.3. 

If it is assumed that T and 6T are known, the value of 6R may be obtained as follows: 


f (E,T)dE 


E _ 

= _2_ -kT /n 

VT V kT kT 




The effective value of any cross section, ov, (a in area per atom) as it appears in 
nthva is given by: 


ovfT) = / 0 " f(E,T)(av)(E)dE 
so that: 


_a_ 

8T 


(ffv)= f 

Jo 


af 

8T 


(ov)(E)dE 




Often ov is independent of energy, in which case 8/8T(ow) = 0. If a is independent of 
energy: 


d(7V __ 9V_ 

8T ~ G 8T 


where v 2 //tt V 2kT/m. Another case of interest arises in the evaluation of D^v. Since 
Dth is a reciprocal scattering cross section, one is interested in: 



For <j sc independent of energy: 


8T PthV = 1 ?v = 1 1 
D t hV ~v 8T~2T 
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1.6.20 —Curves for Calculating the Effect of Foil Self-absorption and Doppler-broadening 
sonance Absorption. Reprinted from a personal communication from G. M. Roe at KAPL. 
se of these curves see text following Eq. (54). 
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In terms of the bare two-group example previously considered, if one assumes that 6T 

is independent of position, the reactivity change from these effects is given by (omitting 
the bar over the quantities): 





a a v s 


rsDfVf 


9(D s v s) 
3T 


Lf I^S V S 



In some cases, the last term on the right in Eq. (66) may be the major term. For a sc 
independent of energy, it contributes a negative temperature coefficient of: 



^ D s V s 


1 

2T 



which gives a coefficient of -10 -4 per °C at 


room temperature if 


b D 


s v s 



0.06. 


CONCENTRATION EFFECTS 

The macroscopic cross section, o r , for any process, r, may be written as: 




where zj is the concentration (in any units) of the i'th nuclear species and 8a r /3z i is the 
microscopic cross section for process r in nuclear species i (in corresponding units). 
From this remark, it follows that: 



Equation (69) or Eq. (70) together with Eq. (41) permits calculation of 6k in a given situ¬ 
ation. 

Concentration changes in the reactor may be purposely introduced. For example, in a 
liquid reactor, the fuel concentration may be varied as a means of control, or in a water¬ 
moderated reactor, a control mechanism may be the addition of a soluble neutron ab¬ 
sorber in the water. 

In addition, in reactors operating at neutron fluxes greater than approximately 10 12 
n/(cm 2 )(sec), the neutrons themselves introduce concentration changes. For the fuel 
concentration decreases and the fission product concentration increases as the reactor 
continues in operation. 
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Thus, if zi(x,t) is the concentration of any stable nuclear species i not formed in fis 
sion, then owing to burn-up: 


1 9zj 

at 



(71) 


so that: 




(72) 


is the mean life of a stable nucleus of type i at position x at time t. In particular, Eq. (71) 
applies to the fissionable material concentration, provided that the reactor contains no 

fertile material. 

If Zf is fuel concentration: 



(W. f Si - (W - W , 6z ^ 

(W, f JN) 



where: 


z 


f 


6 J 

6zf 



JJ i/(E)o f (E) 


vN dE 



(74) 


and: 

6K = r 8a a (E.x) vN dy (75) 

6Zf j 9Zf 477 


Early in the reactor’s life, it is known that: 
6Zf = AJN 



where A is a constant proportional to the total energy produced by the reactor. 

For the standard example introduced earlier (bare, spherical, two-group, thermal 
reactor), the influence of fuel burn-up may be evaluated as follows: 

Define the average burn-up as: 


_ f 6zfdV 

6Zj=±- y — 


< 0 


Then, at least early in the reactor’s life: 


6Zf = V 



sin — r 
a 


dV 


(77) 


since, from Eq. (76), the concentration change has the same spatial dependence as neu¬ 
tron density. It is interesting to compare the reactivity change in this case with that for 
a uniform concentration change (6z f )u. From Eqs. (73), (74), and (75), it can be shown 

that: 
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_ < Cz f>u 

x _ f v s <Ta 

_ 6M 

1 f v s <?a 

z f 

L s 

• 

M 

L s 


where f is the thermal utilization and that if 6z f is not uniform it should be 


weighted with the square of the flux.* Thus: 


6k 

6zf 




The reactivity change (6k) B resulting from the distribution of depletion given by Eq. (77) 
is: 



For the same total depletion: 
6z f = (6zf)u 


one finds: 



sin 3 x 

x 





so that the burned fuel has twice as much effect on the reactivity as an equal amount of 
uniform depletion. For a bare slab reactor, the 2 in Eq. (79) becomes 4 /j* 

Another concentration effect of interest is that resulting from fission-product poisons. 
These may be considered as consisting of the Xe 136 chain, the Sm chain, and all the other 
poisons. The others may each be described approximately by the equation:!* 


azi 

at 




// cr f v N dE - z , // 




an equation which differs from Eq. (71) only by the source term. Here y j is the yield 
(nuclei per fission) of species i. This neglects the time necessary for the nuclei formed 
in fission to decay into stable (or long-lived) species i. Note that the equilibrium value 
of Zj may be obtained from Eq. (80) by setting azj/at equal to zero. Further, in a ther- 


* All results based on Eq. (73) in this section are valid when the changes in concentration are not ^ 
large enough to produce a major distortion of the flux pattern. Morehouse and Young 11 and Chemick 
have treated exactly the case of a concentration change proportional to flux for bare slab and spheri¬ 
cal reactors. In addition, Chemick treats a slab reactor with infinite reflector and cylindrical re¬ 
actors and makes some comparisons with the flux-squared weighting discussed here. 

tHere zi has the same units as // N dE dy/4w; i.e., moles per unit volume or particles per unit 
volume. 
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mal reactor one obtains for the equilibrium (limiting) value of the ratio of poison cross 
section from species z t to fission cross section of the fuel: 



A table of fission-product yields is given in Chapter 1.2. 

Xe 135 poison has a direct fission yield, y x , which is approximately 5 percent of the yield 

formed via the decay chain: 


T* 35 


2 m 


I 


135 


6.7 


y 13S 

A e 


9.2' 


The half-life of the is so short that negligible error is incurred in assuming the 
iodine to be formed immediately. The equations then are: 




dcj 

o f v N j— dE — A 
i 4 rr 



A x z x + 


3z ; 

at 


- a i z i 


y x Jf cr ( vN^-dE-Z x JJ 


^vN^dE 
8z„ 4n 


(82) 


where the loss of I by absorption of neutrons has been neglected. 

As is clear from Eq. (82), the equilibrium X e cross section is a function of the power 
level of the reactor. For a thermal reactor, one finds for equilibrium (or limiting) ratio 
of Xe cross section to the fuel thermal-absorption cross section at a given flux: 



= (r w 



where 7 )/v is the ratio of the thermal-fission cross section to the thermal-absorption 
cross section for the fuel. /N th du>/4ff is the thermal-neutron density and 
<p = JyN th du>/47T I 8 toe thermal flux, w is defined as: 


w 


(84) 


V az v 


In Fig. 1.6.21, P is plotted vs <t>. Clearly: 


I 


«k 

6z 


CZvdV = 


(W. h , a^v P N^) 


(W,KN) 


(85) 


- (Win, ^afv Nth) 

(W,KN) 
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Fig. 1.6.21 — P(<£) for Xenon. 


which defines P, the uniform poison cross-section to fuel absorption-cross-section 
ratio which gives the same effect on reactivity as the true ratio P. 

A result equivalent to Eq. (79) for Xe 12 is more difficult to obtain. Using: 


^ ^ max 


sin 7rr/a 
7rr/a 



one obtains P for the standard reactor model introduced earlier from Eqs. (85) and (83): 


7 (y i + v x>- 


a j* ^ sin Trr/aJ 


w sin 7rr/a 


dV 


P = 


0m 


ax 


?rr/a 




dV 




For a bare cylinder a good approximation to P is: 


P = (rj/v) (n + y x ) 


1 + 1.7 


w 


0max 




As before, P OafV is the cross section, o a v, of a poison uniformly distributed in the re 
actor which produces the same reactivity effect as the actual non-uniform poison. 
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In this model, the reactivity changes caused by the addition of a uniform absorption 
cross section, 6cr a , are given by: 



°a v s - 


6oa j <7aV s 
Oaf Ls 



where f = Oaf/^a is the thermal utilization and a a v s /L s is the fraction of thermal neutrons 
absorbed in the reactor. 

When fission products have a small enough cross section (or if it is early enough in the 
reactor life) so that the burn-up term (the second term on the right) in Eq. (80) can be 
neglected, then the poison cross section is proportional to (p and Eq. (79) is valid.* 

The equations for samarium differ from those of xenon because the samarium isotope 
with the large thermal cross section (Sm 148 ) is stable. It is produced via the decay chainrf 


p m H9iH Sm U9 

The fission yield of Pm 14 * and the thermal cross section of Sm U * are given in Table 1.2.7. 

Equation (80) describes the concentration of Sm 14 * and the first Eq. (82) is v alid for 
Pm 148 , if all quantities with the subscripts I are interpreted to refer to Pm . 


FLOWING FUEL EFFECTS 13 * 14 

In a circulating-fuel reactor, some delayed neutrons are born outside the reactor where 
they are lost. This results in an effective decrease in v, the number of neutrons per fis- 
fion and in the 0j and Xj. For a reactor in which the circulation time is small compared 
with the delayed lifetimes, one can obtain the resultant changes in the ft. Thus, let p be 
the fraction of time spent by fuel in the reactor. Then the probability that a delayed neu¬ 
tron will be born in the reactor is p, so that the effective value of 0i, 0i, is given by: 


0t = 00i 

The corresponding effective number of neutrons per fission, v , becomes: 
v = i,(l _ 0) + i/0 = v[\ -(1 - 




The \\ are not affected in this case. 

For the case where the circulation time is of the order of or longer than the delayed- 
neutron mean lives, the detailed flow pattern of the fuel within the reactor and external 

loop is significant. 


FORMULATION OF DYNAMIC EQUATIONS 

The neutron behavior of the nuclear reactor is completely specified by Eq. (1) for which 
(with s = 0): 


dn 

dt 


i 




—AiC 


II 




1 


(92) 


•See footnote preceding Eq. (78). 

t Precursors of Pm 141 with half-lives much less than 47 hours have been omitted. 
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These equations give n(t) for specified k(t); that is, they define the functional n{k(t)}. 
Complete solution of the problem requires equations which permit determination of that 
k(t) produced by the remainder of the system for n specified over past times. That is, 
equations to define the functional k{n(t)} are needed. 

Part of this problem has been considered previously in the calculation of k{T,p}. The 
remainder of the problem is to find T,p given the heat source corresponding to n(t). 
Clearly, it is just this part of the problem which is (1) familiar in engineering and in¬ 
dependent of neutron physics and (2) special to the individual reactor system and intrac¬ 
table to detailed general discussion. 

The relation between n(t) and heat is discussed below where some specific, simple 
examples are considered. General considerations concerning the form of k{n} are given 
in the discussion of linearized equations. For a linear external system, as is often the 
case: 

k{n} = K(t - s)n(s)ds + 6k(t) + k 0 (93) 

where 6k(t) is an external forcing term. Equation (93), if valid, defines K(t - s). The 
stability of systems where Eq. (93) holds has been discussed by Welton. 16 

THE REACTOR AS A HEAT SOURCE 

The energy released by the fission process may be the prime purpose of the reactor, 
or it may be an undesired by-product. The energy distribution in kinetic energy of fission 
fragments and neutrons, prompt and delayed gammas, beta particles, and the like is 
shown in Table 1.2.11. Fission-product and beta-particle energy may be considered as 
a heat source at the position of the fuel. The neutron energy mainly appears as heating 
of the moderator, although some energy leaks out with escaping neutrons. The gamma- 
energy distribution is rather difficult to calculate, since the range of gamma rays is 
rather large. Heating by gamma rays or other particles emitted upon neutron absorption 
in the moderator or structure may also be important. Generally, however, for a bare 
homogeneous reactor, the energy production is distributed to a very good approximation 
as the fission source. 

The presence of an energy source disturbs the temperature and density of the various 
parts of the reactor and produces reactivity changes as indicated in the discussion of 
reactivity coefficients. For a reactor with lump fuel, the major heat source is in the fuel, 
which will often operate at a higher temperature than the moderator. Since the moderator 
also has a heat source within it (gammas, neutrons slowing down, neutron capture), the 
power and cooling affect moderator properties and, through them, the reactivity. Further¬ 
more, the coolant may have a marked effect on reactivity, especially in a water-cooled 
reactor. 

The heat source density is: 

P = Q JjV N ffdE < 94 > 

where Q is the energy release per fission. Equation (94) gives the spatial distribution of 
that part of the fission energy appearing as kinetic energy of the fission fragments. 

In the light of previous considerations [cf. Eqs. (1) and (5)], the space-independent, one- 
group, equivalent power may be taken as: 

kn (95) 

p = q-j— 
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POWER COEFFICIENTS 

A steady-state solution (dn/dt = d Ci /dt = 0) of Eq. (92) can exist only if k = 1. This im 
plies operation at n(t) = n°, where n° is such that: 


k{n*} = 1 



Furthermore, if various time-independent values of n are considered, k{n} is a function in 
the ordinary sense of the variable n. The power coefficient of reactivity is defined as: 



If k {n} can be considered as a linear function of n, then: 


k{n} = 1 + k n ° 



(97) 



Thus, in this case: 
k{2n & } - 1 = k n o 


(99) 


That is the power coefficient of reactivity is the reactivity change produced by doubling the 
neutron level in the reactor (keeping it at the new value by control-rod motion or other 
means which does not affect the part of the functional k{n} under consideration). 

In any case, for the reactor system to be statically stable, it is necessary that: 



o < 0 


( 100 ) 


The more negative V, the more stable the system. This static stability does not assure 
dynamic stability, but it is necessary to have dynamic stability. If Eq. (98) holds (k{n}a 
linear functional), then k n o becomes more negative as n° increases; high-power operation 
leads, therefore, In a statically stable system, to greater static stability. 

If Eq. (93) holds, then for constant n: 

k{n} = k 0 + n J o " K(t)dt 

so that: 

o _ 1 - fco (101) 

n _ 

f Kdt 

Jo 

k n o - l-k 0 

If the reactor is coupled to several independent external systems, such as a servo- 
operated control and the temperature-density system, the resultant partial power-co¬ 
efficients may be added to obtain the resultant coefficient. A further remark is that a 
servo yielding integral control may be arranged to always restore the level to a pre¬ 
determined n°, independent of external variations. This implies that k n o =-«. Such 
controls are possible (cf. remarks on “Control Servomechanisms” below). 
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LINEARIZATION 

For small departures of the various reactor-system variables from equilibrium values, 
it is possible to simplify the equations by considering the tangent system . This system is 
that of all linear systems which most closely approximates, in the neighborhood of the 
equilibrium point, the true system. Methods of obtaining the equations of motion of the 
tangent system will be discussed below under linearized equations. 

The non-linearity of the equations of reactor dynamics may occur in k{n}. For the tan¬ 
gent system, however, one may always write k{n} in the form of Eq. (93). This nearly 
always yields a good approximation for a fairly wide range of operating conditions. 

Even though k{n} is linearized, the equations are non-linear owing to the manner in 
which k enters Eq. (92). Specifically, the terms containing the factor kn must be approxi¬ 
mated. 

If n = n° + n' where n°, the equilibrium neutron inventory, is independent of time and: 
n'« n° (102) 

then one may linearize the kn term as follows. From Eq. (93): 
k{n° + n'} = n°|_ M K(t - s)ds + k 0 +J^ K(t - s) n'(s)ds 
but: 

k{n°} = 1, since n° is an equilibrium value, so: 

k{n° + n'} = 1 + JT^ K(t - s)n'(s)ds (103) 

Then: 


kn = n° + n° K(t - s)n'(s)ds + n'(t) + n'(t) jf 1 ^ K(t - s)n'(s)ds (104) 

The process of linearization consists in neglecting the last term on the right in Eq. (104) 
by assuming that it is small compared with the other terms since it contains n' 2 . This 
assumption becomes more valid when one notes that usually: 

n 0 f K(t - s)ds (105) 

is of the order of /3, which is small compared with unity. 

If term (105) is sufficiently small in such terms of Eq. (92) as (ke/3/l)n and (ke^/ljn, 
one may write: 

kn » n° + n'(t) = n (1° 6 ) 

In the term (k — l)n/l, more care must be used, as is clear from Eq. (106). Thus, one 
uses: 

(k - 1) n “ n° K(t — s)n' (s)ds 
From Eq. (106) and (107), with: 


c i(t) = c\ + c[ (t) 


(108) 


572 


REACTOR DYNAMICS 


CHAP. 1.6 


one obtains the steady-state equations: 

° = ^ n ° + X A ‘ c ? 

o = -AiC? + e -ifi n° 


(109) 


and the linearized equations: 


^=yj' K(t - s)n'(s)ds + Yj Vi' 


dt 


d£i = _ A C - + i]& n' 
dt 1 1 1 


( 110 ) 


Further discussion of Eq. (110) is deferred until the discussion, “Form and Solution of 
Linearized Equations.” 


A SIMPLE COOLING MODEL 

Consider a reactor consisting of very fine fuel rods immersed in a well stirred tank of 
water with water flow supplying the cooling. Then, the water temperature will satisfy an 
equation such as (neglecting the difference between prompt and delayed heating): 



-gC(T-T in ) 


( 111 ) 



where: 

C is the heat capacity per unit mass of the water 
M is the total mass of water in the tank 
T is the water temperature 

q(kn/ li/) is the power into the water (it is assumed no holdup occurs in the fuel rods) 
g is the mass water flow rate through the tank. 

Furthermore, the reactivity change will be of the form: 

k - 1 = C t (T - T 0 ) (112) 

where: 

C is the temperature coefficient of reactivity, direct and through the density changes 
T 0 is the temperature for which k = 1. 

Equations (92), (111), and (112) describe the dynamic behavior of the model discussed. 
They further may be used to describe a solid reactor cooled via coolant channels. In such 
a case, T is an average reactor temperature, and the term gC (T - T in ) is interpreted as 
the average heat carried away by the coolant. Equation (111) is adequate in this case only 
if the transit time of the coolant through the reactor is small. 

If the coolant is passed through a heat exchanger and back into the reactor, one may 
append to Eqs. (Ill) and (112) a further relation for the variation of T in : 

T in (t) = <*T(t - r) + (i; 0 < a < 1 (113) 

The delay time r due to passage through the heat exchanger loop is called a "transport 
delay.” 
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SOLUTIONS OF NON-LINEAR EQUATIONS 

The solution of non-linear equations is a tedious job, usually carried out numerically. 
Specific examples for simplified models are given below. 


A SIMPLE COOLING MODEL 

Consider a reactor coupled to the external system in such a way that a constant amount 
of power is removed. In this case, one may write, approximately: 


c dt = an - p ° 
k- 1 = C t (T — T 0 ); C T < 0 

where C is the heat capacity of the reactor and P 0 the cooling rate, whence: 


dk C T . 

dt ’ "c (0fn “ Po) 


(114) 


(115) 


If one further neglects (l/e/3) dn/dt and considers only one delay group, Eq. (29) results 
for the neutron equation. Setting s = 0 and eliminating c, one obtains [in analogy with 
Eq. (29)]: 

[k(l - 0) - 1] ^ + (1 - /3)n ^ + A(k - l)n = 0 (116) 

which together with Eq. (115) completely specifies the dynamic problem. A numerical 
solution may be obtained if one first eliminates the time by use of: 

d dk d 
dt " dt dk 


Numerical solutions are given in Fig. 1.6.22 for: 


C T Pq 
AC/3 


0.05 


This means that the reactivity increases owing to cooling by 0.05/3 in a 


delay period (A ‘). 


ACCIDENT CONSIDERATIONS 

If a control rod is suddenly moved so that an excess reactivity large compared with /3 
results, the behavior of the reactor for some time will be uninfluenced by the delayed 
neutrons. In this case, Eq. (1) may be written as: 


dn 

dt" 


k— 1 -0 


(117) 


If Eq. (117) is considered in conjunction with equations describing temperature effects,^ ^ 
one has a model to be studied for short time changes after sudden reactivity increase. 

In addition to Eq. (117), Ref. (17) considers Eq. (114) but with: 



(118) 
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Fig. 1.6.22 — Reactivity vs Reactor Power for a Simple Cooling Model. Submitted by Nuclear 
Development Associates, Inc., Dec. 15, 1952. The curves are labelled with the time measured 
in units of the mean life of delayed neutrons. The calculations assume a rate of heat removal 
such that the reactivity would increase by one dollar in 20 delayed neutron mean lives if there 
were no heating (an = 0). 
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Equations (117) and (118) together may be written 
one parameter as: 


in dimensionless form depending on 


d 2 0 

dr 2 


+ (c - 1) 



+ 



(119) 


where: 




T 0 + 



T = * ~ C T T 0 
1 


t 


c = —_?_ 

c 1-C t T 0 


A solution of Eq. (119) with c = 1 is given in Fig. 1.6.23. 

Equations (114) and (119) with P 0 = 0 are a special case 18 of the more general system 
where Eq. (114) is replaced by: 


<*"(*- 1 -/ 3 ) 
dt n 


( 120 ) 



which depends on one arbitrary constant, rtf 1? +1 . Equation (114) corresponds to n = 0, 
m ~ 1- To discuss Eqs. (117) and (120), new variables may be introduced: 



k- 1 - 0 
ko -1-0 


rj = 


n 


-&) 


l+(n/m) 


(k„ _ i .^t+O+n/m) 


e = - (k, - i - p) 


( 121 ) 


In terms of these variables: 

^loge^A 

d " A , r. 

d0" ( ' ^ 6) 

with initial conditions: 

A=1 att = 0 

TJ=0 


( 122 ) 
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Total energy generated is proportional to: 

Q = I* 


(123) 


Plots of n vs A for various values of n and m are given in Figs. 1.6.24 and 1.6.25. Values 
of Q fEq. (123)] are marked on the curves. 

For the most interesting case, n = 0, m = 1, one may state an accident theorem origi¬ 
nally given by Nordheim. 10 Reference to Fig. 1.6.24 shows that, for this case, the final 
value of A is -1; i.e., the final reactivity is as much below prompt critical as the initial 
was above prompt critical, or the final temperature is as much above the temperature at 
which k = 1 + /3 as the initial temperature was below this value. 

An extension to this theorem which considers delayed neutrons 20 shows that with no 
cooling the final reactivity including delayed neutrons is as much below delayed critical 
as the initial is above delayed critical. Thus, the final reactivity is 1 — (k 0 — 1) = 2 — k 0 , 

and the final temperature is as much above the temperature at which k = 1 as the initial 
temperature is below this value. 

Hurwitz 20 discusses a variation of the second of Eq. (122), which is written as follows: 

0 '° 

= -(Q m -Q5 n ) Q>Qo (124) 


Q = f* Vd9- 


Curves are given in the reference. 


FORM AND SOLUTION OF LINEARIZED EQUATIONS 

The usefulness of studying the linearized equations, the tangent system, is a result of 
their much greater simplicity. The validity of such solutions is limited only by the degree 
of their departure from equilibrium. Stability of an equilibrium configuration means 
stability of the tangent system; therefore, the tangent system is most used in studying 
questions of stability. The process of finding the tangent system may be stated as follows. 

First, an equilibrium state of the system is found by solving the non-linear equations 
with all time derivatives set equal to zero. The corresponding value of a dependent vari¬ 
able, x, is written x°. Thus for small oscillations about the equlibrium configuration, one 
may write x as a steady-state part, x°, plus an oscillating part, x 1 : 

x(t) = x° + x*(t) (125) 

where:* 

|x'(t)|«|x°| ( 126 > 

The substitution indicated in Eq. (126) is made in the equations of motion. Terms con¬ 
taining only quantities with superscript zero drop out because of the conditions for equi¬ 
librium. If terms containing products of first-order quantities (e.g., x ! y 1 ) are neglected, 
then the resulting linear equations describe the tangent system. 


•If the system Is stable. x (l) Is bounded. Then the disturbance introduced can always be made 
small enough so that Eq. (126) is satisfied. 
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Fig. 1.6.24 — Solution to an Accident Problem with No Cooling. Reprinted from KAPL-565. 
A is proportional to the excess reactivity, and tj is proportional to the neutron density. The 
n th derivative of the reactivity is taken proportional to the power of the time integral of 
the neutron density. See Eq. (120) et seq in the text. 
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Fig. 1.6.25 —Solution to an Accident Problem with No Cooling. Reprinted from KAPL-565. 
A is proportion^ to the excess reactivity, and rj is proportional to the neutron density. The 
n derivative of the reactivity is taken proportional to the power of the time integral of 
the neutron density. See Eq. (120) et seq in the text. 
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An example of this process was given earlier under “Formulation of the Dynamic 
Equations/' Further examples follow: 


X = x° + x 1 

f(x) = f(x°) x't 

f(x,y) = f(x°,y°) + (^) C x 1 + (^y)° y 1 

dx = dx 1 
dt dt 



+ x°y l + y°x ! 


V 1 v o 

X X J 

y 0 “ (y^P y ’ 


etc. 


(127) 


LAPLACE TRANSFORMS AND TRANSFER FUNCTIONS 

The linearized kinetic equations were found earlier. They are, adding a 6k(t) forcing 
term: 


^ = — T K(t-s)n'(s)ds + ^X i c‘-^n l +y 6k(t) 

dt 1 ^— «o 


(128) 


Here, K(t) is defined by the linearized equation: 

k 1 = k(t) - 1 = X.L K(t “ s) nl ( s ) ds 


(129) 


Further, the power coefficient of reactivity corresponding to K is given, as before, by: 


V = Jf K(t)dt 

These equations lend themselves to convenient handling with the method of Laplace 
transforms. The basic transform theorem is the following: 

If: 

f(p) = jr- e - pt f(t)dt 
Then, for t > 0: 


(130) 


(131) 



C~i«o 


e 1 * 1 f(p)dp 


t The superscript 0 always means evaluated for the equilibrium values of the variables. Thus: 
df I 

dxl x=*j 
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and, for t < 0: 

1 /'C+lw 

27i eP f(p)dp = 0 

where the contour is such that all poles of f(p) lie to its left. f(p) is called the Laplace 
transform of f(t). 

Further results are: 

f 0 e_Pt dt = pF(p) - f(0) ( 132 > 

and: 


f o e pt K(t - s) n 1 (s)dsdt 


K(p)n‘(p) 


jf K(t) dt = K(0) 


(133) 


One may use these results to find a solution of Eq. (128). Thus, suppose that: 


6k (t) = 0 
n ! (t) = 0 
c}(t) = 0 


for t < 0 


(134) 


i.e., that the reactor was in equilibrium for negative times. The behavior of the system 
for t > 0 as forced by 6k(t) may then be found. Thus, if Eq. (128) is multiplied by e -pt 
and integrated, one finds with the aid of Eqs. (132) and (133): 

pn 1 = ^ Ajc} - y n 1 + y (k 1 + 6k) 
pc} = -AjCf + n 1 


k 1 = K n 1 


Elimination of the c| yields the pair of equations: 

- t = n^p) (i? + —) 

(135) 

k 1 = K(p)n 1 


where: 


[f (p)]“‘ = 


ip + , _ y A i £iP 
£0 Zj A.j + p t/3 


A i € i^i 


(136) 


Equation (135) suggests an amplifier with feedback. This suggests calling F(p) the reactor 
transfer function and K(p) the external-system transfer function. 
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Upon eliminating k l in Eq. (135), one has: 





(137) 


This equation may be considered the basic formula of reactor dynamics. The properties 
of F -1 , which are of interest in applications, are easily seen from Eq. (136) and from the 
plot of lp/€0 - F -1 (p) in Figs. 1.6.4 through 1.6.10 and in Fig. 1.6.26. 

Equation (137), together with the equation following Eq. (131) yields the solution to the 
equations of motion for n ! (t). This solution will consist of the sums of Residues of n 1 e 
at the various zeroes of^he denominator of Eq. (137) and the poles of 6k. 

If the singularities of n*(p) are all simple poles, then the solution of Eq. (128) is: 


1 r c*r _ 

n ! (t) = — I e pt 'n 1 (p)dp 
zm Jc —i 


(138) 



When n'(p) has singularities which are not simple poles, the reader should consult a stand¬ 
ard text on Laplace transforms. 

The values of Pi for the zeroes of the denominator of Eq. (137) tell one about the sta- 
bility of the system. Equation (138) shows that if any root has a positive real part the 
system is unstable while if all the roots have negative real parts, the system is stable. 


THE FORM OF K(p) 

As the above considerations indicate, the^haracteristics of the external system are 
completely specified by the single function K(p), the external-loop transfer function. This 
function is additive for independent external loops as, for example, Xe burnup, tempera¬ 
ture effects flux dependent control actuation, and the like. It is thus useful to indicate the 
form of K for some simple cases. In actual systems, 21 the transfer function can become 

very complicated. 

The cooling model discussed earlier will serve to indicate a form of temperature- 
coefficient contribution to the transfer function. The linearized forms of Eqs. (Ill), (112), 

and (113) are: 


Mc5 £ = £ n ‘- gC(T '- T * ) 
k 1 = C T T 1 

Tj n (t) = OfT*(t - T) 


Taking transforms, one finds with the aid of the second of Eqs. (135) 


f, C T 


K(P) MCp + gC(l - ore *") 


(139) 
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The power coefficient owing to this coupling is given by: 


k n o = n °K (0) = 


n°q C T 1 
\u gC 1 - a 



(140) 


In the simplest case, where T- n is constant and therefore a = 0, Eq. (139) becomes: 



(141) 


Equation (141) may be taken as a prototype for simple external loops. It contains two 
parameters, the power coefficient of reactivity and a time (M/g) which in the present 
example is the time for the flow rate, g, to fill the tank. 

The effect of Xe burnup is also, to a good approximation, described by a transfer func¬ 
tion of the form of Eq. (141), as can be seen by referring to Eq. (153). 

The transfer coefficient for a control rod may contain the analog of the transport lag, 
t, of Eq. (139) due to finite time delay in the actuating mechanism. Even if this is not 
true, inertia effects must be considered. Thus, a possible description of a control loop 
might be: 


(X + 2|x + [£ 2 + (j) 2 ] x) = - - - - + ^ ^ Cn + D 

k- 1 = px 


(142) 


where the X is necessary because of inertia. £ is the damping constant and x the position 
of the rod. The transfer function is then of the form: 


n° K(p) 
k n° 


-C 


i P 

1 + T2-9" p + -5 

+ or * + U) 2 



(143) 


More complicated control systems are often 
below. 

More generally, any K(p) may be expected 

(1) It is real for real p. 

Lim — . n 

(2) „ K(Re 10 ) = 0, all 0. 


desirable. A further discussion is given 
to have the following characteristics: 


(3) The singularities of K(p) are a finite or infinite number of poles. 

In such a case, K(p) may be decomposed into partial fractions so that a general form is: 


n°K(p) = 4 1 + ^+.--.+^ nL + 


A 

P 


m 


^_/|t,P + 1 ( t j P + 


2 _ 

+ D 


. Bin, 

7 9 (T t p + l) m i 


*2 


c[ 


1 


2U 


Si + Si + 


J p + 1 


+ 7 ~? , 2«. r t + 


(144) 
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In interpreting K(p), it may be noted that =« unless: 
A t = A 2 = ~ A m — 0 


in which case: 

k n ° = b{ + B 2 + ..., + C* + C 2 + ... 

It is instructive to discuss the meaning of the various terms of Eq. (144) by means of the 
differential equations which give rise to them. Each term may be thought as arising from 
an external-system variable. Thus, A n /p n arises from the system: 


An y 1 

if we recall that by definition: 

k 1 = f 1 K(t — s) n 1 ds 

-'o 

Similarly, the term BVfTjp + 1) arises from: 







A term like: 


1 


2t P 

1 + 7TTT^P 


+ U) 


arises from an equation of the form of Eq. (142). . 

The transfer function of Eq. (139) is a simple example of one which yields an infinite 

series expansion of the form of Eq. (144). 


STABILITY CRITERIA 

The question of whether the system under discussion is stable for small departures 
from equilibrium is answered in the positive if all the roots of the denominator of Eq. (137) 
have negative real parts. If this denominator is an algebraic equation of sufficiently small 
degree all the roots are easily found. If not, other procedure^ may be desirable. 

Real’roots can be determined by plotting F _1 (p) and (n%0)K(p) vs p for real p and 
noting the intersection. In Figs. 1.6.4 to 1.6.10, f(p) is plotted for U 236 fuel which is (for 


i 


= €): 



= -F“ 1 (p) + 


IP 


(145) 


This may materially reduce the labor involved. Further, neglecting lp/e/3 will have negli¬ 
gible effect on the other roots in most cases. 
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If all the roots are real, the above procedure is enough. If not, it is useful to use the 
Nyquist Stability criterion. This may be stated as follows: 

If one plots any function g(p) = u + iv on an argand diagram (u vs v) as p = io> + rj varies 
on the infinite contour (shown in Fig. 1.6.27), then the number of times g(p) circles the 
origin is the number of poles of g(p) with positive real parts minus the number of zeroes 
of g(p) with positive real parts. In most applications, the location of the poles is obtained 
by inspection of g(p). 

Thus, one may determine whether the system is stable (no zeroes of g with positive 
real parts) without finding the roots. 

In control work, 22 it is conventional to plot the quantity [cf. Eq. (137)]: 

TTF?p) K(p) 


and count the number of times the locus circles — 1. It may often be more convenient to 
plot: 

F” 1 K 

since F -1 is independent of K and may be calculated once and for all. A plot of: 


f(iw) 




(146) 


is given in Fig. 1.6.26. An example of an application of this criterion is given in Fig. 
1.6.27. This is concerned with determining in which half-plane lie the roots of: 


W(p) = 


1 — e~P 1 

205 -----e~P - p-0.625 

_P_£_ 

1.15p + 17.3 


Since the plot of the imaginary part of W vs the real part of W when p follows the contour 
shown in Fig. 1.6.28 does not enclose the origin, there are as many poles as zeroes in the 
right half-plane. One can see by inspection that W has no poles in the right half-plane, 
and hence no zeroes. 

Other methods of determining stability without finding explicitly the roots of the de¬ 
nominator of Eq. (137) can be found in standard texts on servomechanisms and analysis 
of minimum-phase-shift electrical networks. The reactor transfer function has properties 
characteristic of the transfer function of a minimum-phase-shift electrical network. In 
such a case, a method of special interest is the use of a Bode diagram. 


MEASUREMENT OF K (ia>) 

The reactor transfer function K(p) can be experimentally determined in an operating 
reactor 23 * 24 for pure imaginary p. If one oscillates a control rod at frequency w and con 

stant amplitude, A, then in Eq. (128): 


6k(t) = RP<r0Ae lwt 


(147) 
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Fig. 1.6.27 — A Plot of 205[(l-e“ P )/(p)] - [V 2 e" p - 0.625]/1.15p + 17.3 as p 
Traces the Contour Shown in Fig. 1.6.28. Submitted by Nuclear Development 
Associates, Inc., Dec. 15, 1952. Since the curve does not circle the origin and 
the function has no poles in the right half plane, it has no zeros in the right half 
lane. 
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In Eq. (150), A /y is experimentally determinable as a complex number (owing to phase 

shift in flux response). If one measures A/y| n o for n° small (essentially n° = 0) and for a 
finite n°, there results from Eq. (150): 

A 

r 


n°=0 


A 

y 


n° = 


n 


€8 


K(iu>) 


(151) 


THE XENON POWER INSTABILITY 

If in Eq. (82) one neglects the variation of the iodine source (owing to its long period, 
this is permissible for stability studies), one has as linearized equations: 



whence, using the second of Eq. (135): 


n° K(p) = - 



1 

A” 1 P + 1 




(152) 


(153) 


where: 



(154) 



is the reciprocal mean life of a Xe atom in the reactor at equilibrium. The time constant 
in Eq. (153) is (A.” 1 ), and the power coefficient is: 

k n o=-C x 4(l-^ (155) 

which is positive, since is the k change due to equilibrium xenon poisoning, which is 
negative. 

The effective value of the poison cross section is given by: 

*ap = P *af 

where P is obtained from Eqs. (83) and (85) [or Eq. (87)]. 

Using Eq. (89), one sees that for a bare thermal reactor: 


5k = C x z^ = - 






( 156 ) 
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The unstable period arising from the transfer function of Eq. (153) has been calculated 

as a function of 4> under the following assumptions! 

(1) The flux and all concentrations are space independent. 

(2) One delay group with /3 = 0.01, and X -1 = 10 sec. 

Their results are given in Fig. 1.6.29. 

CAVITY OSCILLATIONS 

Liquid homogeneous reactors and liquid-cooled and moderated reactors admit the possi¬ 
bility of a particular type of relatively high frequency, unstable oscillations, which may be 
called cavity oscillations. This phenomena has been considered by several authors. * 
Cavity oscillations arise as follows: A tank of liquid connected to a standpipe or pres- 
surizer will have certain resonant frequencies at which it can oscillate with relatively 
weak damping. Coupling of these oscillations to the reactor will often be sufficient to feed 
energy into the oscillations and may overcome the damping, thus leading to instability. 


REMARKS ON CONTROL SERVOMECHANISMS 


Suppose a control is characterized by a parameter x such that: 
k - 1 = x 


(157) 


The question to be considered here is concerned with the selection of the functional x{n} 
characterizing the control servomechanism. If one writes this relation in terms of: 


x(t) = XL n ° K(t ■ s) (v _) " 1 ) ds 

*(p)= n°K(p)(~^ - l) 


it is seen that /' K(s)ds is the response of x to a unit step in n/n° at t = 0. The short-time 
behavior of K°(s)ds may be obtained by expanding (l/p)K(p) in a power series in 1/p: 



i * i 



1 

2vi 


e pt K(p)dp 



i=0 



(159) 


Owing to control inertia, one sees that the initial displacement a 0 and initial velocity a, 
will vanish so that: 

K(P> = £ ^ 

2 


( 160 ) 
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A simple transfer function satisfying Eq. (160) is given by: 


n° K(p) = 


k n o (£ 2 ± w 2 ) 


(161) 


p 2 + 2£p + ± u> 


where the plus sign means complex roots and the minus sign real roots of the denominator 
In order that both roots have negative real parts (so that control is stable), one must have 
either the plus sign or the minus sign with u) 2 < £ 2 . If Eq. (161) is expanded in powers of 

1/p, one obtains: 


n ° Ktn\ kn o^ Z ± w2) + 

7 K(p) - — 


(162) 


The initial motion corresponding to this is: 

2 

n° f K(s)ds = k n o U 2 ± <*> 2 ) + • • • * 163) 

J o 

In order to make this a rapid motion, without increasing k n o, one may use large w 2 and the 

r>]nc sicm 

At large times, the displacement of the power owing to a change in reactivity 6k from 
external sources is: 


6n _ 6k 
k n° 


(164) 


as may be seen from Eq. (128) with n - C[ 0. ... ,« , ... . ..... . 

This is the control error. It may be reduced to zero by having f 0 K(t)dt be infinite, i.e 
by having K(“) equal a non-zero constant. This means K(p) has a pole at p = 0. One might 

try: 


K(p) 


= c _!*! + "!!_ 3 

p p 2 + 2£p + w 2 + £ 


(165) 


This has the disadvantage that the control motion starts as t 3 rather than as t 2 as in Eq. 
(163). However, a suitable transfer function is obtainable by superposition of Eq. (165) and 

Eq. (161). 

In Ref. (28), the transfer function is written as: 






n<> K(P) (p* + 2*« nP + utf) + r 0 p(p 2 + 2|u> n p + w 2 ) 


(166) 


where the notation is different than in the above. Note that k n o= B for the first part of the 
above expression, but is infinite for the second part. The reactor response, as the param¬ 
eters in Eq. (166) are varied, is illustrated in Figs. 1.6.30 to 1.6.33 (note: f n = u) n /2n). 

In order to understand physically the meaning of Eq. (166), it may be written in terms 
of a differential equation: 


^5 + 2«u>„ ^ t + w 2 x(t) = utfB 


M- 


(167) 


It is clear that the only steady-state solution of Eq. (167) is n = n°. 
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Fig. 1.6.30 — Reactor Power vs Time. Reprinted from WAPD-34, Vol. I, RM- 
90. The following parameters were used: Temperature coefficient = zero; 
disturbance - +0.003(1 —e —t/, °*®) = 9k; regulator rod servo-parameters = optimum 
for each f n . 
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Fig. 1.6.32 —Reactor Power vs Time. Reprinted from WAPD-34, Vol. I, RM- 
90. The following parameters were used: Temperature coefficient = zero; 
disturbance = +0.003 step in 0k; regulator rod servo-parameters = optimum for 
each f n . 



FREQUENCY, f„ 

Fig. 1.6.33—Effect of Rapidity of 0k Transient on Peak Reactor Power. Re¬ 
printed from WAPD-34, Vol. I, RM-90. The following parameters were used: 
Temperature coefficient = zero; disturbance = +0.003(1 —e l/T ) = 0k; regulator 
rod servo-parameters = optimum for each f n . 
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AFTER SHUTDOWN 


XENON BUILDUP 29 ' 30 

The maximum concentration of xenon-135 after shutdown may, in a high-flux reactor, be 
several times the equilibrium value. This results in a large decrease in reactivity. The 
time variation of the xenon concentration after shutdown may be obtained from Eq. (82) 
with iodine source term placed equal to zero. If the reactor has been operating at constant 
power long enough so that the xenon and iodine concentrations have reached equilibrium 
values, the iodine concentration can be obtained from Eq. (82), and the ratio of xenon to 
fuel macroscopic thermal absorption cross sections can be obtained from Eq. (83). The 
general solutions of Eq. (82) are the same as for any other decay chain and were given in 

Chapter 1.2. . 

The xenon poisoning, P, for shutdown after reaching equilibrium at a given flux 0 O is 

plotted as a function of time in Fig. 1.6.34. The peak and steady-state xenon poisoning for 
various reactor steady-state fluxes are given in Fig. 1.6.35. Xenon concentration trajec¬ 
tories for various operating maneuvers are discussed in Ref. (31). 


HEATING AFTER SHUTDOWN 

The heat released by radioactive decay of fission products has been treated in Chapter 
1.2. In most cases, heat resulting from induced radioactivity may be neglected. Results 
of calculations of temperature rise (without cooling) for various reactors, as a function of 
time after shutdown, are given in Fig. 1.6,36. 


REACTOR TEMPERATURE COEFFICIENTS 


LATTICES 

Experimentally obtained temperature coefficients for natural-uranium and graphite re¬ 
actors are given in Table 1.6.1; barometric coefficients, arising from neutron capture in 

nitrogen, are also given for air-cooled units. 

The theoretical situation has been recently reviewed 32 with special reference to the 
Oak Ridge and Brookhaven reactors, as follows: Based on the notation given in Chapter 
1.5 under “Lattices,” one has: 

= + + + b 2 6M ! (168) 

k e t? f p 

This ignores graphite and metal density effects, whose contribution is only of the order 
of 1 x 10“ 6 per °C, and supposes nitrogen effects to be handled separately. The term in e 
is also only of this order and may likewise be ignored. 

The remaining terms all depend upon neutron (i.e., moderator) temperature except p 
which depends upon metal temperature via Doppler broadening of the resonance lines. 

The rj term will be the same for all natural-uranium reactors; the other terms will vary 
from one reactor to another. 

Values for - (1/rj) drj/dT derived from experiment and calculation range from 4.5 x 10~ 6 / 
°C to 22 x 10“V°C. This represents one of the largest terms in (168), and one of the most 
uncertain. From evaluation of the remaining terms and comparison with actual reactor 
results (Table 1.6.1), the authors conclude that the smaller values are to be preferred. 
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Fig. 1.6.34 —Xenon Poisoning vs Time after Shutdown. The ratio of xenon to 
U 235 macroscopic thermal absorption cross sections is shown for the case where 
xenon and iodine are in equilibrium prior to shutdown. The curves are for differ¬ 
ent fluxes: (a) 2 x 10 u neutrons/(cm 2 )(sec); (b) 10 14 neutrons/(cm 2 )(sec); (c) 10 13 
neutrons/(cm 2 )(sec). Reprinted from The Elements of Nuclear Reactor Theory, 
by S. Glasstone and M. Edlund. Copyright. 1952. By permission from D. Van 
Nostrand Company, Inc., New York. 


The main variation in f arises from the flattening of the thermal-neutron distribution 
as the temperature rises, as may be found by varying the k values in Eq. (3), Chapter 1.5. 
For l/v absorbers, k varies as T~ l/i where T is the absolute temperature of the neutrons. 

Results calculated in this way are given in Table 1.6.2. 

Variation in p with (metal) temperature involves the change in the effective volume res¬ 
onance integral A as shown in Table 1.6.3. The effect of temperature on the surface term, 
p, is apparently not known. In the Brookhaven and Oak Ridge machines, 6 p/p ~ -0.12 
6 A/A [Eq. (9), Chapter 1.5] so that the contribution to Eq. (168) is some -(1.4 to 2) x 
10 " 6 per °C. 

The effect of (neutron) temperature on M 2 is primarily exerted through the thermal 
diffusion area L 2 , according to (for l/v absorption, and f 2 = 1 - f): 

dL 2 2 /I _ £ 1 cH_\ (169) 

dT \T f 2 f dT/ 

For the Brookhaven reactor, this amounts to about 0.35 cm 2 /°C, while the corresponding 
effect on the age is about -0.05 cm 2 /°C. Thus, dM 2 /dT = 0.3 cm 2 /°C, and the last term in 
Eq, (168) is about -2.8 x 10“ 5 /°C. A similar value is obtained for the Oak Ridge reactor. 

The sum of the 17 , f, and M 2 terms in Eq. (168) is to be compared with the “uniform 
graphite in vacuum" coefficient in Table 1.6.1; while the p term in Eq. (168) is to be com¬ 
pared with the “uniform metal" coefficient. 
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Imin 


lOmin Ihr 5hr I day 


10 poo 


1000 


.o 



RESEARCH HIGH FLUX 1600 KW 

CIO RESEARCH 9000 KW 
* (INCLUDING MODERATOR) 

WATER BOILER 6KW 

BROOKHAVEN 26,000 KW 
(INCLUDING MOOERATOR) 
CP-3 300 KW 

SURFACE-COOLED 
GRAPHITE 1000 KW 


OOI 


0.001 


io” io* *y io io 
TIME AFTER SHUTDOWN, sec 


Fig. 1.6.36—Calculated Temperature Rise After Shutdown. Reprinted from 
M. M. Mills, Journal of Reactor Science and Technology 58, TID-71. 
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Experimental 

Reactor 


Temperature Coefficients in Graphite Lattice Reactors 

Temperature coefficient.* 

10 1 AR/*C 


Oak Ridget 

Operating metal 
Operating graphite 
Operating total 
Uniform metal 
Uniform graphite in vacuum 
Uniform over-all in vacuum 
Uniform graphite in air 
Brookhaven.t 300*K 

Uniform graphite in air 

Uniform metal 

Uniform graphite in vacuum 


-0.78 
-2.08 
- 2.86 
-1.04 
— 4.04 
-5.98 
-2.9 


-1.82 ± 0.266 
-1.95* .136 
-4.1 


• "Operating" coefficients are referred to temperature of hottest metal in the 

reaC t Kaplan and Chernlck;” barometric coefficient --1.04 xir* t*/mm flf 
, communication from Irving Kaplan; barometric coefficient! - -0.91 

6 Data converted from inhours by using 1 inhour - 2.6 10 



Table 1.6.2-Temperature Dependence of Thermal Utilization in Lattice Reactors 

(Kaplan and Chemick, BNL-152) 


1/f 9f/9T (x lOVC) 


T. *K 

300-350 

350-400 

400-450 


Oak Ridge 

4.1 

3.4 

2.7 


Brookhaven 

3.3 

2.6 

2.2 


Table 1 . 6.3 —Temperature Effect on Volume Resonance Integral of U 

(Kaplan and Chernick, BNL-152) 


Author 


1/A 9A/9T (xl0 4 / # C) 


Creutz et al (CP-110) 
Mitchell et al (CP-597) 
Wigner (CP-4) 

Dancoff (CP-1589) 
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ABSORBER CONTROLS 

Absorbers distributed uniformly throughout the reactor change the microscopic cross 
sections, and the effect on reactor reactivity can be determined by methods described 
previously (Chapters 1.4, 1.5, and previous portions of 1.6). In practice, the absorbing 
material for control is frequently lumped into discrete assemblies, such as rods which 
move in and out of the reactor; further considerations are therefore needed. 


SINGLE CONTROL RODS 

A small, thermally black rod of effective radius r 0 inserted along the axis of a bare 
cylindrical reactor of radius R affects k by an amount approximated from 2-group theory 
results to be: 33 



(t + L 2 ) 


0.116(1 +-fj 

Li 



2.4O5r 0 

R 




In Kr 0 


(170) 


where r = age, L = thermal diffusion length, and K = 71/r + 1/L 2 . 

The rod affects reactivity through the neutrons it absorbs and the increase it produces 
in the number of neutrons escaping outward from the reactor surface. For a small axial 
rod, the latter effect is about 0.6 of the former.* 

If the rod were black to fast neutrons as well, its effectiveness would be greater by a 
factor which decreases from 1 + r/L 2 for very small rods to 1 for large rods.f 

As the rod is displaced from the central axial position, its effectiveness decreases. 
Figure 1.6.37 shows the effect of radial displacement as estimated by the familiar (neutron 
flux) 2 weighting rule and also as obtained from more detailed computations. Figure 1.6.38 
similarly shows the effect of longitudinal displacement, i.e., of partly withdrawing^ the rod 
out the end of the reactor, as obtained from flux-squared weighting and from more elabo¬ 
rate calculation. 

The effect of a rod is greater in reflected than in bare reactors (Fig. 1.6.39). 


EFFECTIVE ROD RADIUS 

As employed in the derivation of Eq. (170), r 0 is the radius at which the external diffu¬ 
sion solution for the neutron flux vanishes. This is somewhat less than the actual geo¬ 
metric radius, r, of the rod, since even with a perfectly black absorber the neutron flux 
merely dips downward toward the body but has not vanished by the time the surface is 
reached. Chapter 1.3 discusses the boundary conditions at the surface of a black body; 
the straight-line extrapolation distance of the external flux into the body is Al, where 1 is 
the mean-free-path. For large bodies, this gives the effective radius (r 0 = r — Al = r - 
0.711), but for small bodies, the external diffusion solution being fitted curves downward 
below the straight line, and r 0 is closer to r. One may also 84 develop the formulae using 
the actual radius, r, and the surface logarithmic derivative given by A without introducing 

r 0 . 


• Graphs 34 show how these two effects vary as the rod is displaced away from the reactor axis, 
t This variation is plotted 33 for different numerical cases by 2-group theory and also compared 
with a result obtained by Murray from more elaborate calculations. 

tNear the tip of a partially inserted rod, its neutron absorption may be increased several fold, 
the so-called "lightning rod” effect. See Murray 38 and Wheeler. 38 
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d/R 


Fig 1 6 37 —Eccentric Control Rod Effectiveness. Reprinted from Adler 
MT 222 Bare cylindrical reactor of radius R, rod parallel to axis and at 
“ d from ft effective radius of rod = r 0 = 0.01R. AB = change Ur budding 

due to rod. (I) J? weighting; (II) superposition calculation. 
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d/R 

Fig. 1.6.39— Control Rod Effectiveness in Bare vs Reflected Reactors. Re¬ 
printed from Adler. MT-222. Cylindrical core radius = R with reflector = 1.5R 
without reflector, same core buckling. Distance of rod from axis - d, effective 
radius of rod = 0.01R, AB = change in buckling due to rod (a) in reactor with re 

flector (b) in bare reactor. 


Wheeler 3 * gives values for the effective radius, r 0 , for a number of cases as reported 
in Table 1.6.4 for black bars and in Table 1.6.5 and Fig. 1.6.40 for bars which are not 
black. Table 1.6.6 gives some experimental and theoretical comparison of various bar 

shapes. 


MULTIPLE CONTROL RODS 

When more than one rod is present, there are interaction effects between them. A single 
rod lowers the relative value of the neutron density nearby but raises it farther away. 

Thus, the effect of a second rod will be diminished if near the first but may be enhanced 
if farther away; i.e., the "shadowing” .nay be either negative or positive. 

Table 1 6 7 gives some experimental results with two rods. In the Brookhaven reactor, 
the reduction in effectiveness of one bank of 8 rods owing to shadowing is estimated at 16 
percent; 41 for two banks crossing, the reduction is 35 percent. Figure 1.6.41 shows the 
effectiveness per rod of a ring of 4 rods at varying distances from the reactor axis and 
also the effectiveness of a single rod at the same distance; the shadowing is negative when 
the rods are close together and becomes positive as they separate. Figure 1.6.42 again 
illustrates the greater effectiveness of rods in a reflected reactor. 
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Table 1.6.4 — Effective Radius of Black Control Bars 
(Wheeler, N-2292. Principles of Nuclear Power, Chapter 22: Control) 


Case 



Large snugly imbedded rod* 

Snugly imbedded rod| 

Small (compared to 1) snugly imbedded bar 
of perimeter^ s 

Small (compared to 1), snugly imbedded 
rod of radius r 

Bar in a considerably larger hole of radius rj 
Rod in considerably larger hole of radius r 
Imbedded strip of small thickness (compared 
to 1) but with W comparable with or larger 
than 1 

Imbedded cross formed of two thin strips 
each of width W + V~2 
Large imbedded rectangular bar 


re -0.711/r 
r e - A lA 
0.461 e- (8 ' 1/3!) 

0.46 e”(41/30 


r t e-(8*l/3s) 

r, e -(41/3r) 

W/4 exp — [y(l - 0.114y + 0.048y*)] -I 
where y = W VT/ttI 

Same as preceding 


See Fig. 1.6.43 


* A constant in Wheeler’s formula has been changed here 59 

| Obtained by a slight extension of Wheeler’s argument; here X is from Chapter 1.3, 
“Boundary Conditions in Diffusion Theory,” for a cylindrical case 

X Perimeter determined by putting a measuring tape once about the bar and drawing it 

tight; in general, the tape will not touch the bar at all points 



Table 1.6.5 — Effective Radius of Non-black Bars 

Case r o 


Weak absorption* 

General 

Small (in girth compared to 1) imbedded bar 
Bar in considerably larger hole 
Intermediate absorption! 

Rod in any size hole 


r e -(2w l/3r) 
0*46 e "(2»l/3A) 
r t 

r t e~(2ir 1F/3A) 


* Here, 60 A is the total absorption cross section (No a ) per unit length 
of bar, and r av is the distance from the bar axis to the point where the 
average neutron absorbed in the rod may be considered to have started 
its last flight. Webster 61 gives a formula for computing r av , and also 
discusses the evaluation of A for fast neutrons 

t Here, 62 F is the surface-to-average neutron density for the rod 
a function of x = Kr and plotted in Fig. 1.5.17 
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Fig 1 6 40_Effective Radius of Rectangular Bar. Reprinted from Wheeler, 

Principles of Nuclear Power, N-2292. Remove a layer of thickness 0.711 all 
around the bar to obtain a smaller effective rectangle of width w andI thickness 
Aw. Plot A on right scale of graph and connect to lower left comer by a straight 
line Intersecting curve. Below intersection, read B - w/r, on bottom scale. 


Shape 
of bar 


Table 1.6.6— Effect of Control Rod Shape 
(Wheeler, Principles of Nuclear Power, N-2292, Sect. 22.5.30) 

In-hole calculation! Imbedded calculation! 


Perimeter, 

cm 

18.1 

25.6 

28.4 


Observed* effectiveness 
relative to + bar 

0.90 

1.00 

1.06 


Relative 

effective- 


Relative 

effective- 


0 . cm 

ness 

r 0 , cm 

ness 

1.65 

0.87 • 

1.28 

0.82 

2.38 

1.00 

2.24 

1.00 

2.58 

1.03 

3.20 

1.06 


* Marshall;® all bars had a maximum extension of 9.05 cm and were located in a square hole 
equivalent in area to a circle of radius rj = 5.74 cm 

t Using entry 5 of Table 1.6.4 ... .. . ... 

t Using Table 1.6.4 entry 7 for- shape, entry 8 for + shape, and entry 1 (but with the original 

value 0.58 instead of 0.71) for 0 shape 
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Table 1.6.7 — Control Rod Shadowing* 

(Wheeler, Principles of Nuclear Power, N-2292, Sect. 22.3.62) 


Distance between rods, in. 

45 

90 

Effect of first rod alone 

0.159 

0.159 

Effect of second rod alone 

.211 

.159 

Sum of individual effects 

.370 

.318 

Observed effect of both 

.338 

.303 

together 

Decrease owing to shadowing, % 

8.6 

4.7 


* Experiments by Zinn and Anderson* 4 on first chain-reactor 
built at Chicago; controls were two strips of cadmium 2 in. wide 
and 8 ft long 


Fig. 1.6.41—Shadowing in a Ring of 4 Control Rods. Reprinted from Adler, 
MT-222. Bare cylindrical reactor of radius R; effective radius of rod = 0.01R 
distance of rods from reactor axis = d; AB = change in buckling. Graph shows 
(II) effectiveness of a single rod; (I) one-fourth the effectiveness of a ring of 4 
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Fig. 1.6.42—Control Rods with and without Reflector. Reprinted from Adler, ^ 
MT-222 Cylindrical core of radius R with reflector, 1.5R without reflector; r 0 - 
0.01R, ring of 4 rods at distance d from the core axis, AB = change in buckling 

(a) in reflected reactor (b) in bare reactor. 


CONTROL REGIONS 

The effect of slight spatial variations in buckling is accounted for by the flux-squared 
weighting rule: 

5 = / B 0 2 dv (171) 

/ 4> 2 dv 

where <*> is the undisturbed neutron flux.* The statistical weight of a region of a reactor 
is the value of / 0 2 dv for that region divided by the value of the same integral taken over 
the entire reactor. Evidently, the weights of different regions are additive. Figure 1.6.43 
shows the weights of central regions in various shapes of bare reactors.t It is seen that 
the efficiency of (a small amount of) control exerted in a central region is several times 
what it would be if spread uniformly throughout the reactor. 


* More generally 42 <p is proportional to the neutron flux multiplied by l u (1 + t/L ). 
t Figure 1.6.44 gives some Bessel function integrals frequently encountered in cylindrical re 

actors. 


609 



WEIGHT FACTOR FOR CORE 


CHAP. 1.6 


REACTOR PHYSICS 



Fig. 1.6.43 — Statistical Weights for Central Regions. Reprinted from Chicago 
Handbook, (a) Circular cylinder with full length concentric core; (b) circular 
cylinder with similar concentric core, i.e., core length reduced in the same 
ratio as the radius; (c) sphere with concentric core; and (d) parallelepiped with 

similar core. 
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Fig 1 6 44 — Integrals of Bessel Functions. Reprinted from Wheeler, Principles 
of Nuclear Power, N-2292. Shows /« F(y)dy. for F(y) as indicated on the curves. 
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Fig. 1.6.45—Spherical Control Region. Reprinted from Wheeler, Principles of 
Nuclear Power, N-2292. Concentric control region in spherical reactor; b = con¬ 
trol region radius + reactor radius; B = total buckling. 


When large amounts of control are to be applied, the neutron flux is appreciably dis¬ 
turbed and the flux-squared rule no longer holds.* A principle frequently followed in 
large control is to apply it strongly enough in a central region of the reactor so as to 
flatten the flux there. The size of this central region is then adjusted so as to accomplish 
the desired amount of control of the reactor as a whole. 

Figure 1.6.45 shows the size of the flat-flux central region needed to achieve a specified 
degree of control in a bare spherical reactor; Figs. 1.6.46 and 1.6.47 do the same for full- 
length cylindrical control regions in bare, circular and rectangular reactors. Again the 
efficiencyt of control exerted in a central core is seen to be a few times larger than if 
spread throughout the reactor. 

When flux flattening is to be accomplished by control rods, they are arranged in a reg¬ 
ular lattice array throughout the control region, and their size and spacing are adjusted 
so as to just reduce the (radial) buckling B, to zero. The resulting relationship is approxi¬ 
mately: 43 


N„(br 0 ) Jo(br„) i H,<‘> (i K r„) (172)t 

where r 2 = equivalent (area-wire) radius of the lattice cell associated with each rod, b 2 = 
Bj = buckling neutralized by the rod, and the other quantities are as in Eq. (170). For 
small arguments in the Bessel functions, this becomes: 33 * 44 


♦ The corresponding weighting factor would now be the product of the disturbed and undisturbed 
fluxes. 


t 


Described by 



total volume 
core volume 


X Wheeler’s Figure 22.5.23 is a nomograph for solving this equation. 
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Fig. 1.6.46 —Cylindrical Control Region. Reprinted from Wheeler, Principles 
of Nuclear Power. N-2292. Full length concentric control region in a cylindrical 
reactor. Radius of control region + radius of reactor = b; B = radial buckling. 



Fig. 1.6.47 —Rectangular Control Region. Reprinted from Wheeler, Principles 
of Nuclear Power, N-2292. Full-length rectangular control region in rectangular 
prism reactor. Length of reactor rectangle ♦ width of reactor rectangle = a. Be¬ 
tween reactor rectangle and the control rectangle within it. is a constant thick 
ness border all around. Width of control rectangle + width of reactor rectangle - 
b. B, = transverse (after longitudinal cosine component is removed) buckling out¬ 
side the control region; B 0 = critical uniform transverse buckling for entire re¬ 
actor rectangle. Calculations approximate and less reliable where lines are 
dashed. The reference report also gives upper bounds to b. 
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1.123 t , 1.123\ _1 

br 0 L 2 Kr 0 ) 


(173) 


The effective change in multiplication factor within the control region thus brought about 
by the rod bank is Ak = b 2 (r + L 2 ). 

CONTROL BOUNDARIES 

The action of a control rod as considered above is, in effect, to insert into the reactor a 
boundary (e.g., of radius r 0 ) at which the thermal (or both thermal and fast) flux vanishes. 
Such black boundaries can be imagined in various shapes and arrangements, and (when 
considered to cause all neutron fluxes to vanish) hence create different shapes or volumes 
for the reactor. In certain geometrically simple cases,* the resulting control effect can 
be readily found. For example, a black sheet passing through the center of a bare spheri¬ 
cal reactor converts it into two bare hemispheres, and the resulting effect on the buckling 
required can be obtained from Table 1.4.3. Table 1.6.8 gives buckling values for some 
additional cylindrical shapes. 


Table 1.6.8 — Buckling Values for Cylindrical Shapes* 


Cross section of cylinder 

Buckling 

Buckling relative to circle 
for same area 

Circle of radius a 

(2.405/a) 2 

1 

Square of side a 

2(rr/a) 2 

1.0865 

Equilateral triangle of altitude a 

4(7r/a) 2 

1.2546 

Semi-circle of radius a 

(3.832/a) 2 

1.2694 

45° —45°—90° triangle of leg a 

5(?r/a) 2 

1.3581 

30°-60°— 90° triangle of 

112/9 (x/a) 2 

1.4637 

hypotenuse a 




* From a preliminary and incomplete ORNL table by Sangren. The values given are for 
the transverse buckling only; for finite height H of the cylinder there is an additive terra 

(tt/H) 2 in the total buckling 


GAPS 

Separation of the reactor core into halves with an adjustable gap between them for con¬ 
trol purposes has been envisaged (sometimes with the aim of not disturbing the power 
pattern in planes parallel to the gap). The BNL reactor has a transverse gap (though not 
for control purposes) and a comprehensive review of gap theory is in preparation.! 

Figure 1.6.48 gives experimental results on the reactivity effect of gaps of variable 
thickness and shows calculated results for comparison. 


•Wheeler 46 illustrates a number of these and, for pj of cylindrical sectors in Table 1.4.3, gives 
the approximate expression 1 + 1.861 Vl . 5# 

tChernick and Kaplan 49 include comparison of theory with experimental results of Callihan et al, 
on a split water-moderated machine. Reference (51) gives some discussion of gap theory. 
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petent work in publishing the drafts and particularly for the art work in which much effort 
was expended toward satisfying the needs of the individual authors. 


E. P. Blizard 
April 24, 1953 
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In spite of some five years of research, exact calculational methods of shield design are 
still hopelessly complicated, and it appears likely that simpler approximations may never 
be adequate in many cases. As a consequence, the approach to the problem has turned to a 
cataloguing of solutions which have been obtained by experiment or machine calculation and 

to developing methods of tailoring these solutions to new problems. 

In the case of gamma-ray attenuation through homogeneous media of a single element, 
the polynomial method of Spencer and Fano is being exploited in a joint program by the 
National Bureau of Standards and Nuclear Development Associates, and the early results of 
this program are presented in this section. Solution to more complicated gamma-ray at¬ 
tenuation problems for several regions or for mixtures of materials has no more than be¬ 
gun and cataloguing of these results will be a much more extensive effort. Experiments 
such as those of Hayward and Hubbell on back-scattering and of Kirn, Kennedy, and 
Wyckoff 1 on oblique penetration are examples of the experiments required to solve many 
shielding problems which become extremely complicated in the analytical approach. It has 
been suggested that the Monte Carlo method lends itself'well to such problems, but this has 

not yet been demonstrated. 

The neutron attenuation problems of most interest in reactor shielding are those of the 
penetration of hard neutrons through large thicknesses of hydrogenous material (usually 
water). Enough experimental information has been gathered to check simple theories of 
this attenuation so that for most cases an adequate solution can be had either from basic 
calculations using shielding-experiment ("effective removal”) cross sections or from 
direct geometrical transformation of an experimental result. This class of problems can 
include appreciable quantities of other materials (e.g., iron, lead, beryllium), provided 
they are located close to the source and followed by at least 50 cm of water or its equiva- 

lent. . 

The fast-neutron attenuation of thick nonhydrogenous shields is but poorly understood 

and almost unexplored experimentally. Concretes, which are intermediate in hydrogen 
content (~1 percent by weight), have been measured to some extent. 

The compound problem of neutron and gamma attenuation in which neutron-induced gam¬ 
ma rays dominate has not been essayed analytically with any simple success. The very few 
calculations which have been tried have succumbed to hopeless complications and have been 
dropped. The experimental approach, on the other hand, has been quite adequate, especially 
since the development of optimization techniques. No relief seems to be in the offing, how¬ 
ever from the continued need for an experiment for each new situation. Eventually, perhaps 
enough data will be available to warrant an ordered catalogue of results from which new 
problems can be solved by interpolation between old experiments. 

Basic information, such as cross sections and fission yields, although much of it is now 
available, is not by any means completely at hand, so that some of the shield designs must 
rest on conjecture. Although quite some effort has been spent on refining these conjectures, 
such as the calculations of cross sections carried out by NDA? the results are, of course, 
not quite as reliable as experimental results, and the latter are therefore much needed. 


'References appear at end of Preface. 
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In view of the unsettled state of the shielding art, this section does not offer recipes for 
every situation, although probably enough information is given to permit a fairly respect¬ 
able reactor-shield design. In most cases, however, it will be necessary to refer to other 
works, in particular to experimental results too voluminous to include in a handbook. 

In Chapter 2.1, the known information regarding the fission sources of neutrons and gam¬ 
ma rays is given. Although fission-product radiations are treated, no compilation is made 
of the radiations from other nuclides with the exception of capture-gamma radiations. 

Chapter 2.2 treats the current opinions on radiation tolerances as used at ORNL. 

For Chapter 2.3, on gamma-ray attenuation, we were most fortunate in being able to en¬ 
list the services of the National Bureau of Standards and Nuclear Development Associates, 
which organizations have had most to do with developing a useful method and its exploi¬ 
tation. 

Chapter 2.4 on neutron attenuation treats a much less satisfactory art, giving a corres¬ 
pondingly less analytical treatment, which nevertheless is as complete as we were able to 
make it at the time of writing (1952). 

Chapter 2.5 on geometry is essentially an introduction to the art of applying the results 
of experiments to new source-receiver configurations. Since this chapter was prepared 
(early 1952), another treatment has appeared which will also be useful. 4 

Chapter 2.6, which treats ducts through shields, gives the phenomenological treatment of 
this problem, taking parameters from mockup experiments rather than relying on the com¬ 
plicated analysis which evolves from a start with cross sections. 

Chapter 2.7 on heating in shields treats a problem which must depend to some extent on 
the basic attenuation calculations themselves, although the region of interest for heating is 
generally that of much smaller attenuations for which different methods are applicable. 

Chapter 2.8 shows how standard treatments of extremum problems are applied to shield 
design. 

Chapter 2.9 on shield materials treats a very voluminous subject with an attempt at 
brevity. This chapter is one which is sure to grow with the nuclear energy business. 


REFERENCES 
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3. H. Goldstein. Some Fast-neutron Measurements Needed for Shielding Studies, NYO-640, Aug. 24. 1951 (classified). 

4. M. L. Storm. H. Hurwitz, Jr., and G. M. Roe, Gamma-ray Absorption Distributions for Plane, Spherical, and Cylindrical Geom¬ 
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NOTE TO THE DECLASSIFIED EDITION 

This declassified section has been prepared by deleting classified information from 
the original version. No effort has been made to revise or bring up to date the remaining 
material, which was based upon information available up to about April 1952. 

As one might expect, considerable advances have been made since this section was 
originally written. As a guide to the literature up to October 1, 1954, the reader is re¬ 
ferred to “Radiation Shields and Shielding; A Bibliography of Unclassified AEC Report 
Literature,” TID-3032 and TID-3032 (Suppl. 1). 
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CHAPTER 2.1 


Sources of Radiation 

E. P. Blizard and F. C. Maienschein 


RADIOACTTVE NUCLEI 

The radiations from radioactive nuclei are given in a number of unclassified reference 
charts 1-3 which are not reproduced here. 


RADIATIONS FROM FISSION 


PROMPT NEUTRONS 

The distribution of neutrons from the thermal fission of U 235 is well approximated by 
Watt’s 4,6 empirical formula: 

N(E) dE = sinh /2E e" E dE 

V ne 

where N(E) dE is the number of neutrons of energies E to E + dE per neutron emitted, and 
E is the neutron energy in millions of electron volts. The fission spectrum of the neutrons 
from Pu 239 is about the same. 6 Watt’s expression (1) is given in Table 2.1.1 and Fig. 2.1.1. 



Table 2.1.1 — Watt's Fission Spectrum 


mev 

N(E), mev" 1 

E, mev 

0 

0 

1.3 

0.1 

2.027 x 10" 1 

1.4 

.2 

2.678 x 10" 1 

1.5 

.3 

3.060 x 10 _i 

1.6 

.4 

3.303 x 10" 1 

1.7 

.5 

3.454 x lO" 1 

1.8 

.6 

3.525 x 10" 1 

1.9 

.7 

3.559 x 10 _1 

2.0 

.8 

3.543 x 10" 1 

2.5 

.9 

3.512 x 10" 1 

3.0 

1.0 

3.444 x 10" 1 

3.5 

1.1 

3.366 x 10" 1 

4.0 

1.2 

3.272 x 10" 1 

4.5 


N(E), mev 1 

E, mev 

N(E), mev 

3.180 x 10" 1 

5.0 

3.849 x 10 

3.073 x 10-‘ 

6.0 

1.808 x 10 

2.955 x 10" 1 

7.0 

9.314 x 10 

2.842 x 10" 1 

8.0 

4.424 x 10 

2.729 x 10* 1 

9.0 

2.074 x 10 

2.602 x 10 _1 

10.0 

9.538 x 10 

2.498 x 10 _1 

11.0 

4.400 x 10 

2.369 x 10' 1 

12.0 

1.995 x 10 

1.839 x 10" 1 

13.0 

8.969 x 10 

1.387 x 10" 1 

14.0 

3.997 x 10 

1.026 x 10" 1 

_A 

15.0 

1.772 x 10 


7.470 x 10“ 2 
5.381 x 10"* 


l 


References 


appear at end of chapter. 
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Fig. 2.1.1 — Watt’s Spectrum of Fission Neutrons. Submitted by Oak Ridge 
National Laboratory, Sept. 10, 1952. 


An approximate form for the fission spectrum for large E is: 

N(E) dE = 7 =e" (E_/ ^dE (2) 

' v2rre 

For a fit in slope and magnitude at any energy E 0 , the following form can be used for E 0 >3 
mev: 

N(E) dE = e ^ E o/2 - (1 - l/V^E^E dE (3) 

If this form is fit at 8 mev, the result is: 

N(E) dE « 1.8e“°* 75E dE 

The data which the above formulas fit include measurements of energies up to 17 mev. 
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PROMPT GAMMA RAYS 

The two measurements of prompt gamma rays of fission agree in total energy but not in 
average energy per photon. Neither of the two experiments is very precise, but that of 
Deutsch and Rotblat is usually used, although the justification for this is not convincing. 
Any calculation should allow for the possibility that either is correct. The data are given 

in Table 2.1.2. 



Table 2.1.2 — Gamma-radiation Energies from Fission 


Total energy per 
fission, mev 


Average energy per 
photon, mev 


Reference 


5.1 ±0.3 1 7 

4.6 ± 0.1 2.5 8 


FISSION PRODUCTS 
GAMMA RAYS 

The data on the relative yields of the various fission products have been summarized 
elsewhere. 9,10 

The gross gamma activity of fission products can be estimated by use of the expressions 
listed in Table 2.1.3. Although the data are not complete for either Pu 239 or U 235 fission 
products, there is probably not much difference in the gamma-activities of their fission 
products. 


Table 2.1.3 — Delayed Gammas from Fission Products 


Rate 

Mev/(sec) (fission)* 

C/fission 

Validity 

Fissioning 

isotope 

Reference 


4 x 10 _11 t 

0-1.7 msec 

Pu 239 

12 


2 x 10" u t 

1.7 -3.4 msec 

Pu 239 

12 


1 x 10 -n 

40 — 140 msec 

u 235 

13 

0.90t“ , -*° 

(constant) 

10 sec-1 day 

U 235 

14. 15 

4.2T 1M 


20 min-3 days 

u 235 

14, 16 

49.0T 1 - 41 


50-100 days 

u 235 

14. 16 


♦Gamma source strength, mev/sec, at t sec after one fission 
tActivity relative to radium source in equilibrium with its decay products 


For times after irradiation longer than about 3 hr, the hard gamma rays can be identi¬ 
fied with relatively few individual emitters 11 shown in Table 2.1.4. 

DELAYED NEUTRONS 

Delayed neutrons are defined as those emitted at measurable times after fission. The 
delayed neutrons that are important from the shielding viewpoint are listed in Table 2.1.5. 
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Table 2.1.4—Fission-fragment Hard-gamma Emitters 




U 235 fission 

Yield per 

Energy, 

Nuclidest 

Half-lifet 

yield, %% 

decay, %% 

mev 

Ru 106 , Rh 106 

1 yr, 30 sec 

0.48 

2 

2.9 17 

Cc 144 , Pr 144 

275 days, 17.5 min 

5.3 

Weak 

>D 17 




2 

2.185 17 




2 

2.6 18 

Eu 156 

15.4 days 

0.013 

60 

2 19 

Ba 140 , La 140 

12.8 days, 40 hr 

6.1 

3.2 

2.5 20 

Te 132 , I 132 

77.7 hr, 21 2.4 hr 

4.5 21 

2.7 

2.0 22,23 

Te 131 *, Te 131 

30 hr, 25 min 

0.45 21 

21.6 

>D 23 

j 135 

6.7 hr 

5.6 

1.95 

2.4 24 




4 

1.8* 

Kr 88 , Rb 88 

2.77 hr, 17.8 min 

3.1§ 

<15 

2.8 26 




19-34 

1.85 26 


tIf two entries occur, they refer to parent and daughter, and the latter 
is the hard-gamma emitter 

{Multiply third and fourth columns to obtain gamma photons per 10 4 
fissions 

§Interpolated value 


Table 2.1.5— Delayed Neutrons 
(D. J. Hughes, Delayed Neutrons, CF-3596, Feb. 1946) 

Absolute yields per 10 4 neutrons emitted 
(prompt and delayed) 


/ ■ « 


Half-life, sec 

Energy, kev 

u 235 

u 233 

Pu 239 

55.6 

250 

2.5 

1.8 

1.4 

22.0 

570 

16.6 

5.8 

10.5 

4.51 

412 

21.3 

8.6 

12.6 

1.52 

670 

24.1 

6.2 

• • • 

0.43 

400 

8.5 

1.8 

11.9 


Total 

73.0 

24.2 

36.4 


SECONDARY SOURCES OF RADIATION 

Secondary gamma radiation, produced by neutron reactions, consists of two important 
types: (1) capture-gamma radiation and (2) gamma rays from inelastic scattering. Second¬ 
ary neutrons are produced by the photoneutron process. Secondary radiations are of con¬ 
siderable importance since it is because of these that a single type of shielding (e.g., water 
for neutrons) is often inadequate, being relatively transparent for the secondary radiation. 

CAPTURE GAMMAS 

When a neutron is captured by a nucleus, a new nucleus is formed in an excited state. 

The excitation energy, or binding energy of the neutron in the new nucleus, may be dissi¬ 
pated almost at once (~1<T 13 sec) by the emission of one or more gamma rays (for ex- 
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Table 2.1.6— Light Isotopes Useful for Suppression of Capture Gamma Radiation 



Charged particle 

Percent of 

Total absorption 

Total energy of 

Isotope 

reaction 

radiative captures 

cross section, barns 

gamma rays, mev 

Li 6 

(n, O' ) 

0 

910 

• # • 

B 10 

(n,a) 

93 

3800 

0.48 

N u 

(n.p) 

6 

1.7 

10.8* 

*B. B. 

Kinsey (Ref. 29 , Table 2.1.7) gives the spectral distribution of the harder nitrogen 

captive gamma rays as follows 




Line 

Energy, mev 

Intensity relative to A 



A 

10.816 ± 0.015 

1.00 



B 

9.156 ± .030 

0.09 



C 

8.278 ± .016 

.19 



D 

7.356 ± .012 

.56 



E 

7.164 ± .010 

.19 



F 

6.318 ± .010 

.9 



G 

5.554 ± .010 

1.5 



H 

5.287 ± .010 

2.3 



I 

4.485 ± .010 

0.8 



ceptions see Table 2.1.6). For the light elements and magic* nuclei only a single gamma 
ray may be emitted with an energy corresponding to the binding energy. For other nuclei 
many gamma rays are emitted in competition with the ground-state transition. Table 2.1.7 
presents a summary of capture-gamma-ray spectra that have been investigated. 

The following instruments have been used for measuring capture-gamma-ray spectra: 

(1) A pair spectrometer, which utilizes magnetic deflection of electron pairs in order to 
determine their energies. This instrument permits high resolution and has thus shown the 
presence of lines in capture-gamma-ray spectra. Determination of the energy dependence 
of the sensitivity for this spectrometer is rather difficult. 

(2) Deuterium-loaded nuclear plates in which photoproton tracks are observed. This 
technique yields less resolution than the pair-spectrometer method and requires a con¬ 
siderable investment of time in reading the plates. 

(3) Scintillation spectrometers, which have been adapted only recently to the study of 
capture-gamma-ray spectra. This method may yield considerable information in the future 
with somewhat poorer resolution than the pair spectrometer method. The resolution would 
be quite adequate for shielding purposes, however, and the sensitivity should be higher. 

INELASTIC SCATTERING GAMMAS 

The capture-gamma-ray process described above is the most important reaction for 
neutrons of low energy. For higher neutron energies, however, it is possible that the com¬ 
pound nucleus formed upon neutron capture may re-emit a neutron, leaving the residual 
nucleus in an excited state which subsequently decays by the emission of one or more 
gamma rays. In contrast to capture gamma rays, inelastic-scattering gamma rays will 
have a total energy less than that of the incident neutron. 


•Magic nuclei are those having closed, or nearly closed, shells of nucleons so that they behave much 
as light nuclei. Notable examples are lead and bismuth, which although they are heavy nuclei, never¬ 
theless give a single capture gamma photon per capture, a property usually characteristic of the 
lighter nuclei. 
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Table 2.1.7 — Capture-gamma-ray Data 


Target nucleus 

Spectral type* 

Binding energy,! mev 

References 

H 1 

1 

2.23 

27 

Li 6 

3 

• • • 

28 

Be 9 

1 

6.797 ± 0.008 

29 

B 10 

3 

• • • 

28 

C 12 

1 

4.948 ± 0.008 

29 

N 14 

2 

10.823 ± .012 

29 

F 19 

1 

6.60 ± .03 

30 

Na 23 

2 

6.961 ± .012 

30, 31 

Mg24.25.2G 

2 

7.334 ± .012 (24) 

30 

A1 2t 

1 

7.724 ± .10 

30, 32, 33 

gj28.29,30 

2 

8.476 ± .13 (28) 

30 

P 31 

2 

7.94 ± .03 

34 

s 32 

2 

8.64 ± .02 

34 

Cl 35 

2 

8.56 ± .03 

34 

K 39 

2 

7.77 ± .03 

31, 35, 36 

Ca 40 

2 

• • • 

36 

Mn 65 

1 

7.25 ± 0.03 

33, 35, 37, 38 

Fe so 

1 

7.63 ± .01 

33, 35, 37 

Co 89 

2 

7.73 ± .04 

35, 37 

Ni 58 

1 

9.01 ± .03 

35 

Ni w 

1 

8.55 ± .03 

35 

Cu63,6S 

1 

7.91 ± .01 (63) 

35 

Br 79 ’ 81 

2 

8.5 —9.0 

32 

AglOT.189 

2 

~ 8.0 

37 

Cd" 3 

2 

~ 7.5 

31, 32 

In 115 

2 

7.0-7.5 

37 

La 139 

2 

7.5-8.0 

32 

W 

2 

7.4 

39 

> 

C 

<0 

-4 

2 

9.0-9.5 

32 

Hg 

2 

8.0 — 8.5 

32 

Pb 206 

1 

6.734 ± 0.008 

36 

Pb 207 

1 

7.380 ± .008 

36 

Bi 209 

1 

4.170 ± .015 

36 

u 235 

2 

~ 5t 



*1, ground-state transition predominates; 2, ground-state transition does 
not predominate; 3, charged-particle reaction 

tlsotope assignment, if any, is indicated in parentheses 
$E. P. Blizard, estimate only, based on calculation of gamma intensity 
near to an MTR-type reactor. This is gamma-ray emission on thermal 
neutron nonfission capture, which constitutes 15.5% of all capture processes 


Only a very few measurements have been made of gamma-ray spectra from inelastic 
scattering. Data on gamma-ray energies and inelastic cross sections are available for 
2.5-mev neutrons for several light nuclei. 40 In recent experiments with 15-mev neutrons, 
determinations of the energies of inelastically scattered neutrons from light and magic 
nuclei showed a reduction in neutron energy to about 2 mev. 41,42 The gamma-ray energies 
were not experimentally determined, but by analogy with the neutron-capture process it 
may be presumed that light and magic nuclei will give rise to gamma rays which are 
harder than those of other nuclei. 
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Photoneutron production, which may be considered the reverse of the neutron-capture 
process, comprises a secondary source of neutrons. In neutron capture, the neutron bind¬ 
ing energy was made available to the gamma radiation. Consequently, in order for photo¬ 
neutron production to take place, the incident gamma ray must have an energy at least 
equal to the neutron binding energy. For only two nuclei, D 2 (2.23 mev) and Be (1.67 mev), 
are these threshold energies low enough to allow an appreciable production of photoneu¬ 
trons in shield materials. 4J 

Other threshold energies are listed in an extensive table published by Sher et al. Fig¬ 
ure 2.1.2 shows the photoneutron cross sections for D 2 and Be 8 , together with the curve 
for Al 27 , which is included to show the general shape of photoneutron cross-section curves 
for other nuclei. The curves shown in Fig. 2.1.2 are not theoretical but are merely an at¬ 
tempt to give a best fit to the experimental points. As may be seen from the scale used 
for the cross section, photoneutron cross sections are, in general, much smaller than 
neutron-capture or inelastic-scattering cross sections. 



Fig. 2.1.2 — Photoneutron Cross Sections for Be 9 , Al”, and D*. Submitted by 
Oak Ridge National Laboratory. June 23, 1952. 
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CHAPTER 2.2 


Permissible Levels of Radiation 


M. S. Fair 


ROENTGEN 

The roentgen is defined as "that quantity of X- or gamma-radiation such that the asso¬ 
ciated corpuscular emission per 0.001293 gm of air produces, in air, ions carrying one 
electrostatic unit (esu) of quantity of electricity of either sign.” 

The roentgen is a unit of X- or gamma-ray energy loss in 1 cc of dry air under standard 
conditions (0°C and 760 mm Hg). As defined, the roentgen is a unit of dose without refer¬ 
ence to time or the energy of the ionizing radiation. Air was chosen as the absorption 
medium because it is convenient and because body tissue, water, and air all have approxi¬ 
mately the same absorption value per gram for a wide range of radiation wavelength. 

Within the 0.001293 gm of air, photoelectrons and Compton electrons will be formed by 
interaction of X- or gamma-rays with electrons of the atoms contained in the volume of 
air; pair electrons will be produced if the photon energy is more than twice the mass 
energy of the electron (>2 me 2 = 1 mev). The definition demands that all “associated cor¬ 
puscular emission” be absorbed in air. Many of the particles will leave the volume (1 cc) 
in which they were formed, but they must remain in air until all their energy is dissipated. 
The 1 -cc volume is the volume from which the secondaries originate and is not the volume 
from which the ions are collected. 

Every ion produced by the secondaries must be measured. This means collecting all the 
ions formed in a volume that will be larger than the original volume of 1 cc.* This new 
volume will be determined by the energy of the X- or gamma-rays, which will determine 
the range of the secondaries. It is very important that the ions be collected before any of 
them have a chance to recombine. For each ionization event, two particles are produced, 
a positive and a negative; they are called an "ion pair.” Either the positive or the negative 
charges may be collected and measured. Thus, it is seen that actually there are 2 esu of 
charge, 1 esu of positive and 1 esu of negative charge per cubic centimeter of air corre¬ 
sponding to a roentgen. 

Since the charge on the electron is 4.8 x 10" l ° esu, then the number of electrons per 
electrostatic unit is: 

1/4.8 x 10 _l ° = 2.083 x 10 9 

This then is also the number of ion pairs (i.p.) per electrostatic unit, because only one 
partner of the ion pair is measured. 


♦In practice, because of experimental convenience, the volume in which the secondary electrons are 
produced is probably many cubic centimeters of air. The resulting ions collected are divided by this 
volume in calculating the roentgens. 
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The mass of air referred to (0.001293 gm) is 1 cc of dry air at 0°C and 760 mm Hg. 
There are 2.083 x 10 9 ion pairs per cubic centimeter per roentgen (by definition 1 r = 1 
esu/cc) or: 


1 


2.083 x IQ 9 i.p./cc 
0.001293 gm/cc 


= 1.61 x 10 12 



If an average of 32.5 ev is expended by secondary electrons to form each ion pair in air, 
then: 

1 r = 1.61 x 10 12 - UP \ x 32.5 — = 5.24 x 10 13 — ?V — 

gm air l.p. gm air 

Since 1 ev is equal to 1.6 x 10 -12 erg: 

1 r = 5.24 x 10 1S — 6V . x 1.6 x 10" 12 = 8 3.8 — rgS 

gm air ev gm air 


To summarize: 

1 r = 1 esu/cc (standard air) 

= 2.083 x 10 9 i.p./cc 
= 1.61 x 10 12 i.p./gm 
= 5.24 x 10 7 mev/gm 
= 83.8 ergs/gm 
= 6.77 x 10 4 mev/cc 

The roentgen is independent of the time required for ionization. A “dosage rate” given 
as roentgens per hour is commonly used. The product of the dosage rate (r/hr) and time 
(hr) gives the total dose. 

The unit of dosage rate measured in roentgens per unit time must not be confused with 
gamma-ray intensity. Gamma-ray intensity is measured in energy units per unit area per 
unit time, such as ergs per square centimeter per second. Ionization intensity is measured 
in roentgens per unit time, in air. 

The roentgen measures electrostatic units per cubic centimeter of air; therefore, a dose 
of 500 r given to a small part of the body will not have serious consequences, and as the 
volume exposed approaches zero, the energy absorption also approaches zero. A dose of 
500 r over the entire body would represent a large absorption of ionizing energy and would 
probably result in death. 


CURIE 

The curie was originally defined as that quantity of radon in radioactive equilibrium with 
1 gm of radium. Since 1 gm of radium has about 3.7 x 10 10 atoms disintegrating per second, 
this fact is a basis for the definition of the curie and is the unit applied to radioactive ma¬ 
terials other than radium. Thus, 1 curie of P 32 , Na 24 , or C 14 means “the amount of the 
isotope necessary to provide disintegrations at the rate of 3.700 x 10 10 atoms/sec.” A use¬ 
ful formula for computing the activity of a given mass of a radioisotope is: 

130,000 G 

M= *r 
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where: 

T is the half-life in days , 

M is the activity in millicuries, 

A is the atomic mass of the radioactive isotope, 

G is the weight in micrograms. 

For example, 1 pg of Ca 4 * (T = 180 days) has an activity of: 

130,000 
M “ 45 x 180 

= 16 mC 

It may be noted that the definition says 3.700 x 10 10 disintegrations/sec and not 
3.700 x 10 10 particles emitted per second.* The number of particles emitted per second can 
only be obtained from a knowledge of the decay scheme. For example, Mn 62 has a half-life 
of 6.5 days. It decays by positron emission in 35 percent of the transitions and by electron 
capture in 65 percent of the transitions. Therefore, 1 mC of Mn 62 emits only 0.35 x 3.700 x 
10 T = i # 3 x 10 T particles/sec, even through there are 3.700 x 10 d/sec. 

The curie is not to be used as a measure of radiation dose delivered. 


ROENTGEN EQUIVALENT PHYSICAL (rep) 

When dealing with radiations other than photons or energy dissipation in tissue rather 
than in air, it is incorrect in the strict sense to use the roentgen, and a new unit of ionizing 
radiation dose is needed. In 1942, H. M. Parker defined a unit called the roentgen equiva¬ 
lent physical (rep) as that quantity of ionizing radiation that dissipates 83 ergs per gram of 

tissue. 

Recently (since 1948), it has been common practice to use a slightly larger unit with the 
above definition but corresponding approximately to the energy loss in water or tissue (be¬ 
tween 90 and 100 ergs/gm, depending upon the energy of the radiation and the specific 
ionization of the ionizing particle) when 83.8 ergs is dissipated in a small air cavity in the 
medium. The roentgen equivalent physical is “that quantity of any ionizing radiation (such 
as X-rays, gamma-rays, electrons, protons, neutrons) which is absorbed in tissue to the 

extent of 93 ergs per gram of tissue.” 


ROENTGEN EQUIVALENT MAN (rem) 

The roentgen equivalent man is defined as “that amount of radiation absorbed in tissue 
which has the relative biological equivalence in man of 1 r of X- or* gamma-rays.” 

It has been determined experimentally that the secondary ionization from recoil protons 
produced by fast neutrons (2 mev) is about ten times (RBE — 10) as damaging as the same 
amount of energy absorbed from secondary electrons produced by X-rays. 

For fast neutrons: 


i 93 

1 rem = — 


ergs 


10 gm tissue 


= 0.1 rep 


♦Distinction must be made between disintegrations per second (d/sec) and counts per second (c/sec). 
The latter term is frequently used in connection with radioisotope counting. The relationship is c/sec = 
f d/sec in which f is a correction factor for scattering, absorption, geometry, and counter efficiency. 
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The “additivity” of different types of radiation may be illustrated as follows: 

30 mr/hr gamma = 30 mrem/hr 
1.5 mrep/hr fast neutron - 15 mrem/hr 

3500 slow neutrons/(cm 2 )(sec) = 15 mrem/hr 

Total = 60 mrem/hr 

Table 2.2.1 gives the values of RBE, rep, rem, and the corresponding approximate flux 
values for the maximum permissible exposure to various types of radiation. These values 
correspond to those recommended by the United States Radiation Protection Committee and 
the values recommended by the United States, Great Britain, and Canada at the Chalk River 
conference September 29, 1949. It should be noted that these maximum permissible ex¬ 
posure rates are considered to be safe for a life-time exposure. In the emergency of atomic 
warfare, there would be justification in permitting exposures 100 times these values. 

Tables 2.2.2 and 2.2.3 give the maximum permissible operating levels used to control 
radioactive hazards at ORNL. 

ROENTGENS PER HOUR AT UNIT DISTANCE 

Source strength can be expressed conveniently in terms of roentgens per hour at a dis¬ 
tance of 1 meter or 1 cm. The roentgens per hour at 1 meter is sometimes called an 
“rhm.” This unit does not require a knowledge of the decay scheme of the source. Thus, 

1 rhm of Co 60 is that amount of Co 60 whose unshielded gamma-rays produce 1 r/hr (in air) 
at a distance of 1 meter from the source. If this source is enclosed in a spherical shield 
so that at 1 meter 0.1 r/hr is measured, then the source strength is 0.1 rhm. 

Many radium sources are enclosed in platinum tubes of either 0.5 or 1 mm thickness. 

For 0.5-mm Pt: S = 8.4 M 

For 1 -mm Pt: S = 7.8 M 

where: 

S is the source strength in roentgens per hour at 1 cm 
and: 

M is the mass of radium in milligrams 

For example, suppose we are given a 10-mg radium source enclosed in a 1-mm platinum 
filter. To find the roentgens per hour received at 2 meters from this source, we have: 

7.8 x 10 = 78 r/hr at 1 cm 

Using the inverse square law, at 200 cm: 

= 1-95 x 10~ s r/hr = 1.95 mr/hr 
(200) 2 40,000 * 

The wall of a gamma-measuring chamber should be made of material with an effective 
atomic number equal to that of air, and the chamber should be filled with air. This chamber 
may be as large as desired if sufficient voltage is applied across the chamber. If the wall 
is of material having an effective atomic number different from that of air, the inner wall 
should be lined with graphite or other similar material. The thickness of the wall should be 
equal to or greater than the maximum range of the secondary electron radiation. Since the 
effective atomic number of live tissue is about the same as that of air, an air wall chamber 
gives a good measurement of body exposure for X- and gamma-radiation. 
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Table 2.2.1 — Maximum Permissible Exposure in Terms of Flux Corresponding to 
60 mrem per Day (300 mrcm/wk on a 5-day work-week basis)* 


Approximate flux to give 1 MPE in 24-hr dayt 


Type of radiation 

RBE 

t - 

General equation} 

Example 

X- or gamma-ray 

1 

1500/CE photons/(cm 2 )(sec) 

1300 photons/(cm 2 )(sec) of 1 mev 

Beta 

1 

1600/SP beta rays/(cm 2 )(sec) 

17 betas/(cm 2 )(sec) of 1 mev max. 
or 32 electrons/(cm 2 )(sec) of 

1 mev 

Fast neutrons 

10 

20/D fast neutrons/(cm 2 )(sec) 

22 fast neutrons/(cm 2 )(sec) of 

2 mev 

Thermal neutrons 

5 

• • • 

600 thermal neutrons/(cm 2 )(sec) 
of 0.02 ev 

Alpha (internal 
effects only) 

20 

80/SP alpha rays/(cm 2 )(sec) 

0.003 alpha rays/(cm 2 )(sec) of 

5 mev§ 


* Table by K. Z. Morgan 

tThese values of flux correspond to 60 x 0.093/RBE ergs per gram of tissue and apply to 
the normal flux incident to body tissue. Backscattering is taken into account only in the case 

of thermal neutrons 

tC = 1 * 0.2 from 70 kev to 4 mev; it is given more exactly by the equation: C - 

0.324i — <xs)10 5 

where: (p - <r s ) = total minus Compton scattering coefficient of absorption, cm 

E = energy, mev 
S = specific ionization in air 

P = mass stopping power in tissue relative to air ^ ^ 

D = constant given approximately by the equation, D = 1.2 - e 
§ Average value over the short range of alpha in tissue is 0.0016 alphas/(cm )(sec) for 

5 mev 


Table 2.2.2 —Maximum Permissible Exposures to Personnel 

from External Sources 


Type of radiation 

Permissible exposure 

Gamma 

60 mr/day or 300 mr/week* 

Beta 

60 mrep/day or 300 mep/week* 

Slow neutron 

1750 neutrons/(cm 2 )(sec)(8-hr day) 

Fast neutron 

66 neutrons/(cm 2 )(sec)(8-hr day) 


Emergency exposure 

In case of fire or other emergency, “AEC Contract Policy 
and Operations," Jan., 1951, stipulates the following: 

The permissible limit for AEC emergency radiation 
monitoring teams, who normally would be exposed to 
some radiation in the course of regular duties, was 
placed at 10 r. The permissible emergency exposure 
for persons not exposed to radiation in the normal 
course of their occupations was set at 25 r 

* Permissible exposure to the hands and forearms only 1.5 
rep/week 
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Table 2.2.3 Maximum Permissible Values for Beta-Gamma and Alpha Contamination at ORNL 

Indication of magnitude 


Smeart 





Pr, 

y. 

Type of contamination 

pc/cc 

P~y* 

counts/min 

counts/min 

Air concentration 





Without masks 

C LL , t 3 X 10-". a 

1st count, 10 - ®, (3 , y 




With filter-type masks 

10“\ a 

1st count, 10 -5 , p , y 




With positive air-supply masks 

C a ,i >10“ B ,y 

1st count, > 10 -5 , p, yt 




Water concentration 





Leaving settling basin 

1.5 x 10“*, p, y 




Leaving White Oak Lake 

10 -5 , a, p, y 




In Clinch River 

lO -7 . a, p, y 




Thyroid count for iodine content 


400 counts/min 





(Bi GM) 



Surface or material 





Hand count (palm or back) 


700 counts/min 



Protective clothing leaving 


1000 counts/min 



laundry 

Personal clothing to be 


500 counts/min 



released from impoundment 
Shoes, inside 


1000 counts/min 


<10 

Shoes, outside 


10,000 counts/min 


<10 

Hot laboratories (tables, 


Post area >7.5 mr/hr 

<200 

<10 

floors, etc.) 

Acid bottles, acid carboys, gas 


None detectable 

<20 

<10 

cylinders 

Material to X-10 shops 


<1 mr/hr 

<50 

<10 

Equipment leaving X-10 


<0.5 mr/hr 

<50 

<10 

Commercial carriers leaving 


<1 mr/hr 

<50 

<10 

X-10 

AEC controlled carriers 


Safe handling 

<200 

<10 

Isotope containers leaving X-10 


Up to 200 mrAr 

<50 

<10 

Burial ground (at ground level) 


<7.5 mr/hr 

<20 

<10 

Salvage materials 


<0.2 mr/hr 

Material to stores, glass shop, 


None detectable 

<20 

<10 

etc. 

Lunchrooms and offices used 


None detectable 

<20 

<10 

as such 

Floors in hallways, storage 


<0.2 mr/hr 

<50 

<10 

rooms, cold laboratories; 
table tops, Janitors' closets, 
furniture 





Instruments for Health 


1000 counts/min 

<50 

<10 


Physics calibration 


•There must be no detectable alphas with such instruments as Poppy, Zeuto, or Juno 

fBeta smears counted at approximately 10% geometry; alpha smears counted at approximately 50% geometry 
X Long-lived count; see George Koval, Determination of Particulate Air-borne Long-lived Activity, MDDC-1503, 
June 22, 1945 

fi Exposure to contaminated air while wearing positive air-supply masks is governed by external exposure levels 
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CHAPTER 2.3 


Gamma-ray Attenuation 


U. Fano 


EXTENT OF SURVEY 


SOURCES OF RADIATION 

Electromagnetic radiation of high photon energy (high frequency) usually originates from 
excited atomic nuclei, from excited atoms, or from electrons traversing matter and is 
called X-rays or gamma rays. In this chapter, “gamma rays" indicate high-energy elec¬ 
tromagnetic radiation from any source, even though this term usually refers to radiation 
from nuclear sources only. 

ENERGY OF RADIATION 

This chapter deals primarily with gamma rays having photon energies between 0.1 and 10 
mev. Some information will apply to radiation with energies extending roughly one order 
of magnitude above or below this range. 

ELEMENTARY PROCESSES AND MULTIPLE PROCESSES 

Gamma rays traversing matter interact with it through separate “elementary” processes. 
Present information on elementary processes is generally adequate for shielding applica¬ 
tions. Each photon may experience a succession of elementary processes. The combined 
effect of a succession of processes upon the over-all propagation of gamma rays has been 
under study in recent years. 


ELEMENTARY INTERACTION PROCESSES 

BRIEF DESCRIPTION OF PROCESSES 1 

KINDS OF INTERA CTION 

Basic Interaction with Atomic Electrons-(I) 

The electromagnetic field of gamma rays exerts an oscillating electric force on the 
charge of the atomic electrons within any material and a (smaller) magnetic torque on 


‘References appear at end of chapter. 
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their spin. Each electron reacts as an elementary particle endowed with mass and spin 
angular momentum and subject to forces from other constituents of the material. 

Basic Interaction with Nuclear Particles (Nucleons) -(II) 

The electromagnetic field of. gamma rays exerts an oscillating electric force on the 
charge of the nuclear protons within any material and a (smaller) magnetic torque on the 
spins of protons and neutrons. Each nucleon reacts as an elementary particle endowed 
with mass and spin angular momentum and subject to forces from other nucleons. 


Interaction with the Electric Field Surrounding Charged Particles (Nuclei and 
Electrons)-(HI) 

The electromagnetic field of gamma rays can induce electric currents in space in which 
there is also an electrostatic field. These currents are associated with the generation of 
electron-positron pairs. 

Interaction with the Meson Field Surrounding Nucleons — (IV) 

The electromagnetic field of gamma rays can induce electric currents in the space 
surrounding a proton or a neutron, in which there is also a meson field. These currents 
are associated with the generation of mesons. 


EFFECT OF INTERACTION UPON A PHOTON 
Outright Absorption - (a) 

A photon may disappear as a result of interaction within a material. Its energy is then 
taken up by the interacting system within the material. 

Elastic (Coherent) Scattering-(b) 

A photon may be deflected (scattered) owing to interaction with an atomic system (such 
as an atom or nucleus). The possibility of scattering is necessarily associated with, and 
quantitatively related to, the possibility of absorption. If the atomic system recoils as a 
whole under the impact of the photon, its internal energy is not increased, and the scat¬ 
tering is elastic. The effects of elastic gamma-ray interaction with different parts of the 
system combine “coherently” (i.e., by addition of amplitudes). 


Inelastic (Incoherent) Scattering-(c) 

If the scattering of a photon causes an atomic particle to recoil with respect to the 
others, the internal energy of the atomic system is increased and the photon energy cor¬ 
respondingly depleted. The effects of inelastic gamma-ray interactions with different 
parts of the system combine “incoherently*' (i.e., by addition of intensities). 

TYPES OF PROCESSES 

Different types of processes may arise from each kind of interaction (I, II, HI, or IV) 
leading to each of the end results (a, b, or c) - i.e., 12 types of processes in all. 2 * 3 Many 
of these processes are quite infrequent; some have not yet been observed. The following 
processes, whose symbol indicates mechanism and end-effect, are most important. 
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Photoelectric Effect (la) 

A photon disappears, and an atomic electron (usually from the proximity of the nucleus) 
leaves its atom at high speed, having absorbed the photon energy. This effect predomi¬ 
nates for lower-energy gamma rays especially for high-Z materials. Its cross section 
attains 1,000-10,000 barns/atom for 0.1-mev gammas. The cross section decreases 
rapidly with increasing gamma energy, E, very roughly like E' 5 for E <0.5 mev and like 
E” 1 for E > 0.5 mev. The cross section for atoms of different elements is roughly pro¬ 
portional to Z 6 for E > 0.1 mev. The ejected electron flies off prevalently sideways to the 
photon beam for E « 0.5 mev, prevalently forward otherwise as a result of the high photon 

momentum. 

Compton Scattering (Ic) 4 

A photon is scattered inelastically and an atomic electron recoils out of an atom, much 
as though it had been initially free.* The energy taken up by the electron depends pri¬ 
marily on its recoil momentum. This effect predominates for gammas of 1-5 mev in 
high-Z materials and even more greatly and over a much wider energy range in low-Z 
materials. Its cross section approaches 1 barn per electron for 0.05-mev gammas and 
decreases to less than 0.1 barn at 10 mev. The recoil electron flies off prevalently in the 
direction of the incident photon, the more nearly so the higher the fraction of photon energy 
it carries away and the higher the photon energy. It never recoils backwards, of course. 

Pair Production (Ilia) 

A photon of more than 1 mev disappears, and its energy transfers to an electron-posi¬ 
tron pair which springs out of the space around an atomic nucleus or (less frequently) 
around an atomic electron. This effect predominates for high photon energies, especially 
in high-Z materials. The cross section is zero at 1 mev but rises monotonically above 
this energy until it levels off near 50 mev for high-Z materials and at a higher energy for 
low-Z. The largest cross sections approach 100 barns/atom. In the region where the 
cross section is rising, it varies from element to element approximately in proportion 
to Z*. The electron and positron are projected prevalently in the direction of the incident 
photon, especially when the photon energy, E, and hence its momentum, are very large. 
Most of the electrons and positrons are confined to directions within (0.5 mev/E) radians 
from the photon direction. 

Rayleigh Scattering (lb) 

Gamma rays scattered by small angles impart only a small recoil, especially when 
their energy is low. The recoil is then often absorbed by a whole atom or molecule so 
that the scattering action of different atomic electrons combines coherently. The prob¬ 
ability of this effect is thereby enhanced and prevails greatly at low energies. Even for 
photon energies above 0.1 mev, Rayleigh scattering is less probable than Compton scat¬ 
tering by only one or two orders of magnitude. This scattering is more likely for high-Z 
than for low-Z materials. 

Minor Effects 

Nuclear photoelectric effect (Ha) has a small cross section which approaches 1 barn/ 
atom only for high Z and for 15- to 20-mev photons. However, this effect results most 


♦This scattering is actually classed as elastic as long as one considers the electron as an isolated 
particle; on the contrary, it is classed as inelastic if the electron is considered as a part of the whole 
material. 
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frequently in the ejection of one or more neutrons and is made conspicuous by the high 
penetrating power of the neutrons. Nuclear scattering (lib) and Delbruck scattering (mb) 
are at present barely detectable. Meson effects (IV) become appreciable only near or 
above 150 mev and then only with cross sections of the order of millibarns.* 


PROBABILITY OF PROCESSES 6 

“NARROW-BEAM" ATTENUATION OF MONOCHROMATIC GAMMAS 

The total probability that a photon of given energy suffers some interaction process 
while traversing a layer of matter is studied experimentally with the schematic arrange¬ 
ment of Fig. 2.3.1. A well collimated (“narrow”) beam of homogeneous (monochromatic) 



Fig. 2.3.1— Schematic Diagram for Measurement of Narrow-beam Attenuation 
Coefficient. 


gamma rays penetrates a layer of matter (absorber) and then reaches a detector. Absorp¬ 
tion or appreciable deflection of a photon prevents it from reaching the detector. The at¬ 
tenuation of the intensity received by the detector, as the absorber thickness increases, 
measures the combined probabilities of outright absorption and of deflection. 


EXPONENTIAL LAW OF ATTENUATION 

If a photon has a probability (p) of traversing an absorber of thickness (x) without suf¬ 
fering absorption or deflection, the probability on no process through a thickness 2x must 
be p 2 . This condition implies that p depends on x according to: 



e ->« 



where p represents the “absorption coefficient” (probability of a process per unit thick¬ 
ness). If x is expressed in cm, p is expressed in cm” 1 . “Narrow-beam” attenuation ex¬ 
periments verify Eq. (1) and measure p (see Fig. 2.3.2). 


COMPONENTS OF THE ABSORPTION COEFFICIENT 

The total probability, p, that any process takes place per unit thickness of absorber is 
the sum of the probabilities of occurrence of the various kinds of processes. “Narrow- 


•See Rossi 5 for a discussion of these processes. 
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Fig. 2.3.2 — An Illustration of the Experimental Verification and Measurement of 
Narrow-beam Attenuation Coefficients for Monoenergetic Sources. Data from C. M. 
Davisson and R. D. Evans, Phys. Rev. 81. 1951. 


beam” experiments yield only the total p, but the p’s for the various processes are gen¬ 
erally provided by the theory or by special experiments. The formula: 

^ " ^photo + ^scatt + ^pair (2) 

is often encountered, where Pp hoto pertains to process la, p scatt to Ic and lb combined (or 
to Ic alone), p pair to Ilia, and other processes are disregarded. 

MASS ABSORPTION COEFFICIENT 

A layer of matter absorbs according to the quantity of matter it contains which is the 
thickness traversed, x in Eq. (1), times the density of the material. Therefore, absorber 
“thicknesses” are conveniently expressed on a mass basis (gm/cm 2 ). Accordingly, p is 
often expressed in (gm/cm 2 ) -1 or cm 2 /gm (square centimeters per gram) and called “mass 
absorption coefficient.” 

COMBINATION OF MASS ABSORPTION COEFFICIENTS 

The probabilities that a photon suffer an interaction process with atoms of different 
elements in an absorber add without mutual disturbance.* Therefore, the mass absorption 


* Exception must be made for the effect of chemical binding upon the contribution of valence elec¬ 
trons to Rayleigh scattering and for the coherent combination of Rayleigh scattering by different 
atoms which matters only under special circumstances, particularly in crystals. 
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coefficient of a chemical compound or mixture is an average of the mass absorption coef¬ 
ficients of the constituent elements, weighted in proportion to the abundance of each ele¬ 
ment by weight. For example, for water (1 part H, 8 parts O): 

- I JL 

4 H 2 0 " 9 + 9 (3) 

provided the p’s are expressed as mass absorption coefficients. 


HALF-VALUE LAYER 

The absorber thickness ti h which has a probability V 2 of letting through a photon undis¬ 
turbed (i.e., which reduces the intensity of a “narrow beam 0 to V 2 ) is called the “half-value 
layer of the given absorber material for the given energy of monochromatic gammas. It 
follows from Eq. (1) that: 

ty 2 = (In 2)/p = 0.693/p ( 4 ) 

-Ptl/, 1/ 

since e * = y 2 . 

TABLES OF MASS ABSORPTION COEFFICIENTS 9 

Data for certain important substances are given in Table 2.3.1. The same data dimin¬ 
ished by the contribution of Rayleigh scattering (process lb) are given in Table 2.3.2 for 
convenience in applications where the small-angle Rayleigh process is disregarded. 


Table 2.3.1 — Mass Absorption Coefficients for Various Materials 

(G. R. White, X-ray Attenuation Coefficients from 10 to 100 mev, Nat. Bu. Standards, 

NBS Report-1003, May 13, 1952) 


Photon 

energy, 

mev 

Mass absorption coefficient, cm 

Vgm 

h 2 o 

A1 

Fe 

Pb' 

0.1 

0.171 

0.169 

0.370 

5.46 

.15 

.151 

.138 

.196 

1.92 

.2 

.137 

.122 

.146 

0.942 

.3 

.119 

.104 

.110 

.378 

.4 

.106 

.0927 

.0939 

.220 

.5 

.0967 

.0844 

.0840 

.152 

.6 

.0894 

.0779 

.0769 

.119 

.8 

.0786 

.0683 

.0668 

.0866 

1.0 

.0706 

.0614 

.0598 

.0703 

1.5 

.0576 

.0500 

.0484 

.0523 

2.0 

.0493 

.0431 

.0422 

.0456 

3.0 

.0396 

.0353 

.0359 

.0413 

4.0 

.0339 

.0310 

.0330 

.0416 

5.0 

.0302 

.0284 

.0314 

.0430 

6.0 

.0277 

.0266 

.0305 

.0445 

8.0 

.0242 

.0243 

.0298 

.0471 

10.0 

.0221 

.0232 

.0300 

.0503 
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Table 2.3.2 — Mass Absorption Coefficients, cm 2 /gm, Disregarding Rayleigh 

Scattering Contribution 

(Prepared by G. R. White) 


Photon 

nnp rtf\j 

Mass absorption coefficient, cm 

2 /gm 

mev 

H 2 0 

A1 

Fe 

Pb' 

0.1 

0.167 

0.160 

0.342 

5.29 

.15 

.149 

.133 

.182 

1.84 

.2 

.136 

.120 

.138 

0.895 

.3 

.118 

.103 

.106 

.355 

.4 

.106 

.0922 

.0918 

.208 

.5 

.0967 

.0840 

.0828 

.145 

.6 

.0894 

.0777 

.0761 

.114 

.8 

.0786 

.0682 

.0668 

.0837 

1.0 

.0706 

.0614 

.0595 

.0683 

1.5 

.0576 

.0500 

.0484 

.0514 

2.0 

.0493 

.0431 

.0422 

.0451 

3.0 

.0396 

.0353 

.0359 

.0410 

4.0 

.0339 

.0310 

.0330 

.0416 

5.0 

.0302 

.0284 

.0314 

.0430 

6.0 

.0277 

.0266 

.0305 

.0445 

8.0 

.0242 

.0243 

.0298 

.0471 

10.0 

.0221 

.0232 

.0300 

.0503 


ENERGY DISSIPATION OWING TO INTERACTIONS ALONG A “NARROW BEAM 

GAMMA-RAY ESCAPE SIDEWISE FROM A BEAM 

The energy of photons which experience an interaction process in a material need not 
be entirely dissipated very near the point of interaction. The atomic particles to which 
the energy is transferred may travel some distance (see below). More important, part of 
the energy of the incident photons is carried away in various directions by photons of 
lower energy as a result of processes among which the following are most important. 

Fluorescence 

When an “inner-orbit” atomic electron is ejected by photoelectric effect (process la), 
one of the outer atomic electrons will take its place and thereby become more tightly 
bound. The excess binding energy may be released in the form of an X-ray photon (fluo¬ 
rescence). The probability of fluorescence 7 (as opposed to a second electron-ejection) 
and the energy of the radiated photon are increasing functions of the atomic number of the 

material. See data in Table 2.3.3. 

Scattering 

Scattered photons carry away a fraction of the incident-photon energy, in the event of 
a Compton process (Ic), or all of it in the event of coherent scattering (lb). Data on the 
average energy fraction removed are shown in Table 2.3.4. 
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Table 2.3.3 — Fluorescent Yield in the K Series* 



(From C. D. 

Broyles et al, 

, Phys. Rev. 

89, 1953) 

Element 

Yield 

Element 

Yield 

8 

0 

0.00 

34 Se 

0.60 

10 

Ne 

.01 

35 Br 

.63 

12 

Mg 

.02 

38 Sr 

.71 

14 

Si 

.05 

42 Mo 

.77 

16 

S 

.09 

47 Ag 

.83 

17 

Cl 

.11 

50 Sn 

.85 

18 

A 

.13 

54 Xe 

.87 

20 

Ca 

.17 

60 Nd 

.89 

24 

Cr 

.27 

70 Yb 

.92 

26 

Fe 

.34 

78 Pt 

.94 

28 

Ni 

.42 

80 Hg 

.95 

29 

Cu 

.46 

82 Pb 

.95 

30 

Zn 

.49 

84 Po 

.96 


* Fluorescent yield in the K series is the probability 
that an atom which has been ionized in the K shell will 
emit a photon of a frequency in the K series 


Table 2.3.4 — Fraction of Incident-photon Energy Retained After Compton Scattering, 

Averaged Over All Angles of Scattering 

(Prepared by A. T. Nelms) 


Initial photon 
energy, mev 


Fraction retained 
by photon 


0.1 

0.861 

.15 

.817 

.2 

.782 

.3 

.729 

.4 

.690 

.5 

.659 

.6 

.632 

.8 

.592 

1.0 

.560 

1.5 

.505 

2.0 

.469 

3.0 

.423 

4.0 

.394 

5.0 

.373 

6.0 

.357 

8.0 

.333 

10.0 

.316 
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Annihilation 

When a photon disappears as a result of pair production (process Ilia), the positron of 
the pair eventually combines with an atomic electron releasing 1 mev of energy (and some¬ 
times more) in the form of two photons (occasionally one only). 

Bremsstrahlung 

The gamma-ray energy transferred to electrons (or positrons) within a material may 
be re-radiated in the form of X rays (bremsstrahlung). For particles of energy above 
10 mev and for high Z, this effect accounts for removal of most of the energy. At lower 
energies, the average energy fraction radiated by an electron (or positron) of energy E 
(mev) is of the order of: 

Z E/1,000 

where Z is the atomic number of the material. 


ENERGY TRANSPORT BY ATOMIC PARTICLES 
Electrons and Positrons 

Most of the energy transferred from gamma rays to a material is taken up by electrons 
(or positrons) and then dissipated along the path of these particles. The distance traveled 
by electrons (or positrons) is very small compared to the mean free path of gamma rays 
at energies up to a few mev but not at higher energies (see Table 2.3.5). Furthermore, 
the path of electrons and positrons is very tortuous, especially for high Z and at energies 
below 10 mev. 


Table 2.3.5 — “Relative Range" of Electrons and Photons of Equal Energy in Water 

(Principles of Radiological Physics. Nat. Bu. Standards. U. Fano, NBS Report-1002. May 
1951 v to be published as a contribution to Biological Effect of Radiations, edited 

by A. Hollaender, McGraw-Hill, New Yorki). 


Energy. 

mev 

pR* 

0.1 

0.004 

1.0 

.04 

10.0 

.2 

100.0 

.6 


*pR = Product of narrow-beam absorption coefficient of the X-rays (which may be re¬ 
garded as the reciprocal of a range) and of the “true ” range of electrons (measured along 
the track) 


Neutrons and Other Particles 

Neutron generation absorbs only a small fraction of the incident gamma energy even 
under optimum conditions (see above), but the ejected neutrons travel quite far (see 
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Chapter 2.4). Protons and other charged fragments ejected from nuclei carry a very 
minor fraction of the total gamma energy and do not travel far. 

ENERGY-ABSORPTION COEFFICIENT (“TRUE ABSORPTION” COEFFICIENT) 

To characterize the fraction of its energy dissipated by a narrow beam of gamma rays 
in traversing an absorber, the probability of each interaction process must be multiplied 
by the probable fraction, f, of the photon energy which is actually dissipated in the ab¬ 
sorber as a result of the process. In the event of a photoelectric effect, the value of f 
discounts the fluorescence radiation; in the event of scattering, it discounts the scattered 
radiation; in the event of pair production, it discounts the annihilation radiation; and in all 
events, it discounts the (usually small) bremsstrahlung loss. Accordingly, the “energy 
absorption coefficient/’ |i £n , * s defined by modifying Eq. (2) in the following manner: 

^En = f photo ^photo + *scatt ^scatt + f pair M-pair (6) 

The values of the f fractions can be estimated from theoretical and experimental data. 

TABLES OF ENERGY-ABSORPTION COEFFICIENTS 

Data on f sca tt Mscatt (* or Compton processes only, f sca tt Pscatt being often indicated by 
a a ) are often given in the literature. Data on p En are often based on the assumption 
^photo = fpair = 1 (fphoto ~1 for low-Z materials, the choice of f pa ir is not critical as long 
as p pair is small). More accurate data are given for certain materials in Table 2.3.6. 


GENERAL PROBLEM OF PENETRATION 

A gamma-ray photon often experiences as many as 5 or 10 scattering processes before 
its eventual absorption. The direction of propagation thereby becomes increasingly ran¬ 
dom, and the initial straight penetration tends to go over into a diffusion process. 

The penetration of gamma rays through a homogeneous medium of infinite extension is 
rather well understood. Much detailed information is available on this subject. However, 
the solution of specific problems involves some adaptation of published data. In addition, 
there is only meager understanding of the effects of inhomogeneities in a material and of 
boundaries between materials (these effects are not always large).* 

The information given in the rest of this chapter pertains to gamma-ray propagation 
through homogeneous media of infinite extension, except where otherwise noted. 

PERTINENT PHYSICAL EFFECTS 
PRIMAR Y AND SECONDAR Y RADIA TION 

The interaction processes experienced by gamma rays give rise to a variety of “sec¬ 
ondary radiations,” such as scattered gammas and electrons ejected by photoelectric ef¬ 
fect (see “Types of Process” above). The gammas emitted directly from a source are 
called “primaries.” For primary gammas up to 10 mev, the secondaries which contribute 
much to penetration are themselves gammas (of lower energies), since secondary elec¬ 
trons do not travel far and secondary neutrons are few in number. Therefore, the study 
of gamma-ray attenuation deals with photons of various energies even where the prima¬ 
ries are monoenergetic. 


♦See “Other Studies” discussed later in this chapter. 
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Table 2.3.6 — Energy-absorption Coefficients for Various Materials* 


Energy, 

mev 

(Prepared by G. R. White and I. E. Hornstein) 

Energy-absorption coefficient, cm 2 /gm 



H 2 0 

A1 

Fe 

Pb 

0.088 

0.0252 

0.0445 

0.312 

2.46 


.10 

.0253 

.0371 

.219 

2.16 


.125 

.0266 

.0307 

.123 

1.55 


.15 

.0278 

.0282 

.0801 

1.08 


.175 

.0289 

.0276 

.0595 

.779 


.20 

.0299 

.0275 

.0485 

.586 


.25 

.0312 

.0279 

.0390 

.358 


.30 

.0320 

.0283 

.0340 

.241 


.40 

.0328 

.0287 

.0306 

.136 


.50 

.0330 

.0287 

.0293 

.0904 

(.0901)t 

.60 

.0329 

.0286 

.0287 (.0286)t 

.0689 

(.0684) 

.70 

.0326 

.0283 

.0280 (.0278) 

.0566 

(.0560) 

.80 

.0321 

.0278 

.0274 (.0272) 

.0483 

(.0477) 

.90 

.0316 

.0274 

.0268 (.0266) 

.0431 

(.0424) 

1.0 

.0311 (.0310)t 

.0270 (.0269) 

.0264 (.0261) 

.0391 

(.0384) 

1.25 

.0297 (.0296) 

.0258 (.0257) 

.0252 (.0248) 

.0325 

(.0317) 

1.5 

.0284 (.0283) 

.0247 (.0246) 

.0241 (.0237) 

.0290 

(.0280) 

1.75 

.0272 (.0271) 

.0237 (.0236) 

.0232 (.0227) 

.0275 

(.0260) 

2.0 

.0261 (.0260) 

.0229 (.0227) 

.0224 (.0219) 

.0265 

(.0248) 

2.5 

.0243 (.0241) 

.0216 (.0213) 

.0215 (.0209) 

.0260 

(.0238) 

3.0 

.0229 (.0227) 

.0205 (.0201) 

.0210 (.0203) 

.0264 

(.0238) 

4.0 

.0208 (.0204) 

.0192 (.0188) 

.0208 (.0198) 

.0290 

(.0253) 

5.0 

.0194 (.0189) 

.0185 (.0180) 

.0211 (.0198) 

.0317 

(.0272) 

6.0 

.0184 (.0178) 

.0180 (.0174) 

.0214 (.0200) 

.0344 

(.0287) 

7.0 

.0176 (.0170) 

.0177 (.0171) 

.0219 (.0203) 

.0368 

(.0298) 

8.0 

.0170 (.0163) 

.0176 (.0169) 

.0225 (.0206) 

.0391 

(.0309) 

9.0 

.0165 (.0158) 

.0175 (.0168) 

.0232 (.0209) 

.0410 

(.0319) 

10.0 .0161 (.0154) .0176 (.0167) 

* Values of the fractions f were estimated as follows 

I photo = 1 — •FxKfli/hi' 

f K .o - l - R c - l/hx J 0 W P C (h* TIT C Biem <T)dT 

.0238 (.0213) 

• 

.0428 

(.0328) 

^ pair “ 1 - 

where: 

r hv-2mc* _ . 

2mc 2 /h i/- 1/hv J q P p < h T , T ){T 

K a = energy of radiation in the K series 

G Brem < T+ > + T ~ G B, em 

(T')}dT + 



I K = binding energy of electron in K shell 

R c = average fraction of incident-photon energy retained by photon after ComptorT 
scattering (see Table 2.3.4) 


p c (hv, T) = probability that Compton scattering yields recoil electron of energy T 
Pp (hv, T + , T~) = probability that pair production yields positron of energy T + and electron of 

energy T" 

Gfijem (T) = fraction of electron energy radiated as Bremsstrahlung (from NBS Report 

No. 2364) 

t Energy-absorption coefficients with corrections for Bremsstrahlung loss are given in 
parentheses. The simple law of combination of absorption coefficients for a mixture of ele¬ 
ments, according to Eq. (3), does not hold exactly when the effect of GBiem(T) is appreciable 
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FILTRATION 

Photons of different energies traveling together through an absorber, e.g.,' in a “narrow- 
beam” attenuation experiment (Fig. 2.3.1) with a non-monoenergetic source, have different 
probabilities of experiencing interaction processes. The gammas with higher interaction 
probability (i.e., the less penetrating, or “softer,” ones-which usually are those of lower 
energy) are removed from the beam in the course of penetration faster than those with 



Fig. 2.3.3— Illustration of the Experimental Measurement of Attenuation Coeffi¬ 
cients for a Non-monoenergetic (Radium) Source. Narrow-beam conditions: •- 
Kaye, Binks, and Bell; O- H. O. Wyckoff and R. J. Kennedy, Jour. Res. Nat. Bu. 
Standards 42, 1949. 


lower interaction probability. Thus, penetration to deep layers of the absorber has an 
effect of “filtration” which selects gammas with low probability of interaction (i.e., the 
“harder” component of the initial beam). Accordingly, the successive layers of an ab¬ 
sorber attenuate the beam by smaller and smaller fractions. The semi-logarithmic plot 
of intensity vs thickness, which is a straight line for monoenergetic gammas in Fig. 2.3.2, 
has a decreasing slope (corresponding to a decreasing average value of the absorption 
coefficient p) for a non-monoenergetic beam in Fig. 2.3.3. 
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BROAD-BEAM ATTENUATION 

In an attenuation experiment free from the “narrow beam” limitation (see Fig. 2.3.4, in 
which the aperture of the collimator of Fig. 2.3.1 has been greatly increased), the loss by 
scattering of some gammas initially aimed at the detector is compensated in part by the 



Fig. 2.3.4— Schematic Diagram Showing “Loss” of Radiation Aimed at the 
Detector but Scattered Away from It, and Compensating “Gain” of Radiation 
Aimed in Other Directions but Scattered toward the Detector. 


deflection toward the detector of gammas initially directed otherwise.* Therefore, one 
finds a lower attenuation under “broad-beam” than under “narrow beam” conditions, i.e., 
a spuriously low apparent value of the absorption coefficient. As the absorber thickness 
increases, the “gain” derived from the “broad-beam” condition becomes comparatively 
smaller (owing to the increased chance of multiple interaction processes). Therefore, the 
apparent value of the absorption coefficient goes up with increasing absorber thickness, 
as witnessed by the increasing slope of the plot in Fig. 2.3.5.t It approaches the value of 
the “narrow-beam” coefficient, without ever attaining it.t 

ACCUMULATION OF SECONDARIES 

Not only in the “broad-beam” experiment but also generally the presence of secondary 
scattered gammas influences heavily the whole process of gamma-ray penetration. Comp¬ 
ton scattering is, on the whole, the most frequent process for medium-energy gammas in 


•See Davisson and Evans. 8 An estimate of this effect, valid for rather thin absorbers and moderate 
beam apertures has been given, though incorrectly, by Tarrant. This remark refers mainly to the 
number of photons scattered toward the detector or away from its direction, rather than to the energy 
retained by these photons after scattering. 

tThis may not hold when the initial energy exceeds the minimum point of the absorption coefficient 
curve. 

X Notice that the “broad-beam” effect yields downward curvature, whereas the curvature of Fig. 
2.3.3 is upward owing to the filtration effect. Concurrent departures from a monoenergetic source 
and from “narrow-beam” condition tend to compensate and may fail to be observed. 
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Fig. 2.3.5— Broad-beam Attenuation Curve for Gamma Rays from Co 60 . R. J. 
Kennedy, H. O. Wyckoff, and W. A. Snyder, Jour. Res. Nat. Bu. Standards 44, 1950. 


the energy range of 0.1-10 mev, especially in low-Z materials. A photon may easily ex¬ 
perience 5 to 10 successive Compton processes before its eventual outright absorption, 
which most frequently occurs in a photoelectric process. The photon energy decreases in 
each process. The gamma-ray energy suffers thereby a progressive degradation. The 
average fractional energy loss in a Compton process 4 decreases in the course of degrada¬ 
tion.* Therefore, the gamma photons tend to accumulate in the lower portion of the spec¬ 
trum down to the energy range where outright photoelectric absorption becomes predom¬ 
inant.® 

POLARIZATION EFFECT 

Gamma-ray sources usually generate unpolarized radiation, but the radiation becomes 
partially polarized in the course of repeated scattering. As a result, any three successive 
paths of a photon separated by scattering processes have a slight tendency to be coplanar. 
This effect tends to increase the over-all penetration but only by a few percent.® 


FORMULATION OF THE COMPLETE PROBLEM 
MAPPING THE GAMMA-RAY FLUX 

Given a distribution of gamma-ray sources within a material, the general problem of 
penetration consists of determining the intensity and spectrum of the gammas (primaries 
and Secondaries) which flow in each direction at each point of the medium. 


♦See also Table 2.3.3. 
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MONOENERGETIC SOURCES 

It is adequate to solve the problem separately for sources of monoenergetic gammas of 
different energies, because any source may be regarded as the superposition of mono¬ 
energetic sources whose gammas penetrate independently. 

PENETRATION OF THE PRIMARIES 

Despite the large accumulation of secondary gammas, the exponential attenuation of the 
primaries (as observed under “narrow-beam" conditions) usually constitutes the single 
most important factor affecting the gamma-ray penetration, especially since the primaries 
usually* have a lower p than any of their secondaries. At any point of a medium, the flux 
of the primary gammas alone can be easily calculated, since the primaries penetrate ac¬ 
cording to the simple “narrow-beam ” exponential law (Fig. 2.3.2). For a point at a dis¬ 
tance x from a gamma-ray source, the product px in the exponent of e~ MX in Eq. (2) (with 
the value of p corresponding to the medium and the source energy under consideration) 
represents the depth of penetration expressed in “ relaxation lengths ." This number serves 
as a crude initial index of the attenuation of the gammas from the source to the point. 

BUILD-UP FACTOR 

Since the main problem arises from the accumulation of secondaries, it is often con¬ 
venient to focus on the ratio of the total amount of gammas at any one point to the amount 
of primaries only. For any specific instrument of gamma-ray detection and measurement 
at a given location, its actual response may be considered a result of all gammas and its 
ideal response a result of the primaries only. The ratio of these two responses is the 
“build-up factor" pertaining to the given instrument and to its location (see Fig. 2.3.6). 

The results of gamma-ray attenuation studies are often expressed as build-up factors. 

PARTIAL AND SIMPLIFIED PROBLEMS 

Much understanding and useful information on gamma-ray attenuation is gained from 
the study of problems schematized so as to involve a reduced number of variables. 

ENERGY DEGRADATION ONLY (“NRL*’ PROBLEM1) 

If a source is distributed uniformly throughout a medium, the secondaries are distributed 
uniformly also, and the only question concerns tfie accumulation of secondaries of various 
energies. The same problem arises with respect to the spectrum of secondaries integrated 
over the whole medium without reference to the source position. The solution of this prob¬ 
lem is straightforward.$ The spectrum of secondaries is cut off on the low-energy side 


•Except for high-Z materials and primary energies above a few mev. 
tFrom an experiment by Faust and Johnson. 1 ® 

*The number of photons.of energy E. N(E), is determined by the number of all photons N(E') with 
energies E' higher than E up to the source energy E 0 , multiplied by the probability p(E.E') that the 
next interaction process changes the energy from E' to E: 

N(£ ) = p(E.E') N(E')dE' (7) 

The number of photons of energy Eg is given by the source strength; thereafter, the equation can be 
solved stepwise by carrying out the integration to lower and lower values of E. This procedure lends 
itself well to automatic computer operation. For exploratory numerical solutions, see Karr and Lam- 
kin. 11 Extensive calculations have been made incidental to more complex problems (see Calculation 
of the Parameters” later in this chapter). 
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Fig. 2.3.6— Illustration of the Build-up of Secondary X-rays Under Broad-beam 
Conditions, from H. O. Wyckoff, R. J. Kennedy, and W. R. Bradford, Nucleonics 3, 
No. 11, 1948. 


where the probability of the photoelectric effect rises sharply and peaks above the cut-off 
except for high-Z materials. 

DEGRADATION AND DEFLECTION 

Photons tend to lose track of their initial direction as a result of successive scattering 
processes. One may inquire about the distribution-in-direction of the gammas degraded to 
a certain energy, regardless of their position with respect to the source. Certain obliquity 
parameters of the distribution-in-direction (such as the mean obliquity of penetration) re¬ 
main independent of one another in the course of successive scattering processes. Their 
termination reduces to a number of separate “NRL” problems.* 


* If the number of photons of energy E traveling at an angle J with respect to the initial direction is 
N(E,d), the “obliquity parameters” are the values of the Legendre polynomials Pi (cos J) integrated 
over the distribution N(E,d): 



Pi (cos J) N(E,d) 2irsinJ dd 


These parameters obey the equations: 


N, (E) = J%(E.E') P, (1 N,(E')dE' < 

where p is the same as in Eq. (1). Since P 0 = 1, N 0 is the N(E) above and Eq. (8) reduces to Eq. (7) 
for 1 = 0; since Pj = cos J, Nj is essentially the mean obliquity <cos d>. For exploratory numerical 
solutions see Spencer and Jenkins. 11 Extensive calculations have been made, incidental to more com 
plex problems (see “Calculation of Parameters” later in this chapter). 
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SCHEMATIC GEOMETRIES* 

Gamma-ray sources distributed in space with particular symmetries lead to distribu¬ 
tions of secondaries with corresponding symmetries. Often the gamma distribution de¬ 
pends on a single space coordinate, the distance from the source. (The same simplifica¬ 
tion can be attained, regardless of source symmetry, by inquiring only about the gamma- 
ray distribution along one space coordinate integrated over the remaining coordinates.) 

Plane Sources 

A source distributed uniformly over a plane yields a gamma-ray distribution uniform 
over any plane parallel to the source plane, which depends only on the distance from the 
source. Further simplification (without further elimination of variables) arises when the 
source radiation flows either perpendicularly to the source plane ("plane-collimated 
source" or “plane monodirectional source") or evenly in all directions (“plane isotropic 
source”). 

Point Isotropic Source 

A source concentrated at one point, which radiates evenly in all directions, yields a 
gamma-ray distribution uniform over every spherical surface centered in the source and 
dependent only on the distance from the source. 

Point-collimated Source 

A source concentrated at one point which radiates in a single direction has only a cylin¬ 
drical symmetry which is preserved in the distribution of secondaries. The gamma-ray 
flux depends on two position coordinates (axial and radial distances). Any source can be 
regarded as an aggregate of point-collimated sources. 


DEEP PENETRATION 

The study of extremely deep gamma-ray penetrations serves (1) to treat unusually 
severe shielding problems and (2) to increase confidence in methods of calculation whose 
reliability tends to decrease as the depth of penetration increases. Deep-penetration 
studies have led to the establishment of certain mathematical laws and to the development 
of workable methods of calculation. Most practical problems can be handled by methods 
suited for moderate penetration (see “Moderate Penetration" below). 

QUALITATIVE ANALYSIS 13 

THE MOST PENETRATING SPECTRAL COMPONENT 

Usually the primary gammas are more penetrating than any of their secondaries. How¬ 
ever, if the energy, E, of the primaries exceeds the energy, E m , at which the “narrow- 
beam" absorption coefficient attains its minimum value, secondaries degraded to energy 
E m constitute the most penetrating component of the whole spectrum in the medium and 
Play the leading part in determining the deepest penetration. The value of E m for various 
materials is given in Table 2.3.7. 


*For fuller discussion, see Chapter 2.5. 
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Table 2.3.7 — Energy at Which Narrow-beam Absorption Coefficients 

Attain Minimum Values, E m 

(Prepared by G. R. White) 


z 

E m , mev 

Z 

Em , mev 

4 Be 

94 

20 Ca 

13 

5 B 

70 

26 Fe 

9 

6 C 

55 

30 Zn 

7.6 

7 N 

45 

40 Zr 

5.4 

8 O 

40 

48 Cd 

4.4 

9 F 

34 

56 Ba 

3.9 

10 Ne 

30 

74 W 

3.5 

13 A1 

21 

82 Pb 

3.4 



92 U 

3.3 


LIMITED EQUILIBRIUM OF SOFTER SECONDARIES 

At great depths of penetration, secondaries of energy substantially lower than that of the 
most penetrating component tend to attain a steady state, namely to become distributed in 
energy and in direction in a manner which no longer varies with depth and which is essen¬ 
tially the same as the distribution considered above under "Degradation and Deflection.” 

CRITICAL SPECTRAL RANGE 

The dynamics of deep penetration are governed by an ever-increasing accumulation of 
secondaries with energies just below that of the most penetrating component and which are, 
therefore, only barely less penetrating. The spectral range which is critical in this re¬ 
spect narrows progressively in the course of penetration, while the spectral range in a 
steady state (see above) spreads to higher energies. The accumulation of secondaries 
follows a different trend depending on whether the most penetrating component has the 
energy E m or is the primary itself, i.e., whether or not the absorption coefficient, p, has 
a minimum in the critical range. 

CON CL USION 

Since the lower-energy secondaries in a steady state include more and more of the 
spectrum as the penetration progresses and thus carry nearly the whole energy flux, the 
main characteristic of deep penetration is the variation of the intensity level of these 
secondaries as a function of depth. However, this variation is controlled by the second¬ 
aries in the critical range. 


TREND OF PENETRATION FOR SOURCE ENERGIES BELOW THE "MINIMUM” E m 


LIMITATIONS 


The following applies only to plane-collimated, plane-isotropic, and point-isotropic^ 
sources (or combinations thereof); it also applies in principle, but hardly in practice, 
any plane source. 
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MA THEM A TIC A L LAW 

The intensity of the gamma-ray flux at great depths for source energies below fol¬ 
lows the trend: 

e-W X K ( 9) 

where x is the distance from the source, is the absorption coefficient of the primary 
gammas in the medium under consideration (expressed in units reciprocal to those of x), 
and K is a constant. For a plane-collimated source, x K represents the variation of the 
"build-up” factors.* 

VALUES OF THE CONSTANT K 

The constant K depends on the source geometry and on certain functions, A and B, of the 
probabilities of interaction processes for primary gammas in the medium under consider¬ 
ation. The values of A and B for various materials and primary energies are given in 
Table 2.3.8. The value of K for a plane-collimated source, as a function of A and B, is 


Table 2.3.8—Constants A and B on Which the Exponent of the Build-up Factor Depends 

(Prepared by John Doggett and L. V. Spencer) 


Source 

enerev 

h 2 o 

A1 


Fe 


Sn 


Pb 


U 

mev 

A 

B 

A 

B 

A 

B 

A 

B 

A 

B 

A 

B 

10 

7.5 

7.54 

4.1 

6.21 









8 

6.6 

6.87 

4.0 

5.91 

0.48 

4.64 







6 

5.5 

5.96 

3.8 

5.43 

1.2 

4.56 







4 

4.0 

4.91 

3.3 

4.68 

2.0 

4.25 

0.40 

3.61 





3 

3.1 

4.22 

2.7 

4.10 

2.1 

3.89 

CD 

CO 

• 

3.49 

0.33 

2.88 

0.22 

2.72 

2 

2.1 

3.38 

2.0 

3.33 

1.8 

3.30 

1.4 

3.13 

1.7 

2.65 

2.0 

2.48 

1 

0.96 

2.37 

0.96 

2.37 

0.89 

2.36 

1.1 

2.22 

1.7 

1.75 

1.9 

1.53 

0.8 

.73 

2.12 

.73 

2.12 

.72 

2.11 

0.92 

1.95 

1.6 

1.43 

1.8 

1.21 

.6 

.52 

1.86 

.52 

1.86 

.54 

1.84 

.83 

1.63 

1.5 

1.033 

1.6 

0.852 

.4 

.32 

1.58 

.32 

1.57 

.37 

1.52 

.77 

1.17 

1.35 

0.579 

1.4 

.449 

.3 

.22 

1.41 

.22 

1.40 

.32 

1.32 

.74 

0.798 

1.2 

.333 

1.2 

.260 

.2 

.13 

1.23 

.155 

1.21 

.31 

1.01 

.72 

.417 

0.95 

.133 

0.97 

.100 

.15 

.086 

1.12 

.145 

1.09 

.33 

0.767 

.70 

.223 

.77 

.0647 

.82 

.0485 


given in Table 2.3.9. The tabulated value of K must be reduced by 1 for a plane-isotropic 
source and by 2 (inverse square distance effect) for a point-isotropic source. 


•Notice that x K is merely proportional to the “build-up” factor but is not numerically equal to 
this factor. The results of calculations (see Tables 2.3.11 to 2.3.14) and of an experiment show that 
E( h (9) holds adequately, in some cases at least, for depths upwards of 10-15 relaxation lengths. 
Inspection of Tables 2.3.11 to 2.3.14 disproves the frequent notion that the build-up factor varies 
linearly with x at low depths. 
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Table 2.3.9 The Exponent K of the Build-up Factor as a Function of Constants A and B 

(Prepared by L. V. Spencer and John Doggett) 


B 


A 

0.02 

0.05 

0.1 

0.25 

0.5 

0.02 

0.0200 

0.0516 

0.1095 

0.374 

2.63 

.05 

.01939 

.0494 

.1052 

.332 

1.328 

.1 

.01846 

.0473 

.0988 

.293 

0.871 

.25 

.01617 

.0411 

.0844 

.231 

.547 

.5 

.01341 

.0338 

.0687 

.1798 

.388 

1 

.01003 

.0252 

.0506 

.1289 

.265 

2 



.0335 

.0841 

.1696 


4 

6 

8 


1 

2 

4 

6 

-> 

8 

13.00 

42.3 

113.0 

189.5 

272 

5.49 

17.21 

45.5 

76.5 

108.9 

2.98 

8.84 

23.0 

38.5 

54.7 

1.439 

3.81 

9.48 

15.69 

22.2 

0.887 

2.11 

4.96 

8.16 

11.32 

.559 

1.211 

2.67 

4.24 

5.87 

.345 

0.709 

1.477 

2.28 

3.11 



0.821 

1.173 

1.674 



.577 

0.870 

1.165 



.447 

.671 

0.897 


TREND OF PENETRATION FOR SOURCE ENERGIES ABOVE THE “MINIMUM” E m 
LIMITATIONS 

The following information applies to all plane sources and to point-isotropic sources 
(or combinations thereof). 


MA THEMA TIC A L LAW 

The intensity of the gamma-ray flux at great depths, for source energies above E m , 
follows the trend: 


e -p ra x + H (MnjX)Vj x - 5 / 8 
for plane sources and: 

e -Hm x + H(p m xli/ 3 x —n/ a 




for point-isotropic sources, where x is the distance from the source, p m is the minimum 
value of the absorption coefficient in the medium under consideration, i.e., the value of p 
for gammas of energy Em expressed in units reciprocal to those of x, and H is a constant 
which depends on the probabilities of interaction processes for gammas of energies near 
Em-* 

VALUES OF THE CONSTANTS 

The values of p m and H for certain materials are given in Table 2.3.10. 


SEMI-ASYMPTOTIC CALCULATIONS 

A method for the detailed numerical calculation of gamma-ray fluxes from plane sources 
or point-isotropic sources, which makes use of the mathematical laws and in which the 


* See the footnote following Eq. (9). The laws (10) and (11) become effective at greater depths than 
Eq. (9). 
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Table 2.3.10—The Values of H and for Various Materials 

(Prepared by L. V. Spencer) 



Pm.* 


Material 

cm 2 /gm 

H 

H ? 0 

0.0167 

2.0 

A1 

.0216 

2.1 

Fe 

.0300 

2.8 

Sn 

.0351 

2.6 

W 

.0391 

2.5 

Pb 

.0410 

2.3 

U 

.0425 

2.1 


•Values of /i m without Rayleigh scattering as in Table 2.3.2 were 
used in all calculations of broad-beam attenuation 


effort required does not increase rapidly with increasing depth of penetration, has been 
developed through the pilot stage. Results are available for plane-collimated sources of 
10.2 mev in Pb and of 5.1 mev in Fe. 1 * 


MODERATE PENETRATION 

Most of the detailed information available on gamma-ray penetration derives from cal¬ 
culations which are based, directly or indirectly, on the ‘ polynomial method.” 1 * The labor 
required by this method is roughly constant up to penetration depths of the order of 10- 15 
“relaxation lengths” and thereafter increases roughly in proportion to the cube of the pene 
tration, which makes the method unsuitable for extreme depths. Some of the calculations 
have been checked by experiments, very satisfactorily. 1T ' 18,19 The following paragraphs 
provide some information on the method, which is intended as background for the flexible 
utilization of its results (see “Calculation of Parameters” below). 

An alternate method (successive calculation of the distributions of photons that have 
been scattered 1,2,3... times) has received considerable application 20 ' 21 especially to Pb, 
a high-Z material where the sequence of Compton processes ends early owing to high 
photoelectric adsorption. 


PRINCIPLES OF THE POLYNOMIAL METHOD 

DEFINING THE GAMMA-RAY DISTRIBUTION BY SUITABLE PARAMETERS 

Great labor saving, as well as additional insight, result if the gamma-ray distribution in 
a medium can be characterized by a few parameters only, which in turn can be calculated 
directly. (This should be possible, since the relevant features of any physical phenomenon 
are seldom very numerous.) To this end, one may seek an analytical expression for the 
gamma-ray distribution, which contains in principle an infinity of parameters (sufficient 
to describe the distribution in infinite detail) but such that in practice the values of all 
but a few parameters have a negligible influence on the distribution in the range of interest 
and may be safely disregarded. 
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CHOICE OF THE ANALYTICAL EXPRESSION 

At a distance of Mo x “relaxation lengths” (see “Penetration of the Primaries” above) from 
a plane source or point-isotropic source, the flux N(x,E,d) of photons of energy E traveling 
at an angle i) with respect to the direction of the source has been usually represented as a 
sum of terms of the following type: 

N(x,E„» = e-*) x Sm N nl (E) l*(p«x) Pi (cosrf) (11) 

Here, e _M ° x represents the exponential attenuation of the primaries, L n (Po x ) is a polynomial 
of the Laguerre (or related) type, P 1 (cost*) is a Legendre polynomial, and N n j (E) are the 
coefficients to be calculated from theory (see below). The gamma-ray flux at x, irrespec¬ 
tive of direction,* is represented by the terms with 1 = 0 only [e _/i ° x E n ^ 0 (E) L Q (p(pc)] be¬ 
cause the Pj (cost?) for 1 * 0 have average value zero. Calculation of the coefficients with 
n = 0,1,2, 3 only, setting those with n > 3 equal to zero, may yield an adequate approxima¬ 
tion for pox as large as 10 or even 15,t in the sense that the terms with n > 3 would yield 
no substantial correction in this range. Any other analytical expression which can be fitted 
by a calculation equivalent to the calculation of the N^i ’s would be equally acceptable, 
provided it converges adequately. 

CALCULATION OF THE PARAMETERS 

The parameter N 00 is essentially the same as the number of photons N(E) of Eq. (7), and 
the parameters N 0 j are essentially the same as the “obliquity parameters” Ni of Eq. (8). 
They depend on the number of photons of certain energies and directions irrespective of 
their distance from the source. The parameters N n j (E) depend on the same numbers of 
photons but weighted in proportion to certain functions of their distance from the source 
(polynomials of grade n). Each N n i is determined by an “NRL” equation, similar to Eq. 

(8) but with a correction which requires previous knowledge of parameters with lower 
values of n.t Thus, the N nl ’s can be calculated in succession for higher and higher values 

of n. 

AVAILABLE RESULTS OF CALCULATIONS 

The raw results of calculations have the form of “weighted obliquity parameters,” as 
indicated above, calculated separately for various materials, source geometries, and 
source energies and tabulated for a series of secondary-photon energies. These data 
usually get processed and published in part, in the form of answers to specific questions, 
such as plots of the build-up factor for a specific instrument vs distance from the source. 
However, processed and published data may not answer just the type of question required 
for a specific application (e.g., they may not give the build-up factor for a desired type of 
instrument, or they may fail to give indications regarding the distribution-in-direction). 

In this event, the desired application may be achieved by procuring the original raw data 
(see below) and by reprocessing them according to need. 


* Notice the difference between the total flux through a point irrespective of direction and the net 

transport through a plane perpendicular to the source direction. 16 

t The reason for the success of the representation (11) is discussed by Spencer and Fano 

process. 
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EXPLORATORY CALCULATIONS 

Pilot calculations have been made in sizable numbers 8 ' 1 *’ 22 24 and, in part, checked 
by experiments. 17-18 These results serve primarily, at present, to provide a quantitative 
illustration of certain specific features of the gamma-ray flux. 


NDA-NBS PROGRAM (H. GOLDSTEIN, NDA)* S 

A comprehensive program of calculations by the polynomial method is being carried 
out by Nuclear Development Associates in conjunction with the Bureau of Standards. The 
aim of the program is directed at producing answers on gamma-ray penetration for ma¬ 
terials, source geometries, and initial energies of interest in the shielding of reactors. 
Accordingly, the initial energies chosen generally cover the range from 0.5 to 10 mev. 

The materials involved extend over the complete periodic table, including pure Compton 
scatterer, H 2 0, Al, Fe, Sn, W, Pb, U. For almost all of the materials and source energies, 
computations have been made for point-isotropic sources and, in most cases, also for 
plane monodirectional source geometry. In addition, for Compton scatterer, iron, and lead 
(the most important class of materials in practice), calculations have also been made for 
infinite plane sources in which the distribution of the source photons in the angle 9 from 
the normal to the plane is given by the Legendre polynomials P n (cos 9), n = 1,2,3. Since 
the P 0 case (plane isotropic) is directly related to the point-isotropic solution, the results 
cover the first four Legendre polynomials which, it is hoped, will permit approximating 
the answer for any arbitrary plane source, symmetric about the normal, which does not 
vary too rapidly with 9. 

The range of penetrations which these calculations are designed to cover is from 1 to 20 
“relaxation lengths" (see “Penetration of the Primaries" above) from the source. The 
number of moments needed for such penetrations, and the number of cases considered, is 
so extensive as to preclude hand computations. Instead, the Bureau of Standards automatic 
computer, SEAC, has been used in all problems. 

Certain simplifications in the nature of the gamma-ray interaction have been made which 
greatly reduce the complexity of the calculations without affecting the accuracy of the re¬ 
sults significantly. Only three processes have been considered. Two of these, photoelec¬ 
tric effect and pair-production, have been assumed completely absorptive, thus neglecting 
such secondary effects as fluorescence, bremsstrahlung, and annihilation radiation. The 
third process, incoherent Compton scattering, is the only scattering treated. For the 
energies and materials discussed, coherent scattering is at such small angles as to be no 
scattering at all and has therefore been omitted from both the total absorption coefficient 
and the scattering kernel. Polarization effects in the incoherent scattering have also been 
neglected. 

It is difficult to state the expected accuracy of the results, as it varies with the number 
of moments calculated, the type of material, the penetration, and the energy region of the 
scattered spectrum being considered. In general, the error in integrated quantities, such 
as build-up factors, will have less effect on the final calculated intensity than the normal 
uncertainties in the value of the absorption coefficient. 

It is expected that full details of the calculation will be published in 1953 as an Atomic 
Energy Commission report. Complete tables of build-up factors and differential spectra 
will be included in the report along with illustrative examples of angular distributions. 

These results will not exhaust the calculations which can be made from the raw output of 
the machine, however. To make these more generally available, it is therefore intended 
to place annotated microfilm copies of the SEAC output at each of the AEC deposit libraries. 
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TABLES OF BUILD-UP FACTORS (H. GOLDSTEIN , NDA) 

To illustrate the type of results obtained from this program, Tables 2.3.11 to 2.3.14 
present the calculated dose build-up factors with a point-isotropic source in an infinite 
medium composed of H 2 0, Al, Fe, and Pb, respectively. The designation “dose” indicates 
the gamma-ray flux is to be measured in terms of roentgens per unit time, i.e., with the 
energy spectrum weighted in proportion to the energy absorption coefficient of air (see 
“General Problem of Penetration” above). Table 2.3.15 lists the values used here in com¬ 
puting the build-up factors given in the tables. 

The accuracy of the results for Pb and Fe is estimated roughly at 5 percent, except at 
the greatest penetration, where the errors may be as large as 15 percent. The low-energy 
portion of the spectrum (which is the most difficult to calculate) contributes disproportion¬ 
ately to the dose build-up factor for water and aluminum. Hence, the limit of error for 
these materials is undoubtedly greater, probably being around 10 percent for medium pene¬ 
trations, rising to 25-30 percent for the deepest penetration. 


Table 2.3.11—Dose Build-up Factor, B f , for Pb, Point-isotropic Source 


Mo r 



E 0 , mev 

2 

4 

7 

10 

15 



0.5 

1.42 

1.69 

2.00 

2.27 

2.65 



1 

1.69 

2.26 

3.02 

3.74 

4.81 



2 

1.76 

2.51 

3.66 

4.84 

6.86 



3 

1.68 

2.43 

3.75 

5.30 

8.44 



4 

1.56 

2.25 

3.61 

5.44 

9.80 



5.11 

1.46 

2.08 

3.44 

5.55 

11.74 



6 

1.40 

1.97 

3.34 

5.69 

13.80 



8 

1.30 

1.74 

2.89 

5.07 

14.05 



10 

1.23 

1.58 

2.52 

4.34 

12.54 


Table 2.3.12 — 

Dose Build- 

-up Factor, B r , for Fe, Point-isotropic Source 





Mo r 




E 0 , mev 

2 

4 

7 


10 

15 

20 

0.5 

3.09 

5.98 

11.73 


19.23 

35.42 

55.6 

1 

2.88 

5.39 

10.21 


16.18 

28.31 

42.7 

2 

2.38 

4.08 

6.99 


10.47 

16.83 

24.0 

3 

2.12 

3.44 

5.74 


8.35 

13.25 

18.8 

4 

1.94 

3.03 

4.91 


7.11 

11.23 

16.0 

6 

1.72 

2.58 

4.14 


6.02 

9.89 

14.7 

8 

1.56 

2.23 

3.49 


5.07 

8.50 

13.0 

10 

1.42 

1.95 

2.98 


4.35 

7.54 

12.4 


EXPERIMENTAL SOURCES OF DATA 

Considerable amounts of experimental data have been taken regarding various phases of 
gamma-ray penetration. However, most of the effort was directed to the solution of specific 
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Table 2.3.13—Dose Build-up Factor, B r , for Al, Point-isotropic Source 

Ho r 

E 0 , mev 

2 

4 

7 

10 

15 

20 

0.5 

4.24 

9.47 

21.5 

38.9 

80.8 

141 

1 

3.31 

6.57 

13.1 

21.2 

37.9 

58.5 

2 

2.61 

4.62 

8.05 

11.9 

18.7 

26.3 

3 

2.32 

3.78 

6.15 

8.65 

13.0 

17.7 

4 

2.08 

3.22 

5.01 

6.88 

10.1 

13.4 

6 

1.85 

2.70 

4.06 

5.49 

7.96 

10.4 

8 

1.68 

2.37 

3.45 

4.58 

6.56 

8.52 

10 

1.55 

2.12 

3.01 

3.96 

5.63 

7.32 


Table 2.3.14 — 

Dose Build-up 

Factor, 

By, for H 2 0, Point 

Ho r 

-isotropic Source 

E 0 , mev 1 

2 

4 

7 

10 

15 

0.256 3.09 

7.14 

23.0 

72.9 

166 

455 

.5 2.52 

5.14 

14.3 

38.8 

77.6 

178 

1 2.08 

3.50 

7.21 

14.6 

24.0 

44.7 

2 1.83 

2.77 

4.88 

8.46 

12.4 

19.5 

3 1.69 

2.42 

3.91 

6.23 

8.63 

12.8 

4 1.58 

2.17 

3.34 

5.12 

6.94 

9.97 

6 1.46 

1.91 

2.80 

4.08 

5.33 

7.34 

8 1.39 

1.77 

2.49 

3.51 

4.50 

6.05 

10 1.32 

1.63 

2.22 

3.04 

3.82 

5.07 


Table 2.3.15 —Energy Absorption-coefficient for Air in Thomson Units Per Electron 

Utilized in the Preparation of Tables 2.3.11 Through 2.3.14 


E, mev 

**A 

E, mev 


0.03 

0.694 

0.6 

0.146 

.04 

.308 

.8 

.145 

.05 

.188 

1 

.138 

.06 

.143’ 

1.5 

.127 

.08 

.118 

2 

.118 

.1 

.116 

3 

.105 

.15 

.125 

4 

.0965 

.2 

.134 

5 

.0912 

.3 

.144 

6 

.0866 

.4 

.147 

8 

.0808 

.5 

.144 

10 

.0777 
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problems and therefore had a limited usefulness for the purpose of general penetration 
study or of reactor shielding. Other recent experiments had more general aims but rep¬ 
resent thus far only initial stabs. Some pertinent references will be given here, grouped 
according to their line of endeavor. 

DATA ON GAMMA-RAY DISTRIBUTION IN “PHANTOMS” 

Radiologists need estimates of the “dose” received by various portions of a body which 
is exposed to a radiation beam of given area and given characteristics. Many experiments 
were made, mostly using mock-ups of human bodies (“phantoms”), with X-ray beams up to 
the million-volt range, some also with betatrons.* 

RADIOLOGICAL SHIELDING DATA 

The design of safe radiological installations 51-35 is related, though not too closely, to 
the design of reactor shielding. Until recent times, radiological shielding studies consti¬ 
tuted nearly the sole source of information on high-energy gamma penetration. 


OTHER STUDIES 
BA CKSCA TTERING 

A systematic analysis of the backscattering of a collimated beam of Co 80 gammas by 
the surface of a semi-infinite medium of various materials has been conducted. 58 Typical 
spectra of radiation backscattered through 150° are shown in Figs. 2.3.7 to 2.3.9. The 
peaks above 200 kev result from single scattering. The lower-energy peak from the lead 
target results from fluorescence. Studies of the influence of a nearby wall upon the 
response of a detector have also been made. 31 ' 38 For example, Kennedy et al found when 
an ionization chamber was brought near a concrete barrier, remaining at a fixed dis¬ 
tance from a Co 80 source, its reading was subject to increases of the order of 10 percent. 

SIDESCATTERING 

Data on the radiation scattered sidewise by a phantom exposed to an X-ray beam are 
given in the radiological literature. 51 * 59 * 40 


ANALYSIS OF RADIATION TRANSMITTED THROUGH A BARRIER 

Little experimental information seems to be available on this subject. Spectral analysis 
by scintillation is in progress. 41 

RADIA TION INTENSITY IN THE PROXIMITY OF A BOUNDARY 

Measurements have been made of the transition effect at the surface of a water tank as 
the source and/or the detector pass from air to water. 42 

EFFECTS OF INHOMOGENEITIES OF A MEDIUM 

A study on the effect of voids in a water tank is reported in the classified literature. 


* For the lower-energy range see particularly Glasser, Qulmby, Taylor, and Weatherwax, 
Mayneord and Lamerton, 21 and the data of the British Hospital Physicist Assoc.; 28 for the higher 
energies, see Adams et al, 29 and Charleton and Breed. 30 
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Fig. 2.3.9 — Spectrum of Gammas Backscattered from Lead. 
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CHAPTER 2.4 


Neutron Attenuation 

A. Simon 

INTERACTION PROCESSES* 

In passing through matter, a neutron will lose energy or be removed only by collisions 
with nuclei. If the total kinetic energy is conserved in collision with nucleus X, the reaction 
may be written as X(n,n)X and is called elastic scattering. However, if the re-emitted neu¬ 
tron leaves the target nucleus in an excited state X', the process is called inelastic scatter¬ 
ing and may be written X(n,n)X\ Finally, the neutron may induce a nuclear reaction which 
leads to a different residual nucleus, Y, and new end products. Lf the end product is a cap¬ 
ture gamma ray, the reaction X(n,y)Y is called radiative absorption, and if a particle (or 
particles) emerges, a particle reaction [X(n,p)Y, X(n,ar)Z, etc.) has occurred. 

A table of neutron cross sections has been prepared by the AEC Cross Sections Com¬ 
mittee and issued as AECU-2040. The data listed are for total cross sections (the sum of 
elastic scattering and reaction processes). 


ABSORPTION X(n,y)Y 

For low-energy neutrons (less than about 1 kev), the only reactions that occur with ap¬ 
preciable cross section in nuclear collisions are elastic scattering and radiative absorp¬ 
tion. Exceptions to this are some particle reactions in very light nuclei and fission in the 
very heavy nuclei. Elastic scattering serves only to alter the direction and degrade the 
energy of the neutrons. Ultimately, except for the cases just mentiorted, the neutrons are 
captured with the emission of one or more gamma rays. 

Upon capturing a slow neutron, the resultant compound nucleus has an excitation approxi¬ 
mately equal to the binding energy of the neutron (~8 mev). The nucleus may release this 
energy with the emission of a single gamma ray and go to its ground state. However, if the 
nucleus has some intermediate energy levels between 8 mev and its ground state, it may 
instead emit several lower-energy gamma rays in cascade while going to the lowest state. 

light nuclei or in the so-called “magic” nuclei, the average level spacing is large, and 
gamma transitions are often directly to the ground state. Table 2.1.7 summarizes the cur¬ 
rent capture gamma-ray data. 

The existence of capture gamma rays greatly complicates the shielding problem since it 
ls no longer sufficient merely to slow down and capture the neutrons. Owing to the (n,y) 
reaction, these neutrons now give rise to new sources of energetic gamma rays at the point 



See also Section 1 this volume. 
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of capture. One means of suppressing these capture gamma rays is to include small quan¬ 
tities of a material, such as boron, which has a very high cross section for thermal neutron 
capture via an (n,<*) reaction (see “Particle Reactions X(n,p)Y and X(n,cr)Z,” below). It 
should be noted that there is another source of secondary gamma radiation. These are 
gamma rays that may accompany inelastic neutron scattering (see “Inelastic Scattering 
X(n,n)X',” below). At higher energies of the order of 1 mev, elastic and inelastic scatter¬ 
ing and particle reactions become dominant. 

ELASTIC SCATTERING X(n,n)X 

Elastic neutron scattering may occur in two ways: (1) By actual formation of a compound 
nucleus followed by re-emission of the neutron leaving the nucleus in its ground state. The 
cross section for this type of scattering shows the usual resonance structure at neutron 
energies below about 10 mev. (2) By so-called “potential” scattering in which the neutron 
does not appreciably penetrate the nuclear surface. The cross section for this process 
shows no resonance structure and decreases monotonically with increasing neutron energy. 
It should be clearly noted that the “resonance” elastic scattering and the “potential” scat¬ 
tering contributions are coherent. Hence, the resultant cross section is not simply the sum 
of the two. 

For low-energy neutrons (less than about 1 mev), the angular distribution of scattering 
is isotropic in the center-of-mass system. As the energy increases, asymmetries appear. 
(The exception to this is scattering in hydrogen where spherical symmetry is observed up 
to 13 mev.) The angular distribution owing to the “resonance” elastic scattering is char¬ 
acteristic of the spins of the levels of the compound nucleus involved and is more or less 
isotropic. The “potential” scattering shows a strong forward peak (owing to shadow scat¬ 
tering or diffraction around the nucleus) which becomes more pronounced with increasing 
energy. 

At energies of a few mev, the elastic scattering often approaches the conditions appropri¬ 
ate to the continuum approximation (see Chapter 1.2). That is, the compound nucleus, once 
formed, has so many different available modes of breakup that “resonance” elastic scatter¬ 
ing occurs with essentially zero probability. In this case, the elastic scattering is entirely 
“potential,” and a strong forward peak is seen. The elastic scattering cross section, then, 
approaches the limit of ttR 2 (where R is the nuclear radius) for high energies while the 
total cross section approaches the limit 2;rR 2 . Experimental verification of the shadow peak 
has been demonstrated by Jurney et al. 1 

Owing to the fact that total kinetic energy is conserved in elastic scattering, it is possi¬ 
ble to write a simple relation connecting neutron scattering-angle and energy (this is given 
in Chapter 1.2). 

INELASTIC SCATTERING X(n,n)X' 

Inelastic scattering is the result of the decay of the compound nucleus to an excited state 
of the target nucleus. The process is not energetically possible until the incident neutron 
has enough energy to raise the target nucleus to its first excited state. As a result, thres¬ 
holds for this process will be generally higher in both the light and magic nuclei where 
level spacings are larger. Little experimental information is available on inelastic scat¬ 
tering. Cross sections are available for 2.5-mev neutrons for several light nuclei 2 ' 3 as 
well as for 15-mev neutrons. 4 ' 6,6 A compilation of inelastic scattering cross sections is 
being made by the AEC Cross Sections Committee. 

In most cases, the excess energy of the residual nucleus is removed by the emission of 
one or more gamma rays. Some data on inelastic gamma rays are available. 


‘References appear at end of chapter. 
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Inelastic scattering can be useful in shields since this process will degrade neutrons to 
an energy below the inelastic-threshold. However, light materials must still be used to 
further degrade the neutrons, and in addition, the secondary inelastic gamma rays may 
constitute a problem. 

PARTICLE REACTIONS X(n,p)Y AND X(n,a?)Z 

A part of the neutron cross section above about 1 mev will be made up of various parti¬ 
cle reactions. Below this energy, these reactions are inhibited either by the energetics of 
the process or by the necessity of barrier penetration by the charged particles which are 
the reaction products. 

Of particular interest in shielding are some light-particle reactions which occur with 
thermal neutrons. These reactions can be used to avoid gamma rays and are listed in 
Table 2.1.6. 


HYDROGEN CROSS SECTION 

The neutron-proton scattering cross section is isotropic up to 13 mev and has been put 
in a convenient form by several authors. From the work of Blatt and Jackson, 7 the cross 
section a can be written as: 

3 

(7=-a t 

where: 

a t 

k cot 6 t 
k cot 

k being the neutron wave number, and: 
k 2 * 1.21 x 10 24 E cm -2 

W E is in mev. Adequate agreement with experimental results is obtained by taking: 

h = 0.54 x 10"* 12 cm a 8 = -2.37 x KT 12 cm 

bt = 0.89 x 10-<» cni b B = 0.135 x lO" 12 cm 

A very convenient approximation to a is given by: 

E + 1.66 



wt >ere a i 8 ln barn8 


and E is in mev. Table 2.4.1 


compares the exact and approximate ex- 
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pressions for hydrogen cross section. This expression is good from 3 mev to the maximum 
energies of interest. Of particular interest to shielding is the steep monotonlc increase of 
the hydrogen cross section with decreasing neutron energy. This effect makes hydrogen a 
very desirable component of a shield as is discussed more fully in the next chapter. 


Table 2.4.1 —Comparison of Exact and 
Approximate Hydrogen Cross Sections 



Hydrogen cross section 
(or), barns 

E, mev 

Exact 

Approximate 

0 

20.3 

6.6 

2 

2.91 

3.00 

4 

1.94 

1.94 

6 

1.43 

1.43 

8 

1.14 

1.14 

10 

0.94 

0.94 

12 

.79 

.80 


EFFECTIVE REMOVAL CROSS SECTION 

If neutron reactions in matter consisted solely of particle reactions and capture, the 
problem of neutron attenuation would be very simple. A neutron source of a given energy 
E 0 , in a plane geometry, would be attenuated according to a simple exponential law: 

I ~ (1, 

where 2(E 0 ) is the macroscopic total neutron cross section and t is the thickness of materi¬ 
al traversed. In an actual material, however, elastic and inelastic scattering is occurring, 
and as a result, there are large numbers of degraded neutrons being attenuated as well. 

The resultant observed attenuation is no longer purely exponential. Instead, it has the gen¬ 
eral form of an exponential, corresponding to the source attenuation, times a buildup factor. 
Thus: 

I ~ B(t,E 0 )e~ £<Eo,t (2) 

where B depends on the initial source energy, E 0 , as well as on the depth of penetration. At 
large distances of penetration, the buildup factor might be expected to be very large since 
only a small fraction of the neutrons will be uncollided. For example, a total thickness of 
20 mean-free-paths is not uncommon in shielding work. 

The situation is changed, however, if the shield is made up partly of hydrogenous materi¬ 
al. It has been noted (Table 2.4.1) that the hydrogen cross section increases steeply with 
decreasing neutron energy. As a result, once a neutron suffers a hydrogen collision, it is 
essentially removed from the beam. This effect is caused by: (1) the large energy loss 
that usually occurs in such a collision, which makes subsequent collisions much more 
probable, and (2) altering of the direction of travel of the neutron, which usually increases 
the path length necessary for the neutron to move from the source to a detector, again in¬ 
creasing the probability of subsequent hydrogen collisions. It is this second effect which 
makes even an elastic collision with the heavy nuclei more effective since there is more 
probability of a subsequent hydrogen collision. 
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It is now clear from the previous description of elastic scattering that “resonance” 
elastic scattering, which tends to have a nearly isotropic angular distribution, is approxi¬ 
mately equivalent to absorption. On the other hand, not all of the “potential” elastic scat¬ 
tering is equivalent to absorption since the neutrons in the large forward diffraction peak 
(shadow scattering) are essentially undeflected. It is to be expected, therefore, that the 
attenuation in a shield composed of heavy material as well as hydrogen will behave very 
much like an exponential with an “effective removal cross section” 8 which is somewhat 
smaller than the total cross section. Qualitatively, this cross section, a r , is the sum of the 
actual reaction and capture cross sections, the inelastic cross section, and that part of the 
elastic scattering which is not in the “shadow” peak. Employing this definition, one obtains: 

X ~ B(E 0 ,t)e- £ rt (3) 

Now, the buildup factor is expected to remain reasonably small. 

The precise value of the removal cross section could not be calculated from the qualita¬ 
tive definitions which have been given, even if the neutron cross sections were known. In¬ 
stead, it is obtained experimentally by bulk shielding measurements at a facility such as 
the ORNL Lid Tank. 9 * 10 Specific analyses are indicated later in this chapter. The use of 
the removal cross section in calculating the attenuation of neutron dose in a shield is dis¬ 
cussed below under “Use of Removal Cross Section.” 


ATTENUATION OF FISSION NEUTRONS IN WATER 
(REMOVAL CROSS SECTION FOR OXYGEN) 

The most convenient hydrogenous shielding material is water. Here the oxygen plays the 
role of a heavy element, and it should be possible to define a removal cross section. Fig¬ 
ure 2.4.1 illustrates the results of neutron-attenuation measurements in the Bulk Shielding 
Facility and Lid Tank Facility at ORNL.*' 10 All data are transformed to the case of a 
plane-collimated fission source of 1 watt/cm 2 strength. The solid curve shows the result 
of a calculation* of the attenuation in water assuming no oxygen attenuation but properly 
taking into account the hydrogen cross section and buildup. The other two curves indicate 
attempted fits including an oxygen-removal cross section of 0.6 and 0.7 barns. It is seen 
that 0.7 barns gives the best fit to the BSF data. This disagreed somewhat with a deter¬ 
mination based on thermal-neutron attenuation in the Lid Tank 0 which gave o r =0.91 barns. 
The uncertainty in the oxygen measurement is a result of the particular geometry of the 
experiment. An ideal way to measure a removal cross section of solids is to insert a slab 
of the material to be tested into the water of the Lid Tank. The resulting attenuation curve 
at long distances behind this slab is then compared with the same curve for pure water, 
and a removal cross section is easily determined. This procedure was used for iron and 
ead. Oxygen, however, is distributed throughout the medium, and the entire water curve 
must be fitted by an exponential tirnea the hydrogen attenuation. The uncertainty in this 
ng leads to the uncertainty in the oxygen removal cross section. 


ATTENUATION IN LEAD 


Measurements have been made in the ORNL Lid Tank of the attenuation of neutrons in 
vater behind a series of alternating layers of Pb and H 2 0. n Thermal measurements were 

ber 6 ^ C ^ 8tances var y*ng from 90 to 150 cm from the source plate and for a varying num 
^ e r of lead slabs. These data were analyzed by Podgor, 12 and a removal cross section of 
• arns was found for lead. This agrees very well with an earlier determination by 

All >ert and Welton. 8 
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ATTENUATION IN IRON 

Lid Tank measurements of neutron attenuation in borated water behind a series of iron 
slabs has been reported. 13 Analysis of these data 12 yields a removal cross section of 2.0 
barns for iron. This also in agreement with an earlier determination. 8 


USE OF REMOVAL CROSS SECTION 

A number of removal cross sections are tabulated in Table 2.4.2. The results for Pb and 
Fe are probably good for the listed significant figures. 

The attenuation for a mixture of a heavy material and water is now simply: 

I = I 0 e- Ilth D(t w ) 
where: 

I 0 = effective source strength (taken to be a plane-collimated source) 

L r = removal cross section of heavy materials 
th = total thickness of heavy materials 
t w = total thickness of water 

D(t w ) = attenuation in water taken from the experimental curves in Fig. 2.4.1 



Table 2.4.2 — Removal Cross Sections 
Substance a r , barns/atom 


Al 

C 

Cu 

Fe 

Pb 


1.2 

0.84 

2.0 

2.0 

3.4 


The use of these removal cross sections, together with the measured water attenuation 
( Fi g. 2.4.1), in calculating the attenuation of neutron dose in a shield is valid as long as 
!arge thicknesses of heavy material do not occur. Large thicknesses of heavy material 
with no interposition of hydrogenous material) will allow streaming-through of neu¬ 
rons in the energy region below about 1 mev because heavy materials attenuate neutrons 
b V Elastic scattering only down to the threshold for this process (around 1 mev). 

Below this energy only elastic scattering occurs, and this effect is very inefficient. As 
a resu lt, the attenuation of dose will be much smaller than the calculated value. The fast 
ne utron flux, of course, is still correctly accounted for. 


ATTENUATION IN CONCRETE 

„ Ex P eri ments on the neutron attenuation of ordinary concretes have been made at the 
core hole*' shielding facility 9 - 10 at Oak Ridge. The results of these experiments have been 
summarized. 16 0 f particular interest in shielding are Portland concrete, boron cement, 
rookhaven concrete, and W-l concrete. Portland concrete was composed of four parts 
lessee limestone gravel, two parts river sand, and one part Portland cement. Boron 
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cement consists of equal weights of MgO and colemanite, gauged with saturated MgCl 2 solu¬ 
tion. Brookhaven and W-l concretes are mixtures of Portland cement and iron aggregate. 
Barytes concrete, a mixture of BaS0 4 aggregate and Portland cement, is also of great use 
in shielding today. 

Table 2.4.3 lists the approximate atomic compositions of the various concretes. The 
water content, which is the most variable quantity in concrete mixes, is that found in the 
cured state. The fast-neutron attenuation lengths observed in the various shields are sum¬ 
marized in Table 2.4.4. An extensive bibliography of concrete shielding literature may be 
found in a recent Hanford report. 18 


Table 2.4.3 Approximate Atomic Composition of the Various Concretes and Cements 


Elemental 


Material 

Fe 

H 

B 

O 

Mg 

Portland concrete 

0.13 

4.8 

• • • 

71.8 

0.2 

Boron cement 

• • • 

79.1 

7.98 

68.2 

16.42 

Brookhaven concrete 

54.7 

21.1 

• • • 

47.7 

0.35 

W-l concrete 

40.5 

20.1 

3.26 

38.8 

.62 

Barytes concrete 

0.11 

5.17 

• • • 

63.5 

.2 


omponents, atoms/cc or moles/liter 


Cl 

Ca 

Ba 

Si 

A1 

Mn 

S 

C Total 

• • • 

14.5 

• • • 

15.6 

0.44 

♦ • • 

0.06 

10.8 118.3 

6.93 

2.66 

• • • 

• • • 

• • • 

• • • 

• • • 

... 181.3 

• • « 

6.45 

• • • 

2.10 

0.79 

1.22 

0.11 

... 134.5 

• • • 

12.15 

• • • 

3.65 

1.36 

0.21 

.18 

... 120.8 

• • • 

3.4 

11.9 

4.1 

0.4 

• • • 

12.0 

... 100.8 


Table 2.4.4—Measured Relaxation Lengths 
in Various Concretes and Cements 


Shield 

Density 

Relaxation 

length, 

cm 

Portland concrete 

2.3 

11.1 

Boron cement 

2.0 

7.6 

Brookhaven concrete 

4.3 

6.3 

W-l concrete 

3.6 

6.6 

Barytes concrete 

3.5 

8.0 
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Geometry 

E. P. Blizard 


Most shields are designed by comparison with others which have been measured. Since 
the geometries differ from one situation to another, transformations are required which 
will predict the radiation to be expected in one situation on the basis of an observation in 
another. A discussion of these transformations is based on the following fundamentals. 

Flux, probably the most basic type of measurement, is variously described as "particle 
density times average speed," or "rate of events divided by the macroscopic cross 
section." It is probably described most graphically in terms of the radiation incident on a 
small totally absorbing sphere. For this non-directional detector, the flux is the incident 
radiation divided by its projected area. In case the detector is not totally absorbing, the 
reading will be somewhat less and can therefore be associated with a smaller effective 
cross-sectional area. This is the case with nuclear cross sections, the areas being so 
chosen that they will correctly describe the rate of occurrence of a particular event (e.g., 
absorption). 

Biological dose is usually assumed to be proportional to the flux, and this will be exact¬ 
ly true if no self-shielding occurs in the receptor (e.g., man). Since it is conservative to 
assume no receptor self-shielding, this is usually done. The dose with no self-shielding 
18 often referred to as the "milligoat" reading, this being the dose to be expected in a very 
small sphere of flesh. 

Current is simply the radiation passing through a surface per unit surface area. This 
radiation is recorded on a flat detector oriented normal to some preferred direction, so 
that in effect the response of the detector is proportional to the cosine of the direction of 
arrival with the preferred direction. Current is thus a vector quantity as opposed to flux 
which is a scalar. 

The difference between flux and current is illustrated by the response of foil detectors. 
Thin foils, for which self-absorption is negligible, appear to be an array of widely spaced 
spheres (nuclei) and hence record the flux. On the other hand a thick foil, being essenti¬ 
ally black to the radiation, records current normal to the foil. 

In shielding, the flux is of most interest, since this is usually more conservative as an 
estimate of the dose. Since "flux" has been used in other fields in the same connotation 
as "current," the term "dose” has been adopted for shielding work and unless otherwise 
specified is assumed to be the dose with no receptor self-shielding. 

“Attenuation function” or "attenuation kernel” Is defined in terms of the response of a 
detector to radiation from a nearby source. This function is therefore dependent on the 
medium, the source, the detector, and the distance between source and detector if flux is 
o be measured. If current is to be measured, an additional variable specifying direction 

is necessary. 

For a dose detector a distance R from an isotropic source of unit strength, the reading 

would be: 
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D pt (R)=G(R) (1) 

This equation is then adequate to define the dose attenuation kernel G(R). It is of course 
assumed throughout that dose will vary linearly with source strength. The applicability of 
Eq. (1) to actual cases should be carefully considered before the transformations dis¬ 
cussed below are used; the following conditions in particular should be noted: 

(1) The detector and source(s) must be isotropic. 

(2) The medium must attenuate equally in all directions and in all regions. 

(3) Boundaries must be far removed or unimportant. 

The first condition is easily met. The second often is not met, especially for the case of 
gamma rays in, for example, a laminated lead-water shield. The third condition is almost 
never met, but fortunately the boundaries usually have a constant effect so that the trans¬ 
formations are nevertheless not much affected. 


TRANSFORMATIONS FOR UNSPECIFIED ATTENUATION FUNCTIONS 


The first and most general class of transformations to be considered is that in which the 
attenuation function is totally unspecified. For this case, the attenuation function must be 
independent of angle, as indicated by Eq. (1). 

POINT TO INFINITE PLANE 

For an infinite plane of isotropic sources of unit strength per unit plane area embedded 
in an infinite medium, the dose to be expected at a distance z from the plane is: 

D pl (z,°°) = 277 /J 0 G(R) RdR (2) 

This equation is useful when G(R) is known, either from measurement or calculation. On 
the other hand, the measurement may have given the dose from the plane-distributed 
source, in which case the differentiated form of Eq. (2) is useful: 


G(z) 


2ctz dz D Pl (z '°° ) 



POINT TO PLANE DISK 

In case the plane isotropic source of unit surface strength is limited to a disk of radius 
a, the dose at a point on the axis a distance z from the disk (see Fig. 2.5.1) is: 


Dpj (z,a) = 2 tt / 




G(R) RdR 




DETECTOR 


Fig. 2.5.1— Disk Source and Dose Detector. Submitted by Oak Ridge National 
Laboratory, Oct. 28, 1952. 
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PLANE DISK TO POINT 

The inverse of the previous transformation is obtained by differentiating Eq. (4) with 
respect to z. This then leads 1 to the following series: 

G(z) = £ B(Vz 2 + v* Y ) (5) 

v=0 

where: 


B(z) — (z ’ a) 

The use of this transformation is illustrated in Fig. 2.5.2. 

PLANE DISK TO INFINITE PLANE (HURWITZ TRANSFORMATION) 

By quite similar manipulation, 2 the dose to be expected with an infinite plane source can 
be found in terms of measurements on the axis of a finite disk source. Both sources are 
assumed to have unit strength per unit area and to be isotropic: 

Dpi(z,«) = f D_. (A 2 + (6) 

1/-0 r 

Thus, the dose at a distance “z” away from an infinite plane source is ju st equal to the 

sum of readings on the axis of a disk of radius “a” taken at z, 7z 2 + a 2 , 7z 2 + 2a 2 , etc. In 

case a” is large compared with the apparent attenuation length of the disk measurements, 

this will converge quickly, although not as quickly as the series represented by Eq. (5). 

If the dose on the disk axis can be well represented in the region beyond some distance 
z 0 by: 


D pi (z,a) = D pl (z 0 ,a) e"<*"*o)A 

then the exact expression, Eq. (6), can be approximated for z a. z 0 by the inequality: 

wa>Wv;) a i + fl 

Dpi(z,a] 2 


(7) 


( 8 ) 


where: 



Note that in Eq. (8) the upper limit (1/2 + a) is a closer approximation to the true value of 
6 ra ^° doses. Furthermore, most experimental data vary from the condition ex- 
sid 8eC ^ ^ such a way that the ratio in Eq. (8) is increased; that is, the left hand 

f 0 6 ° Eq * W becomes greater than the right at large values of z - z 0 . Equation (8), there- 
» ma y not give a genuine upper limit. 

plane to SPHERE 

^MclTi l80troplc source of unit strength per unit area is spread on a spherical surface 
‘Ion of h Wh ° lly Wlthln an attenuating medium, it is possible to predict the dose as a func- 
ietance from this surface if the dose is known for the case of an infinite-plane 

e nces appear at end of chapter. 


679 



680 



Fig. 2.5.2— 
Oak Ridge Nat 




































































GEOMETRY 


CHAP. 2.5 


isotropic source. Strictly, the material inside the sphere must be the same as that outside, 
and the source must be so thin as not to affect the attenuation. Actually, however, neither 
of these conditions need be very closely met, since most of the observed dose comes from 
radiation which travels more or less directly through the shield from the nearest source 
region. The dose at a distance r 0 from the center of the sphere whose radius is r(r 0 >r) is: 



- r,«) -D pl (r 0 + r,«) 



where the quantities in the brackets are the doses to be expected at distances of r 0 - r 
and r 0 + r from infinite-plane sources of the same surface source strength. 

If the attenuation length for the plane data is sufficiently small, then the second term in 
the square brackets can be ignored: 


D s (r 0 ,r) « Dp, (r 0 - r,°°) (10) 

when A « 2r. 


PLANE TO CYLINDER 

There is no simple and general transformation for this case, but it can be shown that 
for most attenuation functions the following expression is approximately correct for the 
dose at a distance r from the axis of an infinitely long cylinder of radius r 0 with uniform 
isotropic surface source strength: 



Strictly, the material inside the cylinder should match that outside in attenuation, but 
in most applications, this will make little difference. 


TRANSFORMATIONS FOR PARTIALLY SPECIFIED ATTENUATION FUNCTIONS 
SOURCE ON A QUADRIC SURFACE 

For the purposes of this derivation, the form of the attenuation function is unspecified 
for the distance z from the detector to the nearest source point. For other points of the 
source, the increased attenuation is assumed to be a pure exponential, that is: 

G(R) « G(z) e~ (R ~ z)//x (12) 


The geometry is shown in Fig. 2.5.3. 

The detector is on the Z axis, a distance z from origin; the unit strength isotropic 
source is assumed to be spread uniformly on a quadric surface tangent to X,Y plane. The 
equation of the surface near the origin is: 


G3 





where z x = distance from source surface to X,Y plane; a = radius of curvature in Y,Z 
plane; and b = radius of curvature in X,Z plane. The dose at (z,0,0) is then given by: 
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Fig. 2.5.3 — Geometry for Quadric Surface Source. Submitted by Oak Ridge 
National Laboratory, Oct. 29, 1952. Only one quadrant shown. 



SPECIAL CASES 

For a plane surface , a,b — «, and: 

D pl (z,«) = 2 jtzAG(z) 

This is directly comparable to Eq. (3). 

For a spherical surface , a = b = r, and for these, which are much larger than A: 

zr 

D(z,r) a 2 ttAG(z) 

The same result can be found from combination of Eqs. (3) and (10). 


(15) 


(15a) 
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SOURCE ON A PLANE SURFACE—THE EFFECTIVE SOURCE AREA 

It has been pointed out by Tonks that it is possible to define an “effective source area,” 
an “effective cone of radiation,” and an “effective solid angle of radiation” for the case of 
a uniform isotropic source on a plane surface (see Fig. 2.5.4). 



Fig. 2.5.4 — Geometry of Effective Source Area. Submitted by Oak Ridge 
National Laboratory, Oct. 30, 1952. Cone of radiation, and solid angle of 
radiation. 


The effective source area A is defined as that part of the plane source contained within 
a circle centered at the base of the perpendicular from detector to source of such size 
that: 

Dp t (z,«) = ADpj (z) (16) 

In other words, if all the sources on A were located at a point a distance z from the de¬ 
tector, the dose would just equal the dose from the original whole plane of sources. 

Using the approximation characteristic of this section, Eq. (12), for substitution in 
Eq. (2), it is seen by simple integration that: 

D P1 (z,°°) = 2tt(Az + A 2 )G(z) (17) 

Or, in the light of Eqs. (1) and (16): 

A = 2n(\z + A 2 ) ( 18 ) 

and the distance from the edge of the effective source to the detector is: 

= v (z + A) 2 + A 2 « z + A A«z ( 19 ) 

In other words, the effective source area is just that circle of source which is within a 
distance greater by one relaxation length than the nearest point. The effective cone of 
I^diationjs thus that cone defined by A and the detector. The effective solid angle is: 
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( 20 ) 

(20a) 


The effective source area concept is often quite useful in estimating the intensity to be 
expected from unusual source shapes. Tonks’ method consists simply in using the part of 
the actual source which lies within the effective source area as if it were the only source. 
Thus, if A is the source area which is within A, then the dose is taken to be: 


Da, (z) 



Dpi(z>°°) = A i Dp^z) 



This formula must of course be used with caution, paying attention to the possibility that 
other sources outside the effective source area might contribute significantly by virtue of 
a large source density. In the computation of the effects of variations in the shield, these 
can be expected to be most effective when they occur within the effective cone of radiation. 


TRANSFORMATIONS FOR THE SIMPLE ATTENUATION FUNCTIONS 

For many shielding calculations, a simple form is chosen for the basic attenuation func¬ 
tion, and with this, the geometric manipulations then become more or less straightforward. 
The more common situations are illustrated below. 


THE ATTENUATION FUNCTIONS, ONE REGION 

The basic attenuation function is of course the simple exponential on which is superim¬ 
posed the inverse-square-law attenuation. For this assumption, the dose at a distance R 
from a unit strength (one per unit time) source is simply: 


G,(R) 


e 

4ttR 2 



where p is called the attenuation coefficient, a characteristic of the medium, of the source, 
and (in most cases) of the detector. This expression applies rigorously only to unscattered 
radiation. Allowance is made for scattered radiation by inclusion of a so-called 
“buildup factor,” which is a function not only of source, medium, and detector, but also of 
the distance from the source. This is usually expressed as follows: 

r , R1 _ (23) 

G(R) ' 4ttR 2 

It is clear that Eq. (22) expresses a special case of Eq. (23), namely, that for which B = 1. 
This is referred to as a unitary buildup factor . 

BUILDUP FACTORS 

While a more complete discussion of the computation of a buildup factor is not given 
here, a simple approximation is described. For gamma-ray attenuation in which the 
Compton process is dominant for the source energy, a linear bu ildup factor gives a ^ a ® on ” 
able approximation for large attenuations of the total energy flux. Specifically, for th c 

shields: 
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B ~ pR (24) 

This approximation does not fit the situation for thin shields [note that for pR < 1, 

G(R) < G^R)]. As a consequence, for shields of intermediate thicknesses, the buildup 
factor is taken as a sum of unitary and linear buildup factors. Most generally: 

B « 1 + kpR (25) 


where k is a constant best chosen to fit the situation. For the case of gamma rays of about 
1 mev on lead, k is about unity. It has been demonstrated by Goldstein 4 that it is possible 
to normalize the buildup factor to ensure a proper accounting of all the energy absorption. 
This would result in fixing k if Eq. (25) is chosen for the form of B. 

Thus, if a source of unit strength of photons of energy E 0 is embedded in a material and 
the detector reads simply heat release, then the heating due to previously uncollided 
photons is: 


T (E 0 ) Eq e ->‘ (E °' R 

Ho(R) - 4^ 


(26) 


where r(E 0 ) is the energy absorption coefficient, referred to by Heitler 5 as p - a s , and 
p(E 0 ) is the total interaction coefficient. The buildup factor for heat generation is then de¬ 
fined by the following equation for the heat absorption from virgin as well as scattered 
flux: 


H(R) = B(pR) H 0 (R) 



From the conservation of energy, the source must in equilibrium emit as much as is 
absorbed, i.e.: 


=4* r 

R=0 


R 2 H(R) dR 


or: 

= C Bm) e ~" R «« < 28 > 

The latter equation can thus be used to determine “k” for a variety of photon energies and 
materials, but it is necessary to caution that the method is not applicable to large shield 
thicknesses. 


ATTENUATION FUNCTIONS, MANY REGIONS 

For many regions, the problem becomes much more difficult, but a first estimate is ob¬ 
tained by simply extending the basic attenuation function on the basis of the ray lengths in 
the several regions: 


G(R) = BOijRj + p 2 R 2 + pjRj + 


e -0i,R,+/i 2 R 2 +...) 
4jtR 2 



where p b p 2 , pj, etc., are the attenuation coefficients; R lf R 2 , R 3 , etc., are the ray lengths 
for the several media; and R = Rj + R 2 + R 3 + ... 
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DEFINITIONS FOR TABLES 

In the tables of intensities (Tables 2.5.2 through 2.5.4) the following terms are used: 

(1) Unit Sources: 

(a) Isotropic surface :* Emitting unit per second per square centimeter of surface, 
equally in all directions (both sides). 

(b) Cosine Surface :* Emitting (cos0)/4ff per second per square centimeter of surface 
per steradian for 0 < 6< tt/2, and emitting 0 for tt/2 c 9 < it, where 0 is the angle 
between the outward-drawn normal to the surface and the direction of emission. 

(c) Volume : Emitting unity per cubic centimeter per second isotropically from a 
region (herein referred to as region i and assigned an attenuation coefficient z^). A 
simple integration shows that this source in a plane-limited region is identical in 
radiation emitted with a cosine surface source on the plane emitting (cos0)/4irjii per 
second per sterad per square centimeter of surface. 

(d) Filament : Non-self-absorbing straight-line source, emitting unity per centimeter 
per second isotropically. 

(2) Detectors: 

(a) Non-directional (milligoat): Described earlier in this chapter. 

(b) Cosine: Response proportional to cosine of angle between preferred direction and 
direction of arrival of radiation. (As described in the preceding text, of these two 
detector types, the non-directional detector indicates microscopic dose, ionization 
in a non-absorbing region, etc., whereas the cosine detector indicates total current 
through a plane, leakage, the source available for production of secondary radiation 
such as capture gamma rays, the rate of arrival on a completely absorbing surface, 
etc.) 

(3) Buildup Factors: 

(a) Unitary: B(pR) = 1 (no built-up radiation, as in a nonscattering medium). 

(b) Linear: B(pr) = MtRi + P 2 R 2 + ... (Combinations of these two can be had by linear 
addition, which is left to the reader). 

(4) Distance: 

(a) z is always used as the distance from the detector to the nearest element of source, 
and the preferred direction is that of this ray. 

(5) Exponential Integral Functions:! (Table 2.5.1 and Figs. 2.5.6, 2.5.7, and 2.5.8) 


E n(x) = I — dp 

p 11 

- - n E n + 1 w 

« ^iT < x » !) 


(30) 

(31) 
(31a) 


(6) Intensity: 

This term refers to the response of the detector, either nondirectional, in which case 
flux is meant, or cosine, in which case current is implied. The use of the term “flux’ in 
the table is avoided in order to circumvent the ambiguity arising from its occasional 


. Isotropic and cosine surface sources are chosen so that both radiate equally in the outward normal 

direction. This is illustrated in Fig. 2.5.5. Federal Works 

f Tabulated in “Tables of Sine. Cosine, and Exponential Integrals, prepared ydirector 
Agency, Work Projects Administration, for the City of New York, A. N. Lowan. e > 

sponsored by the National Bureau of Standards, New York. 1940: also see tabies of-Ei(-x) E,W 
JTe. Jahnke, “Jahnke-Emde Tafeln hoheren Funktionen,” B. G. Teubner Co., Le p g. 
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Fig. 2.5.5 Illustration of the Relative Strengths of the Isotropic Surface and 
Cosine Surface Sources as Used in This Chapter. Submitted by Oak Ridge 
National Laboratory, Oct. 28 , 1952 . 


connotation of current. Whether number or energy (or other) flux or current is implied 

depends on the definition of the buildup factor and is not properly a subject for discussion 
under “geometry.” 

POINT TO LINE 

Isotropic source distributed along a straight line, of strength unity per centimeter per 
second; nondirectional detector; linear build-up factor: 

D(2) = 2n * S (MZ * !) <32) 

SELF-ABSORBING SMALL CYLINDER 

For the case of a source distributed in a cylinder for which self-absorption is important 
but for radius not large compared with relaxation lengths, see the referenced work. 6 - 7 ' 8 


REFERENCES FOR OTHER TRANSFORMATIONS 

The foregoing transformations have been the most useful for general shield design. Oc¬ 
as onally, however, unusual configurations are of interest, and for these, reference is 
e to two P r °ject handbooks 8,10 and to the comprehensive treatment of Wende. 11 
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Table 2.5.1 — Exponential Integral Functions 


X 

E t (x) 

E 2 (x) 

E 3 (x) 

X 

Ej(x) 

E 2 (x) 

E 3 (x) 

1.0 

2.19 x 10" 1 

1.485 x 

10” 1 

1.097 

X 

10” 1 

11.0 

1.400 x 10" 8 

1.180 x 10“ 7 

1.000 x 10" 8 

.2 

1.584 x 10" 1 

9.26 x 

10" 2 

5.83 

X 

10" 2 

.2 

1.127 x 10" 8 

9.35 x 10" 8 

7.78 x 10" 9 

.4 

1.162 x 10" 1 

5.99 x 

10" 2 

3.29 

X 

10" 2 

.4 

9.08 x 10" 7 

7.40 x 10" 8 

6.06 x 10" 9 

.6 

8.63 x 10" 2 

3.99 x 

10" 2 

1.949 

X 

10" 2 

.6 

7.31 x 10" 7 

5.87 x 10" 8 

4.72 x 10" 9 

.8 

6.47 x 10" 2 

2.71 x 

10" 2 

1.195 

X 

10" 2 

.8 

5.89 x 10" 7 

4.65 x 10" 8 

3.69 x 10" 9 

2.0 

4.89 x 10" 2 

1.877 x 

10" 2 

7.53 

X 

10" 3 

12.0 

4.75 x 10" 7 

3.69 x 10" 8 

2.89 x 10" 9 

.2 

3.72 x 10' 2 

1.317 x 

10" 2 

4.86 

X 

10" 3 

.2 

3.83 x 10" 7 

2.93 x 10" 8 

2.25 x 10" 9 

.4 

2.84 x 10" 2 

9.36 x 

10" 3 

3.20 

X 

10" 3 

.4 

3.08 x 10" 7 

1.848 x 10" 8 

1.376 x 10" 9 

.6 

2.19 x 10" 2 

6.72 x 

10" 3 

2.14 

X 

10" 3 

.6 

2.49 x 10" 7 

1.469 x 10" 8 

1.078 x 10" 9 

.8 

1.686 x 10" 2 

4.86 x 

10“ 3 

1.447 

X 

10" 3 

.8 

2.01 x 10" 7 

1.165 x 10" 8 

8.61 x 10" 10 

3.0 

1.305 x 10* 2 

3.55 x 

10" 3 

9.92 

X 

10" 4 

13.0 

1.622 x 10" 7 

1.168 x 10" 8 

8.45 x 10" 9 

4 A 

.2 

1.013 x 10" 2 

2.60 x 

10" 3 

6.88 

X 

10" 4 

.2 

1.309 x 10" 7 

9.30 x 10" 9 

6.63 x 10" 10 

.4 

7.89 x 10‘ 3 

1.925 x 

10" 3 

4.81 

X 

10" 4 

.4 

1.057 x 10‘ 7 

7.40 x 10" 9 

5.20 x lO" 10 

4 A 

.6 

6.16 x 10 -3 

1.430 x 

10" 3 

3.39 

X 

10" 4 

.6 

8.53 x 10" 8 

5.89 x 10" 9 

4.08 x lO" 10 

A Jfc 

.8 

4.82 x 10" 3 

1.067 x 

10" 3 

2.41 

X 

10“ 4 

.8 

6.89 x 10" 8 

4.69 x 10" 9 

3.21 x lO" 10 

4 A 

4.0 

3.78 x 10“ 3 

8.00 x 

10" 4 

1.726 

X 

10" 4 

14.0 

5.57 x 10" B 

3.74 x 10" 9 

2.54 x 10"'° 

4 A 

.2 

2.97 x lO" 3 

6.02 x 

10" 4 

1.242 

X 

10" 4 

.2 

4.50 x 10" 8 

2.98 x 10" 9 

1.982 x lO" 10 

4 A 

.4 

2.34 x 10“ 3 

4.54 x 

10" 4 

8.99 

X 

10~ 5 

.4 

3.63 x 10" 8 

2.38 x 10" 9 

1.559 x lO" 10 

1A 

.6 

1.841 x 10" 3 

3.44 x 

10" 4 

6.54 

X 

10" 5 

.6 

2.94 x 10" 8 

1.896 x 10’ 9 

1.226 x lO" 10 

.8 

1.453 x 10" 3 

2.62 x 

10" 4 

4.78 

X 

10" 5 

.8 

2.37 x 10" 8 

1.513 x 10" 9 

9.66 x 10" u 

5.0 

1.148 x lO -3 

1.993 x 

10" 4 

3.51 

X 

10“ 5 

15.0 

1.919 x 10" 8 

1.207 x 10" 9 

7.62 x 10 11 

.2 

9.09 x 10" 4 

1.523 x 

10" 4 

2.59 

X 

10" 5 

.2 

1.551 x 10~ 8 

9.64 x 10‘ 10 

6.01 x 10 11 

i i 

.4 

7.20 x 10" 4 

1.166 x 

10" 4 

1.914 

X 

10” 5 

.4 

1.255 x 10" 8 

7.70 x lO‘ i0 

4.73 x 10 11 

14 

.6 

5.71 x 10 -4 

8.95 x 

10" 5 

1.421 

X 

10“ 5 

.6 

1.015 x 10" 8 

6.15 x lO" 10 

3.74 x 10 11 
_ |1 

.8 

4.53 x lO -4 

6.88 x 

10" 5 

1.058 

X 

10" 5 

.8 

8.21 x 10" 9 

4.92 x lO" 10 

2.95 x 10 11 
.11 

6.0 

3.60 x 10" 4 

5.30 x 

10" 5 

7.91 

X 

10" 8 

16.0 

6.64 x 10" 9 

3.93 x 10"‘° 

2.33 x 10 

— 11 

.2 

2.86 x 10" 4 

4.10 x 

10" 6 

5.92 

X 

10" 8 

.2 

5.37 x 10" 9 

3.14 x lO" 10 

1.842 x 10 

— 11 

.4 

2.28 x 10" 4 

3.17 x 

10" 5 

4.45 

X 

10" 8 

.4 

4.35 x 10" 9 

2.51 x lO" 10 

A Ml 

1.455 x 10 

. — 11 

.6 

1.816 x lO -4 

2.45 x 

10" 5 

3.35 

X 

10" 8 

.6 

3.52 x 10" 9 

2.01 x lO" 10 

1.152 x 10 

.-11 

.8 

1.448 x 10~ 4 

1.903 x 

10" 5 

2.53 

X 

10“ 6 

.8 

2.85 x 10“ 9 

1.609 x lO" 10 

9.11 x 10 

.11 

7.0 

1.155 x 10" 4 

1.479 x 

10" 5 

1.911 

X 

10" 8 

17.0 

2.31 x 10" 9 

1.288 x 10“ l ° 

4 A 

7.21 x 10 

.2 

9.22 x 10" 5 

1.150 x 

10" 5 

1.449 

X 

10" 8 

.2 

1.867 x 10" 9 

1.032 x 10“ 10 

A M 

5.70 x 10"“ 

__12 

.4 

7.36 x lO" 5 

8.96 x 

10" 6 

1.100 

X 

10" 8 

.4 

1.512 x 10" 9 

8.26 x 10" 11 

A A 

4.52 x 10 

-12 

.6 

5.89 x 10" 5 

6.99 x 

10" 8 

8.37 

X 

10" 7 

.6 

1.225 x 10" 9 

6.62 x 10" 11 

3.58 x 10 

-12 

.8 

4.71 x 10" 5 

5.46 x 

10' 8 

6.38 

X 

10" 7 

.8 

9.92 x lO" 10 

5.30 x 10 -11 

2.84 x 10 

-..12 

8.0 

3.77 x lO" 5 

4.27 x 

10" 6 

4.87 

X 

10“ 7 

18.0 

8.04 x lO" 10 

4.25 x 10" 11 

2.25 x 10 

- .-11 

.2 

3.02 x 10" 5 

3.34 x 

10" 8 

3.72 

X 

10" 7 

.2 

6.51 x lO" 10 

3.41 x 10" 11 

A A 

1.786 x 10 

^ Al* 12 

.4 

2.42 x 10 -5 

2.62 x 

10" 6 

2.86 

X 

10" 7 

.4 

5.28 * 10 _1 ° 

2.73 x 10“ n 

1.417 x 10 

- .-11 

.6 

1.936 x lO" 5 

2.05 x 

10- 6 

2.19 

X 

10" 7 

.6 

4.27 x lO" 10 

2.19 x 10" n 

1.124 x 10 

^ 1m 

.8 

1.552 x 10 -5 

1.610 x 

10' 6 

1.683 

X 

10" 7 

.8 

3.46 x lO" 10 

1.758 x 10" 11 

8.93 x 10 

~ 1A-1S 

9.0 

1.245 x 10“ 5 

1.265 x 

10" 8 

1.294 

X 

10' 7 

19.0 

2.81 x 10”‘° 

1.41 x 10“ n 

7.09 x 10 

.2 

9.99 x 10 -8 

9.95 x 

10" 7 

9.96 

X 

10' 8 

.2 

2.28 x 10 _1 ° 

1.132 x 10" n 

5.63 x 10 

.4 

8.02 x 10“ 8 

7.82 x 

10“ T 

7.69 

X 

10" 8 

.4 

1.845 x 10 _, ° 

9.08 x 10"“ 

4.48 x 10 

.6 

6.44 x 10 -8 

6.16 x 

10" 7 

5.94 

X 

10“ 8 

.6 

1.496 x lO" 10 

7.29 x 10 12 

3.56 x 10 

.8 

5.17 x 10“ 8 

4.85 x 

10" 7 

4.60 

X 

10“ 8 

.8 

1.213 x 10 _, ° 

5.86 x 10 11 

2.83 x 10 

10.0 

4.16 x 10" 8 

3.83 x 

10“ 7 

3.55 

X 

10" 8 

20.0 

9.84 x 10 -11 

4.70 x 10 “ 

2.25 x 10 

.2 

3.34 x lO -6 

3.02 x 

10" 7 

2.75 

X 

10" 8 





.4 

2.69 x lO" 8 

2.39 x 

10" T 

2.13 

X 

10“ 8 





.6 

2.16 x lO -6 

1.887 x 

10" 7 

1.654 

X 

10" 8 





.8 

1.740 x lO" 8 

1.492 x 

10 " 7 

1.286 

X 

10“ 8 
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Table 2.5.2 —Unshielded Infinite-plane Surface Sources 


Source 

Detector 

Intons it 

Isotropic 

Non-directional 

Infinite 


Cosine 

% 

Cosine 

Non-directional 



Cosine 



Table 2.5.3—Unshielded Volume-distributed Plane-limited Source 




Buildup 


Source 

Detector 

B(p,R) 

Intensity 

Volume 

Non-directional 

1 

1/(2fij) 


Cosine 

1 

1 / (4pj) 


Table 2.5.4 — Infinite Slab Shield of Thickness z and Attenuation 
Coefficient p: Infinite Surface or Volume Source 


Intensity 




Buildup 


Approximate 

Source 

Detector 

B(p.R) 

Exact 

for pz » 1 

Isotropic surface. 
l/(sec)(cm 2 ) 

Non-di rectional 

Unitary 

\ 

1 e-* j/ 

2 pz 



Linear 

1 _(JZ 

- e ^ 

2 

— e'^ 7 

2 


Cosine 

Unitary 

^•pz E 2 (pz) 

1 c^ z 

2 pz 



Linear 

| MZ Ej(pz) 

A e m » z 

2 

Cosine surface, 

Non-directional 

Unitary 

4 MZ Ej(pz) 

1 e'" 2 

*> 11 7 

cos0/47r/(sec)(cm 2 )(sterad) 



C 




Linear 

X -\iz E,(pz) 

-e^ z 

2 


Cosine 

Unitary 

^ (pz) 2 E 3 (pz) 

1 e^ 2 

2 pz 



Linear 

(pz) 2 Ej(pz) 

r" 2 

Volume, attenuation 

Non-directional 

Unitary 

o~ M z E 2 ( ^ Z) 

1 e-^ z 

coefficient in source = p, 



2P| 

2Pt MZ 



Linear 

1 

— e 

2m i 

1 

— e*P z 

2pj 


Cosine 

Unitary 

2 Ml ^ E s ( *' z) 

1 e*" 2 

2p, MZ 



Linear 

— [e*MZ- (pz) 2 

zpj 

E 3 (pz)j ~Q^ Z 
^1 
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Fig. 2.5.6 — The Exponential Integral Functions E^x), E 2 (x), and Ej(x), where 


E n (x) 


■X 


e-P , 

-^FdP. 
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Fig. 2.5.7 —The Exponential Integral Functions E t (x), E 2 (x), and E 3 (x), where 

E ” (x) = X* 7? dp - 
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REACTOR LEAKAGE 


Often it is possible to express the distribution of source strength (usually proportional 
to reactor power) in the region near its surface by a simple linear equation: 

a(z,) = a 0 + a, Zj (33) 

where z, is the distance into the core from the surface, and <* 0 and are constants. In 
this case, the equivalent isotropic surface source (in the sense of the previous section) as 
recorded by a nondirectional detector (milligoat) is: 



where jij is the core attenuation coefficient. 


(34) 
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CHAPTER 2.6 


Ducts Through Shields 

A. Simon 


The principal experimental investigations of ducts up to this time have been concerned 
with the effects of air ducts and voids on gamma-ray and neutron transmission in water. 
Many experiments on the attenuation of fast neutrons by long thin air ducts in water* can 
be understood on the basis of a phenomenological theory. This theory is presented below 
and is followed by a brief summary of the effect of internal voids on neutron attenuations. 
The effect of ducts and voids on the attenuation of gamma rays is considered in a latter 
part of this chapter. 

ATTENUATION OF NEUTRONS BY AIR DUCTS IN SHIELDS (THEORY) 

The attenuation of neutrons by a long, thin, circular duct can be calculated by an albedo 
approach. It is assumed that the walls of the duct reradiate neutrons with an intensity 
proportional to the flux incident upon the wall. The constant of proportionality is the al¬ 
bedo, and it is assumed that the reradiation is partly isotropic and partly cosine distribu¬ 
tion about the normal to the wall. If the reradiated flux into a unit solid angle dfi is 
written: 


dF 

dfi 


A + 2B cosfl 
2tt 


a ' Fine 


where: 


Fine = flux incident on wall 
Qf' = albedo of wall 


and since by conservation of neutrons there follows: 
A + B = 1 


it can be shown 1 that the total flux at the end of a long, thin duct of length 1 and radius 6 is 
given by: 



, A a' 4B6a' \ 

l 1 + r^ + ia^}) 




•These experiments have not yet been published in a single report; most, however, have been re¬ 
ported in various ORNL and ANP (classified) quarterly reports over the period from 1949 to 1952. 
References appear at end of chapter. 
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Here, N 0 is the total (isotropic) source strength at the mouth of the duct. The first term 
represents the uncollided (non wall-scattered) flux. 

The fast-neutron albedos for water and concrete have been measured at the Bulk Shield¬ 
ing Facility at ORNL. 2 It was found that the albedos for both were of the order of 0.1. This 
result, coupled with the fact that A and B are less than or equal to unity, allows one to 
neglect all but the first term to a reasonable approximation. Hence, the flux at the mouth 
of a straight duct is caused by just the uncollided neutrons to within a few percent: 

F - i?L 

F ' 2tt1 2 (3) 


An interesting by-product of this result is the prediction that one should be able to colli¬ 
mate a source of fast neutrons without greatly distorting the spectrum. 

The effect of a single bend in a duct can be calculated by making a simple assumption. 
The flux entering the region of the bend, as shown in the previous paragraph, is just the 
uncollided flux arriving from the source. This dose of neutrons is completely absorbed in 
the walls of the bend, and as a result, a reradiated flux leaves the walls with a source 
strength proportional to the albedo of the medium. The exact effect of the complicated 
scatterings at the corner is unknown; however, it will be assumed that the reradiated flux 
is emitted uniformly from a region of area At in the vicinity of the bend and with an angu¬ 
lar distribution given by: 

dF _ a'D A + 2B cosfl 

dfi A t 2 tt (4 ' 

where: D = total uncollided neutron dose entering the region of the bend 
a’ = albedo of the walls 

By conservation of neutrons: 

A + B = 1 

On the basis of this assumption, the total dose at the end of a duct consisting of two long, 
thin, straight sections of length l t and 1 2 (both of radius 6) joined at an angle 0 can be 
shown 1 to be: 




(A + 2B sin0) 



Here: 

N 0 = total (isotropic) source strength at the mouth of the duct 
a = “effective albedo,” a constant which is proportional to the actual albedo of the walls 

The factor l/sin0 arises from the fact that the region of wall at the bend which is visi¬ 
ble from the end of the duct is approximately proportional to this quantity. Figure 2.6.1 
illustrates this point. 

Equation (5) may be generalized to cover the broad case of n + 1 straight sections of 
length li (i = 1, 2,_, n + 1) joined at angles given by 0i, i + l where the subscripts de¬ 

note the angle between the appropriate straight sections. The result is: 
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Fig. 2.6.1 — Dependence of Visible Wall Region at a Bend on the Angle of Bend. 
Submitted by Oak Ridge National Laboratory, Nov. 7, 19,62. 


D= N 0 



a& 2 (A + 2B sin0t j2 r 


o6 2 (A + 2B sin0 D( n + x ) 

21 2 sin0 1>2 

• • • • 

21 n + i sin0 n> n +. i 



In the special case of equal lengths of straight sections with equal bends, this becomes: 


D = N 0 



a6 


n 


2 r sine 


(A + 2B sin0) n 


or, since A + B = 1: 



N, 



a 6 


n 


21 z sine 


[1 - B (1 - 2 sin0)] n 




It should be noted that Eq. (8) is not valid for angles that are so small that neutrons can go 
directly from one mouth of the duct to the other. In addition, the formula breaks down at 
angles small enough so that a large section of the wall of the bend (>A t ) can be seen from 
the end of the next leg. In this region of 9, the predicted dose should be an overestimate 
of the measured effect. 

The constant a and B in Eq. (8) are to be determined from experiment. Their values 
depend on the nature of the source spectrum used as well as the type of detector. The 
present experiments at the Lid Tank and Thermal Column at ORNL use a fission source 
and detect the neutrons by means of a BF S counter positioned at a water-equivalent of 
10,20 or 30 cm behind the mouth of the duct. These results can be fitted by taking B s 0 
(be., pure isotropic reradiation by the walls of the duct). The value of a depends on the 
counter position and is listed in Table 2.6.1. 

The large values of a that are needed are undoubtedly the result of using a BF S detector. 
Such a detector heavily weights the contribution of those neutrons which can be thermal- 
ized in 10, 20, or 30 cm of water. On the other hand, the measured albedos of water and 
concrete 2 were obtained by use of a dosimeter. It is quite probable that the wall albedos 
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Table 2.6.1 — “Effective Albedo” Determined by BF 3 Measurements 


Water-equivalent distance 
between counter and duct, cm a 

10 2.4 

20 1.0 

30 0.56 


for lower-energy neutrons are considerably higher than those for the fast flux. The de¬ 
crease in the value of a as the water-equivalent distance increases is in line with this 
picture. 

It is to be expected that future experiments on duct attenuation using a dosimeter as a 
detector will give lower values of a. 


INTERNAL VOIDS 

A simplified analysis of the effect of internal voids in shields on neutron transmission 
has been given by Tonks. 3 A method of estimating the effect of areas of weaker shielding 
is developed which is applicable to voids of many shapes. The result is given in terms of 
the excess attenuation over that which would be attained with a uniform shield having the 
minimum thickness found in the neighborhood of the void. This “minimal ray” technique 
should not be used if streaming through ducts exists. However, if the duct has been made 
sufficiently tortuous so that direct streaming is negligible compared to the general void 

effect (sometimes called “reduced density” effect), then this technique may prove to be of 
value. 

The design of patches to compensate for internal voids has been considered by 
Bourieius. 4 

A diffusion theoretical treatment of the propagation of neutrons in an empty duct has 
been given by Whitcombe 6 and later by Roe. 6 It is not clear to what extent these treatments 
are applicable to fast neutrons. 


ATTENUATION OF GAMMA RAYS BY AIR DUCTS AND VOIDS 

The albedos for the reflection of Co 60 gamma rays (~1.3 mev) by concrete have been 
measured at ORNL Bulk Shielding Facility. 2 By using a 50-cc standard 10 12 ion chamber, 
the albedo was found to be 0.04. As a result, it may be expected that the neutron attenu¬ 
ation theory is applicable to gamma rays insofar as the effect of a long, thin, straight duct 
is concerned; that is, the attenuation should be geometrical. The effect of a bend on gam¬ 
ma attenuation is likely to be quite different from that for neutrons. 

Large-scale measurements on the effect of voids on gamma-ray attenuation in water 
have been performed at Brookhaven. 7 The experiments have been interpreted by Kouts 
on the basis of a two-group perturbation treatment using the integral form of the trans¬ 
port theory. 
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CHAPTER 2.7 


Heat Generation in Shields 


F. H. Murray 


GAMMA SOURCES 

The primary gamma sources (see "Sources of Radiation,” Chapter 2.1) in the reactor 
core have a spatial density proportional to the thermal-neutron density except for modifi¬ 
cations resulting from motion of the fuel which changes the position of fission products 
that emit gammas. For calculation purposes, the primary sources of fixed fuels are often 
assumed to be uniformly distributed throughout the core. The calculations made in the de¬ 
sign of the reactor may furnish more detailed information concerning source distributions, 1 
For uniform source distribution, the number of fissions per second per cubic centimeter 
is: 

A = 3 x 10 1S P/V 
where: 

P = power, kw 
V = volume, cc 

assuming 3 x 10 10 fissions per joule. 

If T(E) dE is the number of photons per fission of energy E to E + dE (E measured in 
millions of electron volts), then A T(E) dE is the corresponding source-density in the core. 
Owing to the uncertainty concerning the energy distribution for very-short-period gamma 
emitters in the fission products, T(E) is less well-known than is the total gamma energy 
released per fission. 

Secondary sources in the core or reflector may be comprised of capture gammas or in¬ 
elastic scattering gammas, and the densities of these sources may be estimated when the 
neutron flux pattern in the core is known. Since part of the neutron flux results from (y,n) 
processes, especially in Be or D, its calculation may require successive approximations 
in which the initial fluxes are the primary fluxes. 


GAMMA-RAY ABSORPTION 

BUILD-UP FACTOR FOR A HOMOGENEOUS MEDIUM 

The build-up factor for energy absorption of gammas may be approximated by a method* 
Proposed by H. Goldstein, which proceeds as follows: 


| For other treatments, cf. refs. (2), (3), (4), and (5). 
References appear at end of chapter. 
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Let I(r,E,ft) be the energy flux at a distance r of energy E and a direction from a point 
source, and let: 

Io(r,E) = J^Kr.E.fi) dfi 


be the total flux in all directions. The total absorption cross section (see “Gamma Attenua¬ 
tion,” Chapter 2.3) is very nearly: 


^En ^pair + ^photo 


+ 


/ 


dcr /E electron 


dft 


E 


dfi 


The total energy absorbed per unit volume at r, from a source of Q photons of energy E 0 
per second, is: 


W(r,E„) = / 0 % En Io dE 


The uncollided flux at r is: 

QE 0 e~M(Eo)r 
47TT 2 

where p(E 0 ) is the narrow-beam absorption coefficient for energy E 0 , and the build-up 
factor, B, which is a function of the initial energy and the distance, is given by: 


«r,Eo) 


B En (Mo r A) 


f* MEnIp(r,E) dE 

^En^®0^^ r *®o) 


The energy absorbed at r is then: 
w(r,E 0 ) = B En (|i f r,E 0 )|i En (B,)lS(r,E 0 ) 

We must have from the conservation of energy: 
/ w(r,E 0 ) dV = QE„ 

^All space 

hence: 



B En ( x »Eo) e ** x = 


Mo 

MEn( E o) 


For some problems, the build-up factor, B, may be represented by a linear function: 


1 + kpo r 
from which: 



1 
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HEATING OF A REGION 

If the build-up factor, B, is known, as from the method of the previous paragraph, then it 
is possible to calculate the total heat absorbed in a region V with a uniform source through¬ 
out by evaluation of the following double integral (see Fig. 2.7.1): 

W V = I v dV, / v w(r, 2 ) dV 2 


or: 



dA^osi^ 



dA 2 cos^ 2 


where: 

^(r) = f Q ' (r - y)y 2 w(y) dy 

For two regions, one inside the other, such as might be encountered with a core and re¬ 
flector, the total heat absorbed in core and reflector (if they can be assigned about the 
same absorption coefficients) is: 


W 


core+ ref I 


.= / 


dV 


core 


/. 


ore ♦ 


rcfl. 


w(r 12 ) dV 2 


or (see Fig. 2.7.2):* 


W 


core* 


refl. = f dAjeos^ 


r dAjcosi^(r A2A ,) - 

Ja/ ^ 2 Ja- 


^ r A 2 Aj ^ 


dAfcost/j'^r^.) 

(r A 2 Ar )l 


Thus, the energy transmitted to the shield is just the difference between the total emitted 
and W core+refl . For spherical core and reflector with radii R 2 and Rj and I^ > Rj: 


W = C-B* < ^ r M r ) dr 

K j Ki 

where: 


* (1)dl = Jf 




dA 1 cost' 1 dA 2 cosv 2 



A,A 2 




2t 

<^(l)dl = [l 4 - (R| - Rj) 2 ]dl 


* The direction cosines v x and v l are those made by the line from dA 2 to dA. with the exterior 
normal at dA t and the interior normal at dA 2 , respectively. At dAf, cos \>'{ is negative; cos is posi¬ 
tive or zero; the curve on which the line from dA 2 is tangent to the core separates the areas A(, Af. 
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Fig. 2.7.1 — Illustration of Integration for Heating in a Region in Which Sources 
Are Uniformly Distributed. Submitted by Oak Ridge National Laboratory, April 1, 

1953. 

SPECIAL CASES 

LOS ALAMOS REACTORS 

Los Alamos measurements on the photon flux spectrum from the core of the fast reactor 
and the flux from a U 236 slug in the glory hole of the water boiler were found to be of almost 
identical exponential type as functions of the energy E. The number of photons per thousand 
electron volts interval at 8 mev was less than the value at 0.5 mev by a factor of 10 4 for 
each. The average energy was nearly 1 mev in each case. Prompt fission gammas and de¬ 
layed gammas from fission products each contributed about 45 percent of the total energy 
of the gamma radiation; capture gammas from U 236 contributed about 10 percent. 6 

BULK SHIELDING FACILITY REACTOR 

The Bulk Shielding Facility Reactor at Oak Ridge National Laboratory includes about 3 kg 
is water moderated, and has aluminum structural members; the A1/H 2 0 volume ratio 
is about 0.7. The gamma fluxes in the surrounding pool of water at various distances from 
the reactor face as functions of energy are available in four Oak Ridge National Laboratory 

reports. T_1 ° 

OTHER REACTORS 

Heat generation in several other reactors is described in Chapter 1.6. 
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Fig. 2.7.2— Illustration of Integration for Heating in Two Regions Owing to 
Sources in One Region. Submitted by Oak Ridge National Laboratory, April 1, 
1953. 


energy absorption of capture gammas 

If the gamma mean-free-path is short as in heavy materials, the method of Enlund 11 may 
be used. An infinite plane source of neutrons emitting a current Io of slow neutrons into an 
infinite plane-limited slab produces a flux, 0, in the material, with: 

0 = 


where: 



1 - neutron current, -Dd0/dz at z = 0, cm 2 sec 1 

K = cm -1 

- neutron absorption coefficient, cm -1 
^t - neutron transport coefficient, cm -1 
D = diffusion coefficient 

2 - distance to point of neutron absorption, cm 
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Then: 


E a <#>(z) = 


£a^o e 


-Kz 


DK 


- Klge Kz = number of neutrons absorbed at z 


n(E) = fraction of neutron captures which yield a gamma ray of energy E, mev 
p En (E) = energy absorption coefficient, cm -1 
p(E) = linear absorption coefficient, cm -1 
a = K/p 

b = distance to point of gamma energy absorption, cm 


CASE I: K > p 

r(E) = n(E) ^ |iEn(E) F^a) 
where: 


F(pb,a) = e _Qr/ib 


e apb [_ E i(-pb)] + Ei [pb(a - 1)] + In 


a + 1 
a -l 


Then the heating in the material is 


H(E) = 6.25 ( x E) 10» Watts/cmS 


CASE II: K = p 

r(E) = n(E) ^ H En (E) F(Mb,l) 


where: 

F(pb,l) = e“ Mb {e^ b [-Ei(-pb)] + In pb + In 2y}, In y = 0.5772 


CASE III: K < p 

r(E) = n(E) ^ H En ( E ) F <Mb,<*) 


where: 

F(Mb,a) = e'°"‘ b {e“" b [-Ei(-|ib)] + Ei [-^b(l - a)] + In 

Curves showing F(pb,a) as functions of pb for various values of a are given in Fig. 2.7.3. 
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/xb 


Fig. 2.7.3 — Energy Absorption of Capture Gammas Produced within a Plane- 
limited Infinite Medium. Submitted by Oak Ridge National Laboratory, April 1, 
1953. 
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CHAPTER 2.8 


Shield Optimization with Respect to Weight 

E. P. Blizard 


GENERAL THEORY 

The optimization of a shield with respect to weight is here assumed to be limited simply 
to choosing that configuration of available materials which reduces the radiation to a tol¬ 
erable level and has minimum weight. Broader considerations, such as a reduction in re¬ 
actor power for the purpose of reducing shield weight with a possible concomitant increase 
in performance, will not be considered. 

The most general expression for shield weight is taken to be an integral of the density of 
the shield over the whole shield: 

w = -Lx, p< x .y. z )dv (i) 

where p(x,y,z) is the density, dV is a volume element, and x,y,z represent coordinates to 
specify location within the shield. 

While Eq. (1) is the most general expression of the weight, the integration may often be 
carried out at once, leaving the weight W as a function of relatively few parameters which 
defined the integration limits in Eq. (1). 

Another expression, analogous to Eq. (1), for the biological dose would be excessively 
complicated and involve unknown cross sections. It is possible, however, to write an ex¬ 
pression for the variation in the dose which is caused by a variation in the configuration. 
The most general expression allows variation both within the shield and on its surface. 
Although all parameters which specify the configuration should be examined in an optimi¬ 
zation, the method is demonstrated here for a variation of one function within the shield 
(e.g volume fraction of lead in a lead-water region) and another on the surface (e.g., 

shield thickness): 


6D Shield volume D a (x,y,z)6a(x,y,z)dV + jurface d; (x,y,z)<5t(x,y,z)dS (2) 

where a(x,y,z) is a point function describing the shield composition, for example, the vol- 

shield^* 011 of heay y component; t(x,y,z) is a function describing the surfaces of the 

(x v \ ^ X,y,Z ^ the variation in t(x,y,z), is taken to be normal to the shield surface at 

elem T* P ° 8itive for increase of shield thickness; dV and dS are volume and surface 

D' and^V respectivel y> ^ latter bein g taken at the variable (usually outer) surface; and 
t H* are functional derivatives defined in the subsequent paragraphs. * 

If 

! 
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Consider a small element of shield volume 6V(x,y,z) in which the value of a(x,y,z) is 
changed by an amount 6a(x,y,z). If this change causes a change in the dose, D, (at the 
position outside the shield occupied by personnel) by an amount 6 a D, then the functional 
derivative is defined* as: 

_ Lim 

a " 6V6 a — 0 6V6a 

Da is thus a true observable of an experiment. Thus, if a is the volume-fraction of 
lead in a spherically symmetrical lead-water shield, a measurement to determine D^ (r) 
would consist of inserting a spherical lead shell of thickness r = 6V/4irr 2 in the water at 
r, and observing the change in the dose rate, D. The total thickness is presumed fixed. 
Then, since 6a = 1: 



6 qD 
477 r 2 T 



The quantity usually measured in this connection is the "replacement length,” 1, which 
is much like a relaxation length, to describe the effect of replacing water with lead. Thus: 



Lim tD 
t — 0 6 a D 




or: 



D 

477 r 2 l (r) 



That “1” is a function of r follows from the fact that in a reactor shield the lead would 
be subjected to a neutron flux which would produce capture and Inelastic scattering gamma 
rays. Clearly, the closer to the core (the smaller the radius), the greater is this second¬ 
ary production. The optimization procedure will be seen to balance this disadvantage 
against the savings in weight for a given lead thickness. 

Next, if increasing the shield thickness by 6t over a small surface element 6S produces 
a change 6tD in the dose, then the definition follows that: 


= Lim 6tD (7) 

t 6S6t — 0 6S6t 

Thus, if a spherical shell is added to the spherically symmetrical shield of the illustra¬ 
tion, then: 

,, v 1 /3D\ 

4t7To \8r/r= ro 

D 

47Tr5x(r 0 ) 

where x(r 0 ) Is the dose relaxation length for addition of shield material at r„, the outer 
radius. 


( 8 ) 

( 9 ) 


♦Strictly, J tv 6c rdV should be used instead of in Eq. (3). 
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By standard methods,* the optimization is shown to require that for all points within the 
shield: 


£p + A 

da D 0 



and for all points on the surface: 


p + £ D i = ° 


where A is a LaGrange multiplier and D 0 is the specified tolerance dose. 




SPHERICALLY-SYMMETRICAL TWO-COMPONENT SHIELD 


For a shield which is spherically symmetrical and consists of two components, the con¬ 
ditions on l(r) and A (r) which will prevail when the shield is optimized are, from Eqs. (10) 
and (11): 


dp A 


da 47t r 2 l(r) 

(12) 

P(r ’ ) = 4^ (ro) 

(13) 


or, since 9 p/da - pj — p 2 , the difference in densities of the two components: 
r 2, / r v _ P(r o )roA(r 0 ) 

r Mr) --- constant /i4i 

Pi-Pi [ v 

It has been shown 3 that this result is equivalent to that of Tonks and Hurwitz/ which was 
derived with more specific assumptions regarding the actual attenuation functions. 

Equation (14) gives the condition which will prevail when a two-component shield is op¬ 
timized. Although this method gives only a criterion for recognizing an optimized shield, 
it is always possible to use the criteria of Eqs. (10) and (11) to indicate the direction in 
which to change a near-optimum shield to approach the optimum. 


PARAMETER OPTIMIZATION 

to case the shield configuration can be expressed simply in terms of a finite number of 
Parameters, integration of Eqs. (10) and (11) over the shield give the simple result: 

?w + A 9D 

D 0 a a = 0 (15) 



Reference ( 1 ) gives the method in detail; ref. (2) gives the general method. 
eIer ences appear at end of chapter. 
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3 W A 3D 

-+ — — - 0 

3t D 0 3T 



where a is now simply a parameter , and these equations apply for all parameters. Essen¬ 
tially, they say that for any shield parameter, a: 



= constant 


(15a) 


and this is the basic criterion to use in simple optimizations. 

Example - Consider a box shield about a box source, to be shielded from a person some 
distance off on one of the prime axes: Clearly, the radiation leaving the near face is more 
effective than that leaving the sides (which is assumed not.negligible because of air scat¬ 
tering). Furthermore, the radiation leaving the sides is more important than that leaving 
the far (left) face. From Eq. (15), the criterion is that: 


3W /0D 3W /3D 
3a/ 3a dp/ dp 


aw /3D 

— / — = constant 

3 y/ 


(15a, b,c) 


where a, p, and y are the three parameters as shown in Fig. 2.8.1, and dD/Qa is the 
change in the dose at the sensitive location (human figure in the sketch) with a change in 




Fig. 2.8.1 — Box-shaped Shield. Submitted by Oak Ridge National Laboratory, 
Mar. 6, 1953. 


the thickness parameter a. In the simple case of exponential attenuation in the shield, 
with relaxation length A, the derivatives would simply be: 

3D _ _ D„ (17a) 

3a A 

3D _ Ds (17b) 

dp A 

3 D = Df (17c) 

3 y A 

where D n , D s , and D f are the dose contributions of radiation from the near, side, and far 
periphery of the shield, respectively. 
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Of course, aW/aa is simply the shield density, p, multiplied by the near face area, 

(b + 2/3 ) 2 . 

The equations which will be satisfied for an optimized shield are thus: 

P(b + 2/3) 2 = 4p(a + a + y)(b + 2/3) _ p(b + 2/3) 2 
D„/A d s /a D f /\ (1 

The adjunct condition that the total dose be equal to some specified limit D 0 is expressed 
by: 


Do ~ D n + D s + D f 
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CHAPTER 2.9 


Shield Materials 


H. E. Hungerford 


SELECTION OF MATERIALS FOR SHIELDS 

The selection of materials for shielding nuclear reactors depends upon such factors as 
the type of reactor, its designated power level, the physical and nuclear characteristics of 
the shield material under consideration, use and position of the material in the shield, and 
availability and cost of the material. 

Shields for stationary reactors are usually made from inexpensive and easily available 
materials, and the shield thicknesses are governed primarily by radiation tolerances for 
personnel or by low background requirements for radiation experiments. Shields for mo¬ 
bile reactors must generally be small and light, and materials are therefore selected for 
special attenuation properties and placed at positions where these properties will be most 
effectively employed; such shields may necessarily contain uncommon and expensive ma¬ 
terials. Reflectors, coolants, and structural materials must also be considered in shield 
designs. 


TYPES OF SHIELD MATERIALS 


NEUTRON SHIELDS 

The lightest neutron shields contain a high percentage of hydrogen. Ordinary water 
makes a cheap but effective hydrogenous shield. Many organic hydrogenous compounds 
and some metal hydrides make thinner snields than water does for the same amount of 
neutron attenuation but these materials may be heavier or more susceptible to radiation 
damage. Useful hydrogenous substances for shields include plastics, petroleum products, 
rubbers, hydrides, and wood. 

Other light elements such as lithium and beryllium have high removal cross sections 
and therefore may be attractive as shield materials. 

Good neutron-attenuation characteristics are exhibited by elements of high atomic den¬ 
sity, such as iron, copper, tungsten and lead, but this advantage is offset by their high 
weight. Such substances are usually employed in a shield for other reasons and are pres¬ 
ent in conjunction with hydrogenous materials. 


GAMMA SHIELDS 

Metals of high atomic number and high density make the most effective gamma shields, 
e most effective being uranium, thorium, lead, gold, and tungsten. Other fairly effective 
ma-8hielding metals in the medium-weight range include iron, copper, nickel, chro- 

m1 ^, and their alloys. 
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MATERIALS FOR SUPPRESSION OF CAPTURE GAMMA RAYS 

Boron and lithium are often used within shields to suppress secondary gamma radiation 
arising from neutron capture by the shield material (see Table 2.1.6). Boron-containing 
substances include metallic boron, boron carbide, boron oxide, solutions of boron salts in 
water and other solvents, plastics and rubber impregnated with boron compounds, sprays 
and paints containing boron, and a large number of organic compounds containing boron. 
Lithium-bearing substances are metallic lithium, lithia, lithium hydride, and various ve¬ 
hicles, solvents, and other agents containing lithium compounds. 

STRUCTURAL MATERIALS 

Materials necessary for structure and support may or may not have good shielding 
characteristics but must be accounted for in the over-all shield design. These materials 
include metals, such as steel and aluminum, and non-metallic building materials, such as 
brick, rock, concrete, and wood. 

MISCELLANEOUS MATERIALS 

These materials include (1) moderators, such as beryllium and graphite, (2) coolants, 
such as air and other gases, liquid metals, water, and other fluids, and (3) component and 
auxiliary equipment, such as control mechanisms, pumps, heat exchangers, piping and 

ducting, and electronic equipment. The shielding effects of air voids must also be taken 
into consideration. 


POSITION OF MATERIALS WITHIN A SHIELD 

The performance of a shield depends to a large extent upon the location of its various 
components. Most construction materials, such as high-melting metals and alloys, con¬ 
cretes, and bricks, may be used with precaution in all parts of the shield. Shields con¬ 
structed entirely from these materials are usually safe but also thick and bulky. Most 
organic substances cannot be used at all in high-flux regions of the inner (primary) shield 
because of radiation damage and deterioration. Likewise, many metals cannot be used in 
this region because of warpage, creep, fatigue, changes in crystalline structure, and simi¬ 
lar damage resulting from the generation of high temperatures and other radiation effects. 
While most substances may be used in the outer (secondary) shield where less heat is 
generated and lower fluxes are encountered, it is important, especially in the design of 
light-weight shields, to employ the correct materials in their most efficient arrangement. 
Lamination (the use of layers of different materials) often achieves the most effective shields. 


PROPERTIES OF SHIELD MATERIALS 

The following information is designed to provide physicists and engineers with a useful 
source of reference for the physical and nuclear properties of important shield materials. 

In general, only those materials not dealt with elsewhere in this Handbook are included here. 
Basic nuclear data are presented elsewhere in this volume, and materials of general inter¬ 
est in the field of reactor design are described in Volume 3. An attempt has been made in 
the presentation of the following tables to be clear, concise, and uniform throughout. The 
tables have all been carefully referenced to provide access to the sources of information. 

NUCLEAR PROPERTIES 

The nuclear properties presented in Tables 2.9.1 through 2.9.6 were selected on the 
basis of their usefulness to shield design. Included in these tables is information not on y 
for complete materials, but also for compounds found in shield materials. Basic data on 
cross sections and the like are given elsewhere in this volume. 
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Table 2.9.1 —Atomic Numbers, Atomic Weights, Densities, and Atomic Densities 

of the Elements 



Atomic 



Atomic densityf (N), 

Element 

number 

Atomic weight 

Density,* gm/cc 

atoms/cc x 10 22 

H 

1 

1.008 

8.987 x 10' 6 (gas at STP) 

0.00541 




0.0808 (solid at -252.7°C) 

4.24 

Li 

3 

6.940 

0.53 

4.60 

Be 

4 

9.02 

1.8 

12.0 

B 

5 

10.82 

2.5 

13.9 

C 

6 

12.01 

3.51 (diamond) 

17.6 




2.26 (graphite) 

11.3 

N 

7 

14.008 

1.25 x 10 -3 (gas at STP) 

0.00537 




1.026 (solid at -196.8°C) 

3.47 

0 

8 

16.000 

1.429 x 10' 3 (gas at STP) 

0.00538 




1.426 (solid at -183°C) 

4.29 

Na 

11 

22.997 

0.97 

2.54 

Mg 

12 

24.32 

1.74 

4.31 

A1 

13 

26.97 

2.702 

6.03 

Si 

14 

28.06 

2.4 

5.16 

P 

15 

30.98 

1.82 (yellow) 

3.54 




2.20 (red) 

4.28 

S 

16 

32.066 

2.07 (rhombic) 

3.89 




1.96 (monoclinic) 

3.68 

Cl 

17 

35.457 

3.24 x 10‘ 3 (gas at STP) 

0.0055 




1.56 (solid at -33.6*C) 

2.64 

K 

19 

39.096 

0.86 

1.32 

Ca 

20 

40.08 

1.55 

2.33 

Ti 

22 

47.90 

4.5 

5.64 

Cr 

24 

52.01 

7.1 

8.22 

Mn 

25 

54.93 

7.2 

7.89 

Fe 

26 

55.85 

7.86 

8.48 

Co 

27 

58.94 

8.9 

9.09 

Ni 

28 

58.69 

8.90 

9.13 

Cu 

29 

63.54 

8.92 

8.46 

Zn 

30 

65.38 

7.140 

6.58 

As 

33 

74.91 

5.7 

4.58 

Zr 

40 

91.22 

6.4 

4.23 


47 

107.88 

10.5 

5.67 

Cd 

46 

112.41 

8.6 

4.61 

Sn 

50 

118.70 

7.31 (white) 

2.92 

Ba 

56 

137.36 

3.5 

1.53 

W 

74 

183.92 

19.3 

6.31 

Au 

79 

197.2 

19.3 

5.89 

Hg 

80 

200.61 

13.546 

4.07 

Pb 

82 

207.21 

11.34 

3.30 

Bi 

83 

209.00 

9.8 

2.82 

Th 

90 

232.12 

11.4 

2.90 

u 

92 

238.07 

18.90 

4.73 


*At 20*C, unless otherwise specified 

t Normal state, unless otherwise specified; all values calculated 
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Table 2.9.2 —Calculated Mass Absorption Coefficients of Gamma Rays for the Elements 


Atomic 

number, Atomic 


z 

Element* 

Symbol* 

weight, A 

It 

Hydrogen 

H 

1.008 

2 

Helium 

He 

4.003 

3 

Lithium 

Li 

6.940 

4t 

Beryllium 

Be 

9.02 

5 

Boron 

B 

10.82 

6t 

Carbon 

C 

12.01 

7t 

Nitrogen 

N 

14.008 

8t 

Oxygen 

0 

16.0000 

9 

Fluorine 

F 

19.0000 

10 

Neon 

Ne 

20.183 

lit 

Sodium 

Na 

22.997 

12 

Magnesium 

Mg 

24.32 

131 

Aluminum 

A1 

26.97 

14t 

Silicon 

Si 

28.06 

15 

Phosphorus 

P 

30.98 

16 

Sulphur 

S 

32.066 

17 

Chlorine 

Cl 

35.457 

18t 

Argon 

A 

39.944 

19 

Potassium 

K 

39.096 

201 

Calcium 

Ca 

40.08 

21 

Scandium 

Sc 

45.10 

22 

Titanium 

Ti 

47.90 

23 

Vanadium 

V 

50.95 

24 

Chromium 

Cr 

52.01 

25 

Manganese 

Mn 

54.93 

26t 

Iron 

Fe 

55.85 

27 

Cobalt 

Co 

58.94 

28 

Nickel 

Ni 

58.69 

29t 

Copper 

Cu 

63.54 

30 

Zinc 

Zn 

65.38 

31 

Gallium 

Ga 

69.72 

32 

Germanium 

Ge 

72.60 

33 

Arsenic 

As 

74.91 

34 

Selenium 

Se 

78.96 

35 

Bromine 

Br 

79.916 

36 

Krypton 

Kr 

83.70 

37 

Rubidium 

Rb 

85.48 

38 

Strontium 

Sr 

87.63 

39 

Yttrium 

Y 

88.92 

40 

Zirconium 

Zr 

91.22 

41 

Columbium 

Cb 

92.91 

42t 

Molybdenum 

Mo 

95.95 

43 

Masurium 

Ma 

• • • 

44 

Ruthenium 

Ru 

101.7 

45 

Rhodium | 
Palladium 

Rh 

102.91 

46 

Pd 

106.7 

47 

Silver 

Ag 

107.88 

48 

Cadmium 

Cd 

112.41 


n/p, cmVgm 


* 


0.5 mev 

1 mev 

2 mev 

3 mev 

6 mev 

0.173 

0.126 

0.0878 

0.0693 

0.0449 

.0874 

.0625 

.0425 

.0337 

.0247 

.0756 

.0540 

.0360 

.0288 

.0216 

.0772 

.0564 

.0394 

.0313 

.0212 

.0809 

.0587 

.0437 

.0323 

.0277 

.0870 

.0635 

.0443 

.0356 

.0246 

.0870 

.0636 

.0443 

.0357 

.0251 

.0871 

.0636 

.0444 

.0359 

.0255 

.0826 

.0600 

.0421 

.0342 

.0245 

.0867 

.0627 

.0443 

.0357 

.0260 

.0835 

.0608 

.0427 

.0348 

.0255 

.0863 

.0625 

.0440 

.0362 

.0267 

.0844 

.0614 

.0431 

.0353 

.0266 

.0873 

.0635 

.0448 

.0367 

.0279 

.0854 

.0617 

.0434 

.0358 

.0274 

.0879 

.0636 

.0448 

.0368 

.0287 

.0846 

.0611 

.0430 

.0357 

.0278 

.0795 

.0574 

.0406 

.0336 

.0267 

.0859 

.0620 

.0437 

.0366 

.0289 

.0885 

.0637 

.0451 

.0378 

.0302 

.0826 

.0593 

.0418 

.0350 

.0284 

.0818 

.0588 

.0413 

.0347 

.0285 

.0805 

.0577 

.0406 

.0342 

.0283 

.0827 

.0589 

.0417 

.0351 

.0293 

.0817 

.0583 

.0411 

.0348 

.0294 

.0840 

.0598 

.0422 

.0359 

.0305 

.0828 

.0598 

.0416 

.0353 

.0472 

.0866 

.0613 

.0434 

.0369 

.0319 

.0834 

.0588 

.0416 

.0356 

.0309 

.0841 

.0585 

.0418 

.0357 

.0314 

.0820 

.0575 

.0406 

.0349 

.0307 

.0820 

.0572 

.0403 

.0347 

.0308 

.0824 

.0573 

.0403 

.0350 

•0311 

.0811 

.0561 

.0395 

.0343 

.0308 

.0830 

.0572 

.0402 

.0350 

.0318 

.0817 

.0563 

.0397 

.0346 

.0315 

.0835 

.0567 

.0400 

.0349 

.0322 

.0842 

.0569 

.0402 

.0351 

.0327 

.0859 

.0577 

.0408 

.0358 

.0335 

.0864 

.0578 

.0409 

.0360 

.0338 

.0864 

.0584 

.0414 

.0363 

.0343 

.0879 

.0581 

.0412 

.0362 

.0343 

• • • 

.0883 

• • • 

.0577 

• • • 

.0410 

• • • 

.0361 

• • • 

.0344 

.0902 

.0584 

.0415 

.0367 

.0353 

.0901 

.0577 

.0410 

.0363 

.0351 

.0920 

.0586 

.0416 

.0369 

.0358 

.0912 

.0576 

.0409 

.0363 

.0354 
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Table 2.9.2—(Continued) 


Atomic 

number, 

Z 

Element* 

Symbol * 

Atomic 
weight, A 

49 

Indium 

In 

114.76 

50t 

Tin 

Sn 

118.70 

51 

Antimony 

Sb 

121.76 

52 

Tellurium 

Te 

127.61 

53t 

Iodine 

I 

126.92 

54 

Xenon 

Xe 

131.3 

55 

Cesium 

Cs 

132.91 

56 

Barium 

Ba 

137.36 

57 

Lanthanum 

La 

138.92 

58 

Cerium 

Ce 

140.13 

59 

Praseodymium 

Pr 

140.92 

60 

Neodymium 

Nd 

144.27 

61 

Promethium 

Pm 

-146 

62 

Samarium 

Sm 

150.43 

63 

Europium 

Eu 

152 

64 

Gadolinium 

Gd 

156.9 

65 

Terbium 

Tb 

159.2 

66 

Dysprosium 

Dy 

162.46 

67 

Holmium 

Ho 

164.94 

68 

Erbium 

Er 

167.2 

69 

Thulium 

Tn 

169.4 

70 

Ytterbium 

Yb 

173.04 

71 

Lutecium 

Lu 

174.99 

72 

Hafnium 

Hf 

178.6 

73 

Tantalum 

Ta 

180.88 

74t 

Tungsten 

W 

183.92 

75 

Rhenium 

Re 

186.31 

76 

Osmium 

Os 

190.2 

77 

Iridium 

Ir 

193.1 

78| 

Platinum 

Pt 

195.23 

79 

Gold 

Au 

197.2 

80 

Mercury 

Hg 

200.61 

81 

Thallium 

T1 

204.39 

82t 

Lead 

Pb 

207.21 

83 

Bismuth 

Bi 

209 

84 

Polonium 

Po 

-210 

85 

Astatine 

At 

-221 

86 

Radon 

Rn 

222 

87 

Francium 

Fr 

-224 

88 

Radium 

Ra 

226.05 

89 

Actinium 

Ac 

-227 

90 

Thorium 

Th 

232.12 

91. 

Protactinium 

Pa 

231 

92| 

Uranium 

U 

238.07 


p/p, cm 2 /gm 


0.5 mev 

1 mev 

2 mev 

3 mev 

6 mev 

0.0922 

0.0578 

0.0411 

0.0364 

0.0357 

.0923 

.0573 

.0407 

.0361 

.0356 

.0928 

.0573 

.0406 

.0361 

.0357 

.0915 

.0560 

.0396 

.0354 

.0351 

.0954 

.0579 

.0408 

.0364 

.0364 

.0954 

.0571 

.0402 

.0361 

.0363 

.0978 

.0578 

.0406 

.0367 

.0369 

.0978 

.0572 

.0402 

.0363 

.0367 

.100 

.0581 

.0406 

.0368 

.0373 

.103 

.0591 

.0411 

.0373 

.0380 

.106 

.0601 

.0417 

.0380 

.0388 

.107 

.0601 

.0416 

.0379 

.0389 

.109 

.0607 

.0419 

.0385 

.0395 

.110 

.0606 

.0415 

.0382 

.0394 

.112 

.0613 

.0420 

.0387 

.0400 

.113 

.0608 

.0416 

.0383 

.0397 

.115 

.0613 

.0417 

.0386 

.0401 

.116 

.0616 

.0417 

.0386 

.0403 

.118 

.0620 

.0419 

.0388 

.0406 

.120 

.0626 

.0422 

.0391 

.0411 

.122 

.0632 

.0424 

.0394 

.0415 

.123 

.0633 

.0423 

.0393 

.0415 

.125 

.0641 

.0427 

.0396 

.0420 

.126 

.0643 

.0427 

.0396 

.0420 

.128 

.0650 

.0430 

.0399 

.0424 

.131 

.0655 

.0432 

.0400 

.0426 

.134 

.0662 

.0436 

.0402 

.0429 

.136 

.0663 

.0436 

.0402 

.0429 

.138 

.0670 

.0437 

.0403 

.0431 

.142 

.0676 

.0444 

.0407 

.0435 

.145 

.0687 

.0449 

.0409 

.0440 

.147 

.0692 

.0451 

.0411 

.0441 

.149 

.0695 

.0452 

.0410 

.0442 

.152 

.0703 

.0456 

.0413 

.0445 

.156 

.0714 

.0461 

.0417 

.0449 

.160 

.0728 

.0468 

.0420 

.0456 

.157 

.0709 

.0454 

.0409 

.0442 

.161 

.0723 

.0462 

.0415 

.0449 

.164 

.0735 

.0467 

.0419 

.0453 

.168 

.0746 

.0472 

.0423 

.0458 

.173 

.0760 

.0479 

.0429 

.0465 

.175 

.0762 

.0477 

.0428 

.0463 

.183 

.0784 

.0489 

.0443 

.0475 

.185 

.0779 

.0483 

.0435 

.0471 


* Names and symbols of elements listed in accordance with International Atomic Weights of 1952 
tG. R. White*; all other values are interpolated by M. K. Hullings 3 
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Table 2.9.3 —Molecular Densities of Compounds Found in Shielding Materials and Atomic 

Densities of Hydrogen in the Compounds 






Molecular 

Atomic density 





density (N), 

of hydrogen in com¬ 


Chemical 

Molecular 

Density, 

molecules/cc 

pound (N h ), hydrogen 

Compound 

formula 

weight 

gm/cc 

(x 10 22 ) 

atoms/cc * 10 22 

Acetic acid 

c 2 h 4 o 2 

60.05 

1.05 

1.05 

4.21 

Aluminum oxide 

ai 2 o 3 

101.94 

4.00 

2.36 

• • • 

Ammonia* 

nh 3 

17.03 

0.771 

2.73 

8.18 

Arsenous oxide 

As 2 0 3 

197.82 

3.85 

1.17 

• • • 

Barium sulfate 

BaS0 4 

233.42 

4.50 

1.16 

• • • 

Beryllium carbide 

Be 2 C 

30.05 

1.9 

3.81 

• • • 

Beryllium oxide 

BeO 

25.02 

3.02 

7.27 

• • • 

Boron carbide 

B 4 C 

55.29 

2.54 

2.77 

• • • 

Boron oxide 

b 2 o 3 

69.64 

1.85 

1.60 

• • • 

Calcium carbonate 

CaCO a 

100.09 

2.71 

1.62 

• • • 

Calcium oxide 

CaO 

56.08 

3.32 

3.57 

• • • 

Cellulose 

(C 6 Hi 0 O 5 ) n 

162.14 

1.35 

0.502 

5.02 

Chromic oxide 

Cr 2 0 3 

152.02 

5.21 

2.06 

• • • 

Dodecane 

C 12 H 26 

170.33 

0.75 

0.302 

6.76 

Ferric oxide 

Fe 2 0 3 

159.70 

5.12 

1.93 

• • • 

Ferrous oxide 

FeO 

71.85 

5.7 

4.78 

• • • 

Glycerin 

C 3 He0 3 

92.09 

1.26 

0.824 

6.59 

Heavy water 

d 2 o 

20.028 

1.1076 

3.32 

6.64t 

Lead oxide 

PbO 

223.21 

9.2 

2.48 

• • • 

Limonite 

2Fe 2 0 3 *3H 2 0 

373.44 

3.8 (ave) 

0.61 

• • • 

Lithium borohydride 

LiBH 4 

21.79 

0.686 

1.90 

7.58 

Lithium hydride 

LiH 

7.95 

.820 

6.21 

6.21 

Lucite 

(C 5 H 8 0 2 ) n 

100.11 

1.2 

0.722 

5.78 

Magnesium chloride 

MgCl, 

95.23 

2.32 

1.14 

• • • 

Magnesium oxide 

MgO 

40.32 

3.65 

5.45 

• • • 

Neoprene 

<C 4 H,Cl) n 

88.54 

1.23 

0.84 

4.20 

a r* Q 

Octane (n) 

c 8 h 18 

114.22 

0.703 

.371 

6.68 

Pentane (n) 

c 6 h 12 

72.15 

.626 

.523 

6.28 

A Cl 

Polyisoprene 

(C 6 H 8 ) n 

68.11 

.92 

.81 

6.51 

c rj Q 

Polymethyl methacrylate 

(C 5 H 8 0 2 ) n 

100.11 

1.2 

.722 

o. # o 

Potassium hydroxide 

KOH 

56.10 

2.044 

2.62 

Z.O 4 

Potassium oxide 

k 2 o 

94.19 

2.32 

1.48 

• • • 

Silicon carbide 

SiC 

40.07 

3.17 

4.76 

• • • 

Silicon oxide 

SiOj 

60.06 

2.32 

2.33 

• • • 

o 90 

Sodium hydroxide 

NaOH 

40.00 

2.13 

3.20 


Sodium oxide 

Na 2 0 

61.99 

2.27 

2.21 

• • • 

Tetramethyl ammonium 





Q flO 

borohydride 

(CH 3 ) 4 NBH 4 

89.00 

0.813 

0.550 

0»0v 

8.56 

Thorium borohydride 

Th(BH 4 ) 4 

291.53 

2.59 

•535 

M «■» 

9.12 

Titanium hydride 

TiH 2 

49.92 

3.78 

4.56 


Titanium hydride 




n nn 

7.84 

(commercial) 

TiH 2 

49.92 

3.25 

3.92 


Titanium oxide 

TiOj 

79.90 

4.26 

3.21 

• • • 

8.14 

Uranium hydride 

UHj 

241.09 

10.86 

2.71 

o c 

6.69 

Water 

HjO 

18.016 

1.00 

3 *35 



* Values given for the liquid state 
t Deuterium atoms/cc 
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Table 2.9.4—Densities of Some Additional Shielding Materials and Approximate Atomic 

Densities of Hydrogen in the Materials 


Material 


Atomic density of hydrogen 
in compound (N H ), hydrogen 
Density, gm/cc atoms/cc x 10 22 (approx.) 


Fuel oil 

0.89 

6.4 

Gasoline 

0.70-0.74 

6.7 

Natural rubber 

0.92 

6.51 

Paraffin 

0.87-0.91 

7.82-8.01 

Synthetic rubber 

.9-1.2 

o 

• 

CD 

1 

CM 

• 

Masonite 

1.3 

4.7 

Woods 



Ash 

0.64 

2.5 

Balsa 

.16 

0.61 

Hickory 

.81 

3.2 

Oak, white 

.71 

2.75 

Pine, white 

.67 

2.5 

Spruce 

.47 

1.8 

Hydrocarbons 



Aliphatic 

0.77-0.80 

6.6-7.14 

With aromatic ring 

.85-1.05 

4.69-6.85 

With 1 alicyclic ring 

.823-0.938 

6.65-7.40 

Petroleum 

o 

• 

H 

1 

CD 

• 

7.0-7.7 

Other hydrocarbon fuels 


7.0-7.2 

Esters 

.81-1.38 

3.4 —6.4 

Amines, amides, and other nitrogen 

.83-1.34 

2.85-8.38 

compounds 



Carbonyl compounds ♦ 

.85-1.27 

2.99-6.45 

Silicon compounds 

.85-0.89 

4.74-6.95 

Miscellaneous compounds with boiling 

.74-1.57 


point ~200°C 




♦Includes organic acids, aldehydes, ketones, diketones, acid anhydrides, and the like 


Table 2.9.5 —Calculated Mass Absorption Coefficients 

Used in Shielding 

of Gamma Rays for Various Materials 

Mass absorption coefficient (p), cm - ' 

Material 

Density (p), gm/cc 

1 mev 

3 mev 

-\ 

6 mev 

Air* 

0.001294 

0.0000336 

0.0000254 

0.0000209 

Aluminum 

2.7 

.166 

.0953 

.0718 

Ammonia (liquid) 

0.771 

.0612 

.0322 

.0221 

Beryllium 

1.85 

.104 

.0579 

.0392 

Beryllium carbide 

1.9 

.112 

.0627 

.0429 

Beryllium oxide (hot-pressed blocks) 

2.3 

.140 

.0789 

.0552 

Bismuth 

9.80 

.700 

.409 

.440 

Boral 

2.53 

.153 

.0865 

.0678 

Boron (amorphous) 

2.45 

.144 

.0791 

.0679 

Born carbide (hot-pressed) 

Bricks 

2.5 

.150 

.0825 

.0675 

Fire clay 

2.05 

.129 

.0738 

.0543 

Kaolin 

2.1 

.132 

.0750 

.0552 

Silica 

1.78 

.113 

.0646 

.0473 

Carbon 

2.25t 

.143 

.0801 

.0554 


721 


CHAP. 2.9 


RADIATION SHIELDING 


Table 2.9.5—(Continued) 


Mass absorption coefficient (p), cm” 1 


Material 

Density (p), gm/cc 

1 mev 

3 mev 

6 mev 

Clay 

2.2 

0.130 

0.0801 

0.0590 

Cements 

Colemanite borated 

1.95 

.128 

.0725 

.0528 

Plain (1 Portland cement: 3 sand 

2.07 

.133 

.0760 

.0559 

mixture) 

Concretes 

Barytes J 

3.5 

.213 

.127 

.110 

Barytes-boron fritst 

3.25 

.199 

.119 

.101 

Barytes-limonite f 

3.25 

.200 

.119 

.0991 

Barytes-lumite-colemaniteJ 

3.1 

.189 

.112 

.0939 

Iron-Portlandf 

6.0 

.364 

.215 

.181 

MO (ORNL mixture) 

5.8 

.374 

.222 

.184 

Portland§ (1 cement: 2 sand: 

2.2 

.141 

.0805 

.0592 

4 gravel mixture) 

2.4 

.154 

.0878 

.0646 

FleshU 

1 

.0699 

.0393 

.0274 

Fuel oil (medium weight) 

0.89 

.0716 

.0350 

.0239 

Gasoline 

.739 

.0537 

.0299 

.0203 

Glass 

Boro-silicate 

2.23 

.141 

.0805 

.0591 

Lead (Hi-D) 

6.4 

.439 

.257 

.257 

Plate (ave) 

2.4 

.152 

.0862 

.0629 

Iron 

7.86 

.470 

.282 

.240 

Lead 

11.34 

.797 

.468 

.505 

Lithium hydride (pressed powder) 

0.70 

.0444 

.0239 

.0172 

Lucite (polymethyl methacrylate) 

1.19 

.0816 

.0457 

.0317 

Paraffin 

0.89 

.0646 

.0360 

.0246 

Rocks 

Granite 

2.45 

.155 

.0887 

.0654 

Limestone 

2.91 

.187 

.109 

.0824 

Sandstone 

2.40 

.152 

.0871 

.0641 

Rubber 

Butenediene copolymer 

0.915 

.0662 

.0370 

.0254 

Natural 

.92 

.0652 

.0364 

.0248 

Neoprene 

1.23 

.0813 

.0462 

.0333 

Sand 

2.2 

.140 

.0825 

.0587 

Stainless steel, type 347 

7.8 

.462 

.279 

.236 

Steel (1% carbon) 

7.83 

.460 

.276 

.234 

Uranium 

18.7 

1.46 

.813 

.881 

Uranium hydride 

11.5 

0.903 

.504 

.542 

Water* 

1.0 

.0706 

.0396 

.0277 

Wood 

Ash 

0.51 

.0345 

.0193 

.0134 

Oak 

.77 

.0521 

.0293 

.0203 

White pine 

.67 

.0452 

.0253 

.0175 


* G. R. White* 

t Graphite theoretical density 

X Latest concrete mixtures for shielding reported by Gallaher and Kitzes. 

0 Elemental composition, wt-%: H, 1.0; O, 52.9; Si, 33.7; Al, 3.4; Fe, 1.4; Ca, 4.4; Mg, 0.2; 

C, 0.1; Na, 1.6; K, 1.3 

1 Composition, wt-%: O, 65.99; C, 18.27; H, 10.15; N, 3.05; Ca, 1.52; P, 1.02 
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Table 2.9.6— Measured Effective Removal Cross Sections 
(ORNL Lid Tank Measurements, corrected to Jan. 1, 1953) 


Material 

Symbol 

Removal cross section, barns 

Aluminum 

A1 

1.2 

Coppe r 

Cu 

2.0 

Graphite 

C 

0.84 

Iron 

Fe 

2.0 

Lead 

Pb 

3.4 


COMPOSITIONS AND PHYSICAL PROPERTIES 

In the following tables, an attempt was made to give the latest and most authoritative 
data compiled from many sources. All information on a given material is grouped as 
closely together as possible. Much new and heretofore unavailable information on special 
materials recently developed, or now being developed, is included. The data are grouped 
as follows: (1) cements and concretes (Tables 2.9.7 through 2.9.24); (2) hydrogenous 
materials (Tables 2.9.25 through 2.9.38); and (3) miscellaneous materials (Tables 2.9.39 
through 2.9.52). The last category includes metals and structural materials other than 
cements and concretes. 


Table 2.9.7 —Compositions of Cements 


Plain cements 


Material 


Portland cement* 


Wt-% Vol-% 

(approx.) (approx.) 


Colemanite 1 cement: 

borated cementt.l 3 sand mixture 
• ■ ■ ■ ■ ■ ■ \ 


1 cement: 

2 sand mixture 


Wt-% Vol-% 


Wt-% Vol-% Wt-% Vol-% 


MgO 2 

Si0 2 23 

AljOj 8 

Fe 2 O s 4 

CaO 63 


Colemanite t 

MgCl 2 

H 2 0 

Portland 

cement 

Sand** 


2.6 28.1 13.5 

29.6 
6.2 
2.4 
59.2 

28.1 20.3 

13.4 13.0 


30.4 

53.2 7.5 

16.0 

10.1 

20.3 


15.0 

21.4 

19.8 

26.5 


77.5 

62.6 

70.1 

53.2 


* Hool and Johnson 5 

t Rockwell and Roehrenbeck 6 

t Elemental composition, wt-%: B, 4.44; H, 4.06; Mg, 20.21; Cl, 10.01; O, 55.8; Ca, 5.47 

# Plain cement percentages calculated from volume ratios of sand plus allowed water content 
per bag of cement* 

lCa 2 Bg0 ir 5H 2 0 

** ^ or composition of sand see Table 2.9.8 
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Table 2.9.8—Composition of Sand* 


Material 

Wt-% 

Vol-% 

Si0 2 

78.1 

73.7 

A1 2 0 3 

6.5 

3.83 

Fe 2 0 3 

1.9 

0.85 

CaC0 3 

2.8 

2.43 

Na z O 

2.3 

2.41 

k 2 o 

1.4 

1.42 

HjO 

7.0 

15.3 


* Average of dry compositions (corrected 
for water content) given by Pirsson 8 


Table 2.9.9 — Physical Properties of Cements 


Value or description 



Colemanite borated cement* 

Plain cement 

Property 

Plain 

With 5% A1 turnings 

1 cement: 3 sand mixture 

Density, gm/cc 

1.95 

1.99 

2-2.15 (ave)t 

Specific heat, gm-cal/gm 
Thermal conductivity, 

0.51 

0.63 

0.20% 

Btu/(hr)(ft)(°F) 

Tensile strength, lb/sq in. 



150-6008 

Compressive strength. 

1,500 

3,540 

500 —56008,7 

lb/sq in. 

Coefficient of expansion. 



~6 x 10 -8 ** 

per *F 

Modulus of elasticity, lb/sq in. 

70,000 

178,000 

~3,000,000** 


* Rockwell and Roehrenbeck 6 

t Derived from Portland cement and sand densities as follows: 

Portland cement 3.15 gm/cc for solid material 

~1.5 gm/cc for loose powder 

Sand 2.65 gm/cc with 7% moisture content 

$ Handbook of Chemistry and Physics* 

S Varies according to mechanical analysis (sieve sizes) of sand. The above values are quoted 
from Mechanical Engineers' Handbook 1 

U Varies according to water content. A cement mix using 5% gal water per 94-lb bag of ce¬ 
ment has a compressive strength of approximately 3500 lb/sq in 10 

♦♦From Concrete Engineers’ Handbook, 1st edition, by G. A. Hool and N. C. Johnson. 1 Copy¬ 
right, 1918. By permission from McGraw-Hill Book Company, Inc., New York 
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Table 2.9.10 — Composition of Ordinary Concrete (Portland Concrete)* 


Material 

Vol-% 

Wt-% 

Portland cementt 

12.1 

8.2 

Sand I 

24.3 

28.7 

Gravel 

48.6 

56.4 

Water 

15.0 

6.7 


* Concrete varies widely according to the mix and raw materials used. 
This table lists a typical composition? for a high-strength concrete with 
mixer’s proportions of 1 cement: 2 sand: 4 gravel plus 15% water 5 ' 7 ’ 11 
t For composition of Portland cement, see Table 2.9.7 
X For composition of sand, see Table 2.9.8 

8 Elemental composition, wt-%: H, 1.0; O, 52.9; Si, 33.7; Al, 3.4; Fe, 1.4; 
Ca, 4.4; Mg. 0.2; C, 0.1; Na, 1.6; and K, 1.3 


Table 2.9.11 — Physical Properties of Ordinary 


Concrete (Portland Concrete)* 


Property 


Value or description 


2.3 
0.156 
1 at 200 °F 
~350t 

3500T after 28 days 
~$6.50/cu yd 

•Gallaher and Kitzes 4 unless specified otherwise 
t General Engineering Handbook 10 


Density, gm/cc 
Specific heat, Btu/0b)(°F) 

Thermal conductivity, Btu/(hr)(ft)(°F) 
Tensile strength, lb/sq in. 
Compressive strength, lb/sq in. 

Cost 


Table 2.9.12 —Composition of MO Concrete* 



Density = 

5.2 gm/cct 

Density = 5.8 gm/ccj 

Material 

Wt-% 


-* 

Vol-% 

Wt-% 

MgO 

7.8 


12.5 

5.00 

Steel punchings ( 3 / 4 in.) 

47.8 



51.4 

Steel shot ( l / s in.) 

21.6 


62.4 

23.1 

Steel shot (V 20 in.) 

14.4 



15.4 

MgClj 

2.4 


7.7 

1.4 

H 2 0 

6.0 


17.4 

3.7 


*This concrete has been found not to stand up under weathering. A new concrete has been 

developed to replace MO concrete for use In shields (see Iron-Portland concrete, Table 2.9.20) 

t Rockwell and Roehrenbeck 6 reported that this MO mixture had a density of 5.8. Rockwell 12 

stated that the original density was probably in error. 13 Kitzes, Rockwell, and Gallaher 14 give a 

density of 5.2 from an experimental determination for the mix originally reported 6 to have a 
density of 5.8 

tT. Rockwell 12 * 13 
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Table 2.9.13 —Physical Properties of MO Concrete 



Value or description 

Property 

r - 

Density = 5.2 gm/cc* 

-n 

Density = 5.8 gm/cct 

Specific heat, gm-cal/gm 

0.144 


Thermal conductivity, Btu/(hr)(ft)(°F) 

2.4 


At 122“F 


5.17 

At 527°F 


3.42 

Thermal expansion coefficient, per °C 

~1.0 x 10" 5 

1.1 x 10‘ 5 

Compressive strength, lb/sq in. 


4000-5000$ 

At room temperature 

4000-6000 


At 300*C 

1200-3300 


At 500°C 

700-1000 


Modulus of elasticity, lb/sq in. 

2.5 x 10 5 


Modulus of rupture, lb/sq in. 

1380 


Heat evolved upon setting, watts/lb 

<0.224 



* Rockwell and Roehrenbeck 6 reported this MO mix to have a density of 5.8; the density was 
experimentally determined to be 5.2 by Kitzes et al 14 
t Kitzes et al u 

t Developed strength after aging for 3 to 7 days; drops off rapidly because of poor aging 
characteristics 


Table 2.9.14 — Composition of Barytes Concrete 

(Gallaher and Kitzes 4 ) 


Concrete for pouring 


Concrete blocks 


Material 

Amount for 1 cu yd, lb 

Wt-% 

Amount for 1 cu yd. 

Barytes aggregate, 

2660 

45.15 

• . • 

coarse (1 in.) 

Barytes aggregate 

2320 

39.23 

• • • 

fine r/ 8 in.) 

Barytes aggregate, 


• • • 

5270 

medium ( l / 2 in.) 

Portland cement 

550 

9.37 

500 

Water 

370 

(44.5 gal) 

6.25 

230 

(27.5 gal) 


Wt-% 


87.9 

8.3 

3.8 
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Table 2.9.15 —Composition of Barytes Aggregate* 

(Gallaher and Kitzes 4 ) 

Material Coarset (1 in.), wt-% FineJ ( 3 / 8 in.), wt-% 

BaS0 4 95.9 81.6 

Fe 1.0 9.85 

Ca 0.5 0.9 

0 2 1.3 6.2 

* Supplied by L. A. Woods and Sons, Sweetwater, Tennessee, at $18/ton 
t Specific gravity = 4.2 
X Specific gravity = 4.0 

§ The increase in Fe content of fine aggregate results from concentration 
of Fe 2 0 3 during crushing 


Table 2.9.16—Physical Properties of Barytes Concrete 

(Gallaher and Kitzes 4 ) 


Property 


Value or description 


Density, gm/cc 3.5 

Specific heat, gm-cal/gm 

At 122°F 0.123 

At 392 # F .150 

Thermal conductivity, Btu/(hr)(ft)(°F) 

At 122°F .926 

At 212“F .997 

At 392°F .866 

At 482*F .745 

Compressive strength, lb/sq in. 

Age 28 days 3600 

Age 112 days 4200 

Shear strength, lb/sq in. 845 

Expansion upon setting, in./in. 

After 2 to 3 days 8 x 10' 4 

After 28 days 5 x 10 -4 
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Table 2.9.17 — Composition of Baryte.s-Limonite Concrete* 

(Gallaher and Kitzes 4 ) 


Material 

Amount for 1 cu yd, lb 

Wt-% 

Vol-% 

Barytes aggregate, coarse ( 3 / 4 in.) 

2210 

40.4 

j 44.5 

Barytes aggregate, fine ( 3 / 8 in.) 

1050 

19.2 

Limonite, crushed (2Fe 2 0 3 *2H 2 0) 

1220 

22.3 

19.8 

Portland cement, Type I 

610 

11.1 

12.0 

Water 

384 (46 gal) 

7.0 

23.7 


♦Density, 3.25; 7-day compressive strength, 3750 lb/sq in.; other physical properties similar 
to barytes concrete 


Table 2.9.18 —Elemental Compositions of Barytes and Barytes-Limonite Concretes 

(Gallaher and Kitzes 4 ) 


Element 

Barytes (blocks), wt-% 

Barytes-Limonite, wt-% 

Fe 

8.78 

13.66 

H 

0.43 

1.02 

O 

31.03 

37.70 

Mg 

0.38 

0.23 

Ca 

4.53 

5.37 

Ba 

41.93 

31.97 

Na 

0.13 

0.09 

Si 

1.74 

1.35 

A1 

0.57 

0.50 

Mn 

.07 

.14 

S 

9.94 

7.58 
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Table 2.9.19 —Description of Several Concretes Recently Developed for Shielding Use 

(Gallaher and Kitzes 4 ) 

Material Description 

Iron-Portland Dense Portland-cement concrete developed to replace MO con¬ 

crete; good workability; high density (-6 gm/cc), low water 
content (-3%) 

Colemanite-Barytes Boron in colemanite (2Ca0-3B 2 0 3 .5H 2 0) acts as gamma suppressor, 

but high solubility of colemanite retards initial set of Portland 
cement; this concrete has higher density (3.1 gm/cc) than ordi¬ 
nary concrete, high water content (6-8%), and 1% boron content 

Boron Frits-Barytes* Boron in boron frits acts as gamma suppressor, and boron frit is 

less soluble than colemanite; thus, detrimental effect on initial 
set of Portland cement is not so great; this concrete has higher 
density (3.1 gm/cc) than ordinary concrete, medium water con¬ 
tent (5%), and 1% boron content 

Lumnite-Colemanite- As an alternate to using Portland cement in barytes-colemanite 

Barytest concrete, lumnite was used and found to retard initial set of 

cement only slightly; this concrete has higher density (3.1 gm/ 
cc) than ordinary concrete, high water content (~9.3%), and 1% 
boron content; curing methods were unsatisfactory 

Lumnite-Portland- Portland cement usually accelerates initial set of lumnite, but 

Colemanite Barytest addition of colemanite counterbalanced this effect; this concrete 

has higher density (3.1 gm/cc) than ordinary concrete, high 
water content (8-10%), and 1% boron content 

•For composition of boron frits, see Table 2.9.21 
tFor composition of lumnite, see Table 2.9.22 


729 


CHAP. 2.9 


RADIATION SHIELDING 


<D 

C/3 

P 

b d 

cs 

■H 

2 

o 

•H 

-C 

cn 

u 

O 

*♦-* 

73 

<D 

ft 

O 

rH 

<D 

> 

CD 

Q 


c 

o 

( 1 ) 

« 

c/3 

<D 


CD 

U 

o 

c 

o 

O 


rt 

CD 

> 

CD 

CO 


C/3 

C 

o 


C/3 

O 

a 

6 

o 

O 


eg 

a> 

ei 

CD 

3 

H 


C/3 

<D 

N 


S 2 


73 

1 

t-i 

CD 


3 "rt 


o 


I C/3 
73 CD 

a b 

-Q 
ft CD 

i -5 
p £ 

C (D 

3 a 


C/3 

CD 

£ 
' £ 

~ f 

C (D 

H 

J 1 

2 

3 

a 


c/3 

CD 

t; 

cS 

pQ 

l 

C/3 


£ 

O 

ft 

I 

c 

o 


6* 

I 


o a 

«*-« 

e 

3 ^ 

O D 

e ° 

< ^ 


i 


*■« pQ 

o iz 

4-i 

+2 "O 

§ >> 
O 3 

o 


I 


eR 

i 


as 

! * 
o o 
o 


I 


I 


i 


o a 

1* 
O P 
o 


i 


O S3 

s t 


2 

o 


W 

I 


lO in 
00 00 


a* 

bu 

o o S 

CD CO 

x* xf 


o 

eg 


o 

CD 

CD 


CD 

03 

• 

xf 


e- 

o 

ID 


ao eg 
eg to 
eg th 


o 

a> 

co 


« 

C/3 


•c S’ 


0 5^ 
c ° ^ 

33 pC ^ 
ft C/3 

gs* 

S3 co 


CO 

co 

£ 


e 

03 

e 

03 

a 

73 

5 

ti 

o 

ft 


03 

c- 


cS 
tn 

to 

CO 

CO <^4 


o 

LO 


ct 

bJD 


CD 

in 


eg 

eg 

eg 

t> 


aj 

bJD 

in 





o 

o 




CO 

rH 




ao 

CO 

Xf 

• 

ao 

% 

D4 

m 

03 

• 

t- 

# 

O 

eg 

in 

00 

eg 

in 

eg 

rH • 




a> 

co 


& 


§ « 

eg 


ao 

rH 

Xf 

CD 


O 

00 

CO 


lO 

xf 

CD 


m 

ad 


o 

o 

o 

O 

03 

rH 

in 

CD 

xf 

CO 

eg 

co 

x* 

eg 

CO 

Xj< 

eg 

• 

• 

• 

• 

c- 

CO 

CD 

in 

in 

rH 


rH 


03 

03 

04 


00 

CD 

in 


in 

X* 

in 

03 

CO 

03 

CD 

CO 



o 

xf 


eg 

eg 


© s 

o 

o 

o 

00 ^ 

eg 


e- 

eg 

rH 

CO 

e- 

CD 


§ 


« ’S a» 


03 


S "S S) e S) 


03 

U 

bft 


b 03 -h 03 ^ 

bo u U • 
bO^ bo C 


73 

2 1/5 

2 3 

“ - * 


73 » 


~ B 

03 03 

bh 


h 03 >) 03 (A 


bp S *P *P * 

CT3 p- 4 CTj C* ^ 

» .s » S ."i s 5 5 i s 

t “ t « t C = O' ^ n C 

P'D.r'O r 1 .5 D.0) ° c 

u m J 


a 


ffl 


CTJ 

n 


o 


03 


3 03 



730 


SHIELD MATERIALS 


CHAP. 2.9 


Table 2.9.21 —Analysis of Boron Frits* 
(Gallaher and Kitzes 4 ) 


Material 

Wt-% 

Si0 2 

31.00 

A1 2 O s 

1.70 

b 2 o 5 

27.40 

CaO 

5.20 

BaO 

12.90 

ZnO 

6.70 

Na 2 0 

12.20 

k 2 o 

1.00 

F 

1.90 


* Boron frit is formed by fritting borax 
with silica and is obtained from the Chicago 
Vitreous Enamel Products Co., Cicero, 
Illinois 


Table 2.9.22 — Analysis of Lumnite* 
(Gallaher and Kitzes 4 ) 


Material 

Wt-% 

Si0 2 

9.1 

FeO 

5.9 

Fe 2 0 3 

4.7 

A1 2 Oj + TiO z 

41.6 

CaO 

36.8 

MgO 

1.0 

SOj 

0.17 

Insoluble residue 

.70 


* A calcium aluminate hydraulic cement 
manufactured by Universal Atlas Cement 
Co., New York, N. Y. 
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Table 2.9.23 — Elemental Compositions of Several Concretes Recently Developed for 

Shielding Use 

(Gallaher and Kitzes 4 ) 






Lumnite- 

Lumnite-Portland- 



Colemanite- 

Boron Frits- 

Colemanite- 

Colemanite- 


Iron-Portland, 

Barytes, 

Barytes, 

Barytes, 

Barytes, 

Element 

wt-% 

wt-% 

wt-% 

wt-% 

wt-% 

Fe 

87.50 

1.03 

2.19 

3.07 

1.87 

H 

0.33 

0.85 

0.56 

1.09 

1.10 

B 


.98 

1.04 

0.88 

1.02 

O 

5.82 

34.89 

33.80 

36.95 

36.98 

Mg 

0.13 

0.22 

0.23 

0.14 

0.20 

Ca 

3.96 

8.46 

6.26 

5.48 

7.67 

Ba 


40.70 

40.13 

38.59 

38.03 

Na 


0.11 

1.21 

0.11 

0.11 

Si 

0.91 

1.76 

3.31 

.96 

1.49 

A1 

.33 

0.61 

0.64 

1.76 

1.32 

Mn 

.35 

.01 

.02 

0.12 

0.04 

S 

.05 

9.63 

9.15 

9.06 

8.97 

Zn 



0.66 



K 



.10 



F 



.23 



Ti 




1.27 

0.071 


Table 2.9.24—Densities and Compressive Strengths of Several Concretes Recently 

Developed for Shielding Use 

(Gallaher and Kitzes 4 ) 


Concrete 

Density, gm/cc 

Compressive strength, lb/sq in. 

Iron-Portland 

5.8-6.0 

3663 (age-32 days) 

5288 (age-91 days) 

Colemanite-barytes 

3.1-3.2 

2500 (after 6-day cure) 

Boron frits-barytes 

3.1 


Lumnite-colemanite-barytes 

3.1 

~3500 

Lumnite-Portland-colemanite- 

barytes 

3.1 

3000 (after 6-day cure) 
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Table 2.9.25 —Physical Properties of Ammonia (Liquid). NH 3 


Property 


Value or description* 


Appearance 
Density, gm cc 
Of solid (—79*0 
Of liquid (-77.7*0 
Specific heat of liquid, gm-cal/gm 
At —60°C 
At 0°C 
At 20 *C 
At 100°C 

Heat of vaporization, gm-cal gm 
At — 33.35 °C 
At -20°C 
At - 10°C 
At 0°C 

Heat of fusion (m.p., -77.7*0, 

Heat of formation, kg-cal/mol 
Free energy of formation, kg-cal/mol 
Thermal conductivity, Btu/(hr)(ft)(°F) 
Melting point, *C 
Boiling point. °C 

Solubility in water (0*0, parts per 100 
Critical constants 
Temperature, °C 
Pressure, lb/sq in. 

Density, gm/cc 


Pungent colorless liquid 

0.817 

.771 

1.047 

1.098 

1.125 

1.48 

327.1 

317.6 

309.7 
301.6 

94.15 

-11.00 (heat evolved) 
-3.94 (heat evolved) 
0.29 
-77.7 
-33.35 
89.9 

132.9 

1651 (112.3 atm) 

0.235 


* Handbook of Chemistry, 15 Handbook of Chemistry and Physics, 9 and 
Chemical Engineers' Handbook 16 


Table 2.9.26 — Composition of Fuel Oil*t 

Composition, wt-% 

Density (ave), gm/cc C H S N O 

0.89 85.62 11.98 0.35 0.50 0.60 

* Fuel oil is comprised of the crude-oil fractions distilling between 200° and 370°C; its chemi¬ 
cal composition and specific gravity vary with the type of crude oil. Mid-Continent crude oils 
yield a fuel oil (specific gravity, 0.89) which is a mixture predominantly of saturated hydrocar¬ 
bons with a small percentage of unsaturated chains and aromatics 

t Reprinted from Mechanical Engineers' Handbook, 7 5th edition, edited by L. S. Marks. Copy¬ 
right, 1951. By permission from McGraw-Hill Book Company, Inc., New York 
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Table 2.9.27 —Physical Properties of Fuel Oil 


Property 


Value or description* 


Density (ave), gm/cc 0 .89 

Specific heat (21 # -58*C), gm-cal/gm .51 

Thermal conductivity (13°C), cal/(sec)(cm)(°C) 0.355 x 10" 3 

Thermal expansion coefficient (24°-120°C), per °C .955 x 10 -3 

Boiling point range, °C 210-360 

Flash point, °C 

Open cup 250 

Closed cup 100-200 

Viscosity (15.6*0, cp 660 

Susceptibility to spontaneous heating None 


* Handbook of Chemistry, 15 Handbook of Chemistry and Physics, 9 and Chemical 
Engineers’ Handbook 16 


Table 2.9.28—Composition of Gasoline*! 




Composition, wt-% 


Density at 60°F, gm/cc 

C 

H 

S 

0.713 

84.3 

15.7 

• • • 

.739 

84.9 

14.76 

0.08 


* The composition 7 * 17 of gasoline varies with the method of production and the type 
of crude oil from which it is obtained; in general it is made up of saturated aliphatic 
compounds ranging from C 5 H 12 to C 12 H 26 , with an average composition corresponding 
to C b H 18 (octane) 

t Reprinted from Mechanical Engineers’ Handbook, 7 5th edition, edited by L. S. 
Marks. Copyright, 1951. By permission from McGraw-Hill Book Company, Inc., 
New York 


Table 2.9.29—Physical Properties of Gasoline 
Property Value or description* 


Density, gm/cc 0.70—0.74 

Specific heat (20°C), gm-cal/gm 0.5 

Thermal conductivity (4°C), cal/(sec)(cm)(°C) 0.45 x 10" 3 

Boiling point, °C 38 — 205 

Flash point (closed cup), *C —45 

Vapor pressure (room temp.), mm Hg 2.0 

Explosive limits, % by vol. in air 

Upper 6 

Lower 1*3 

Susceptibility to spontaneous heating None 


♦Handbook of Chemistry, 16 Mechanical Engineers’ Handbook, 7 and Collier s 
Encyclopedia 17 
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Table 2.9.30—Composition and Physical Properties of Lucite (Plexiglass)* 


Property 

Chemical formula 
Appearance 

Density, gm/cc 

Specific heat, gm-cal/gm 

Thermal conductivity, cal/(sec)(cm)(°C) 

Thermal expansion coefficient, per °C 

Elongation at yield, % 

Tensile strength, lb/sq in. 

Flexural strength, lb/sq in. 

Compressive strength, lb/sq in. 

Heat distortion point, °C 
Decomposition (thermal) temperature, °C 
Water absorption. % 

Flammability, in./min 


Value or description 

Polymethyl methacrylate, (C 5 H 8 0 2 ) n 
Transparent colorless or whitish 
thermoplastic; hard 
1.18-1.2 
0.35 

4-6 x 10- 4 
7-9 x 10" 5 
1-10 

4,000-6,000 
10,000-20.000 
9,000-15,000 
58-93 
170 - 250 
0.3-0.6 
l / 2 -l (slight) 


* Reprinted from Handbook of Chemistry, 15 7th edition, edited by N. A. Lange. Copy¬ 
right, 1949. By permission from Handbook of Publishers, Inc., Sandusky, Ohio 


Table 2.9.31 —Composition and Physical Properties of Rubber* 

Value or description 

T ^* 

Butenediene 


Property 

Natural rubber 

Neoprene 

copolymer 

Chemical formula 

Polyisoprene, (C 5 H 8 ) n 

(C^CDb 

^S?5^727 

Density, gm/cc 

0.92 

1.23 

0.915 

Specific heat, gm-cal/gm 

.45 

-0.45 

.464 

Thermal conductivity, Btu/(hr)(ft)(*F) 

1.07 

1.07 

■ • • 

Elongation (gum stock), % 

775 

600 

800 

Resilience, % 

90 

75 

50 

Tensile strength (gum stock), lb/sq in. 

3100 

2800 

2000 

Tear resistance, lb/sq in. 

1640 

1100 

1000 

Creep (70*0 

26 

62 

• • • 

Maximum usable temperature, *C 

80 

65 

65 

Brittle point, *C 

-56 

-40 

-45 


* Reprinted from Handbook of Chemistry, 16 7th edition, edited by N. A. Lange. Copy¬ 
right, 1949. By permission from Handbook of Publishers, Inc., Sandusky, Ohio 
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Table 2.9.32 —Composition and Physical Properties of Paraffin* 


Property 

Value or description! 

Density range, gm/cc 

0.87-0.91 

Specific heat (0°-20 o C), gm-cal/gm 

0.694 

Thermal conductivity (0 # C), cal/(sec)(cm)(°C) 

0.688 x 10“ 3 

Thermal expansion coefficient (20°C), per °C 

5.88 x 10" 4 

Melting point ,% °C 

48-56 

Boiling point, °C 

>370 

Flash point, °C 


Open cup 

199 

Closed cup 

221 


* Paraffin is composed of the heavy waxy components of crude-oil distillate, 
which are solid at room temperature. They are mainly saturated compounds with 
a formula ranging from C 18 H 38 to C 35 H T2 (average composition near C^H^) 15 * 17 
t Handbook of Chemistry and Physics, 9 Handbook of Chemistry, 15 and Collier’s 
Encyclopedia 17 

} Commercial types of paraffin wax are usually designated by their melting 
point range, three of which are: (1) 118 o -120 o F; (2) 122°—124°F, and (3) 130°—132°F 


Table 2.9.33 —Typical Analyses of Surface and Ground Waters in the United States* 


Analyses of various types of water,t ppm 


Material 

Type A 

Type B 

Type C 

Type D 

Type E 

Silica (SiO z ) 

2.4 

12 

10 

9.4 

22 

Iron (Fe) 

0.14 

0.02 

0.09 

0.2 

0.08 

Calcium (Ca) 

5.8 

36 

92 

96 

3.0 

Magnesium (Mg) 

1.4 

8.1 

34 

27 

2.4 

Sodium (Na) 

1.7 

6.5 

8.2 

183 

215 

Potassium (K) 

0.7 

1.2 

1.4 

18 

9.8 

Bicarbonate (HC0 3 ) 

14 

119 

339 

334 

549 

Sulfate (S0 4 ) 

9.7 

22 

84 

121 

11 

Chloride (Cl) 

2.0 

13 

9.6 

280 

22 

Nitrate (N0 3 ) 

0.54 

0.1 

13 

0.2 

0.52 

Total dissolved solids 

31 

165 

434 

983 

564 

Total hardness 

20 

123 

369 

351 

17 


as CaCO s 


* Reprinted from Handbook of Chemistry, 15 7th edition, edited by N. A. Lange. Copyright, 
1949. By permission from Handbook Publishers, Inc., Sandusky, Ohio 

t Type A: Natural soft water; contains around 30 ppm of dissolved solids; found in rivers and 
lakes of New England, New York, and mountainous regions of U. S.; high corrosive action 
Type B: Intermediate-hard water; contains well over 100 ppm of dissolved solids; typical 
of Great Lakes and St. Lawrence waterway; may need to be softened for industrial use 

Type C: Hard water from wells 30 to 60 ft deep; contains well over 300 ppm of dissolved 
solids; commonly used in heart of U.S. for public supplies; must be softened for domestic and 

industrial uses .... 

Type D: Hard water from wells 2,000 ft deep; contains more chloride than Type C and mgn 

number of dissolved solids; not common; must be softened for industrial use 

Type E; Naturally softened water from wells 300 ft deep or more; high totality of dissolved 
solids but hardness very low; may be highly colored; common in Atlantic and Gulf coastal plain 
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RADIATION SHIELDING 


Table 2.9.37 — Relationship Between Density of Wood and Volume Composition 

(E. HSgglund 18 ) 

Composition, vol-% 


Density, gm/cc 

Cell walls 

Pores 

0.1 

6.7 

93.3 

.2 

13 

87 

.3 

20 

80 

.4 

27 

73 

.5 

34 

66 

.6 

40 

60 

.7 

47 

53 

.8 

53 

47 

.9 

60 

40 



Fig. 2.9.1—Relationship Between Water Content of Air-dried Wood and Relative 
Humidity of the Air at Various Temperatures. Submitted by Oak Ridge National 
Laboratory, Mar. 16, 1953; redrawn from HSiggland 18 


Table 2.9.38—Composition and Physical Properties of Masonite 


Property 


Value or description 


Composition*,! 


Density,! gm/cc 
Tensile strength,! lb/sq in. 
Flexural strength,! lb/sq in. 
Modulus of rupture,* lb/sq in. 
Usefulness in shieldsfi 


Wood-fiber board of the Masonite Corp. produced from 
by-product wood chips reduced to cellulose fibers 
by high-pressure steam; contains ~6% hydrogen 

1.3 

7,000-8,000 

12,000-13,000 

5,000-15,000 

Slows down fast neutrons; absorbs some thermal 
neutrons; has little effect on gamma rays 


* Brady 20 

! Quinn and Thompson 21 
ISimonds, Weith, and Bigelow 22 
8 Hanford Works Technical Manual 22 
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Table 2.9.39 — Densities and Boiling-point Ranges of Various Organic Compounds 

(NEPA-1381 24 ) 


Type of compound 

Hydrocarbons 

Aliphatic 

With aromatic ring 
With 1 alicyclic ring 
Petroleum 
Esters 

Amines, amides, and other 
nitrogen compounds 
Carbonyl compounds 1 
Silicon compounds 
Miscellaneous compounds 
with boiling point 200°C 


Formula range 

Density range, gm/cc 

Boiling point, °C 

C 16 H 34 t0 ^26^4 
C, 4 H 2 o to Cj 9 H 72 

C 14 H 28 to C 31 H 60 

0.77-0.80 

.85-1.05 

.823-0.938 

.8-1.0 

136-242* 

133-334* 

123-208* 

700-1000 


.81-1.38 

146-370 


.83-1.34 

180-350 


.85-1.27 

180-350 


.85-0.89 

165-450 


.74-1.57 

187-215 


* Temperatures at 10 -mm-Hg pressure 

t Includes organic acids, aldehydes, ketones, diketones, acid anhydrides, and the like 


Table 2.9.40 — Composition of Dry Air* 


Composition 


Component 

Nitrogen 

Oxygen 

Argon 

Carbon dioxide 

Hydrogen 

Neon 

Helium 

Krypton 

Ozone 

Xenon 


Symbol 

Wt-% 

Vol-% 

N, 

75.50 

78.06 

°2 

23.15 

20.99 

A 

1.292 

0.9323 

C0 2 

0.05 

.03 

h 2 

.0007 

.01 

Ne 

.0014 

.0018 

He 

.000065 

.0005 

Kr 

.0003 

.0001 

0, 

.0001 

.00006 

0 

Xe 

.00004 

.000009 

Chemistry, 15 

7th edition, edited by N. A. 

Lange. Copyright, 
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Table 2.9.41 — Density of Air at Various Temperatures 



Density of dry air 

Moist airf 


Temperature, °C 

at 760 mm Hg,* 
gm/liter 

Vapor pressure, 

Relative humidity, % mm Hg 

Density, 

gm/liter 

-147 

0.92J 



-20 

1.396 




0 1.293 45 

81 

20 1.205 44 

74 

50 1.092 45 

75 

100 0.9458 

200 .7457 

300 .6166 

400 .5248 


2.090 

1.292 

3.732 

1.291 

7.72 

1.192 

13.05 

1.183 

41.63 

1.070 

69.38 

1.055 


* From Handbook of Chemistry, 15 7th edition, edited by N. A. Lange. Copyright, 1949. 
By permission from Handbook Publishers, Inc., Sandusky, Ohio 
t Handbook of Chemistry and Physics* 

1 Liquid, value given in gm/cc 


Table 2.9.42 — Compositions of Various Types of Bricks* 


Composition, wt-% (ave) 


Type of brick 

Si0 2 

ai 2 o 3 

Fe 2 O s 

Ti0 2 

MgO 

CaO 

Fire clay (high-heat duty) 
Kaolin (white) 

Silica 

50-57 

52 

96 

36-42 

45.4 

1 

1.5 —2.5 

0.6 

1 

1.5 —2.5 

1.7 

• • • 

• • • 

0.2 

• • • 

• • • 

0.1 

2 


* Reprinted from Mechanical Engineers’ Handbook,* 5th edition, edited by L. S. Marks. 
Copyright, 1951. By permission from McGraw-Hill Book Company, Inc., New York 
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Table 2.9.43—Physical Properties of Various Types of Bricks* 


Property 

Fire clay 
(high-heat duty) 

Kaolin (white) 

Silica 

Density,! gm/cc 

2.1 

2.1 

1.8 

Specific heat, gm-cal/gm 

0.23 

0.22 

0.23 

Thermal conductivity, Btu/(hr)(ft 2 /in.)(°F) 

At 400°F 

6 


8 

At 800°F 

7 

11 

10 

At 1200°F 

8 

12 

12 

At 2400°F 

12 

14 

15 

Mean thermal expansion coefficient, 

0.27 x 10’ 5 

0.23 x 10" 5 

0.46 x 10" 5 J 

per °F 

Weight of 9 x 4'/ 2 x 2 l / 2 in. brick, lb. 

7.5 

7.7 

6.5 

Porosity, % 

20 (ave) 

18 

25 (ave) 

Reheat shrinkage, % 

0 to ±1.5 at 

-0.7 to 1.0 at 

0.5 to 0.8 at 


2550°F 

2910°F 

2640°F 

Deformation under load, % 

2.5 to 10 at 

0.5 at 2640°F 

Shears at 290C 


2460°F and 

and 25 lb/sq 

and 25 lb/sc 

Fusion point, °F 

25 lb/sq in. 
3130 (approx.) 

in. 

3200 

3075 (approx.) 

Spalling resistance 

Good 

Excellent 

Poor 9 


* Reprinted from Mechanical Engineers’ Handbook, 7 5th edition, edited by L. S. Marks. 
Copyright, 1951. By permission from McGraw-Hill Book Company, Inc., New York 
t Approximate; calculated 
X Up to 0.56 at red heat 
fi Excellent if left above 1200°F 


Table 2.9.44 — Compositions of Lead and Silica Glasses 



Lead glass 

*,t 

Silica gl 

ass.J wt-% 

Material 

Wt-% 

Vol-% 

Plate glass9 

Boro-silicate glass 

PbO 

81.0 

53.1 



SiOj 

17.3 

44.5 

72 

80.6 

TiOj 

1.35 

1.9 



As 2 0 3 

CaO 

0.35 

0.5 

15 

0.8 

Na 2 0 



13 

3.8 

KiO 




0.2 

A1 2 O s 




2.0 

BjOj 




11.9 

* “Hi-D” 

glass made especially 

for radiation shielding by Penberthy Instrument Co., Inc., 


Seattle, Washington. Elemental composition, wt-%: Pb, 75.19; O, 15.65; Si, 8.08; Ti, 0.81; 

As, 0.27 

t Kernohan and McCammon 25 

X From Van Nostrand’s Scientific Encyclopedia, 2 * 2d edition. Copyright, 1947. By permission 
from D. Van Nostrand Company, New York 
8 Average values for several glasses 
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Table 2.9.45 — Physical Properties of Lead and Silica Glasses 




Silica glass 



r 

Boro-silicate 

Property 

Appearance 

Lead glass* (Hl-D glass) 

Light yellow tint; color¬ 
less In thin sections 

Plate glasst 

glass* 

Density, gm/cc 

6.4 

2.4 

2.23 

Specific heat, gm-cal/gm 


0.25 

0.20 

Thermal conductivity, cal/(sec)(cm)(°C) 


2.37 x 10‘ 3 

2.8 x 10 -3 

Thermal expansion coefficient, per °C 


0.49 x 10" 6 

0.325 x 10' 5 

Tensile strength, lb/sq in. 


4,000 

4,000-10,000 

Strain point, °F 


890 

960 

Softening point, °F 


2,600 

1,510 

Index of refraction 

Gamma shielding characteristic 

1.96 

Approximately equiva¬ 
lent of steel; 55% as 
effective as lead§ 

1.47 

1.47 

* Kernohan and McCammon 25 

t From Handbook of Chemistry, 15 7th edition, edited by N. A. Lange. Copyright, 
permission from Handbook Publishers, Inc., Sandusky, Ohio 

1949. By 


X Values for Coming No. 7740 glass 11 
§ Manufacturer’s claim 



Table 2.9.46 — 

-Composition of Various Types of Commercial Iron 

(Metals Handbook 27 ) 

Composition, wt-% 


Component 

Armco ingot iron 

Wrought iron (Byers No. 1) Cast iron (gray) Steel (SAE-1095) 

Fe 

99.83 

98.475 

92.95 

97.13 

O 

0.11 

In slag 

• • • 

• • • 

S 

.025 

0.01 

0.10 

0.014 

Mn 

.017 

.015 

.65 

.36 

C 

.012 

.08 

3.4 

1.02 

P 

.005 

.062 

0.3 

0.013 

si 

Trace 

.158 

2.6 

.08 

Slag 

• • • 

1.20 

• • • 

• • • 

A AC 


Cu 


• • • 


• • 


• • 
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Table 2.9.48 Composition and Physical Properties of Commercial Lead 
(Handbook of Chemistry 15 and Handbook of Chemistry and Physics 9 ) 


Property 


Value or description 


Composition of commercial lead 
Appearance 

Density (20°C) gm/cc 
Specific heat (0°-100°C), gm-cal/gm 
Thermal conductivity (18°C), cal/(sec)(cm)(°C) 
Thermal expansion coefficient (20°C), per °C 
Tensile strength, lb/sq in. 

Yield strength, lb/sq in. 

Ultimate strength, lb/sq in. 

Melting point, °C 
Brinell hardness 


99.8% Pb, 0.2% As 
Soft heavy metal, malleable and 
ductile. Color, gray 

11.34 
0.0305 
0.0827 
29.1 x 10“ 6 
1600 
710 

2000-3000 

327.5 

~4.2 (commercial); 2.9-3.0 (pure) 


Table 2.9.49 — Composition of Various Types of Natural Rock* 


Composition, wt-% 


Material 

Granite 

Sandstone 

Limestone 

s t o 2 

70 

85 

2 

A1 2 0 3 

14 

17 

0.2 

Fe 2 0 3 

2 

2 

.4 

FeO 

1 

• • • 

• • • 

MgO 

1 

• • • 

5.0 

CaO 

3 

1 

45 

CaC0 3 

• • • 

• • • 

46 

Na 2 0 

3.5 

2.5 

• • • 

k 2 o 

5 

2 

• • • 

H 2 0 plus organic 

1.5 

0.5 

1.4 

* Natural rock varies in composition from locality to locality. 

The above values are averages derived from Pirsson® 
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Table 2.9.50 —Physical Properties of Various Types of Natural Rock* 


Property 

Granite 

Sandstone 

Limestone 

Appearance 

Evenly granular; color 

Grains of quartz held 

Fine-grained rock 


varying from white 

together by ce¬ 

varying from 


to dark gray, depend¬ 

menting agent; 

whitish color to 


ing on amount of feld¬ 

yellow, red, or 

yellow, brown, 


spar in it 

brown color most 

or gray 



common 


Average density, gm/cc 2.65 

2.4 

2.7 

Density range, gm/cc 

2.5-3.1 

2.24-2.4 

2.3-2.9 

A ni 7 

Mean specific heat, 

0.195 

0.22 

0.Z1I 

gm-cal/gm 




Thermal conductivity, 

1.0-2.32 

1.1 

0.3-0.75 

Btu/(hr) (ft) (°F) 




Coefficient of thermal 

8.3 x 10‘ 6 

7-12 x iO" 6 

9 X 10 b 

expansion, per °C 




Crushing strength, 

15.000-40,000 

1,500-15,OOOt 

3.000-40,000t 

lb/sq in. 




Pore vol, % of total 

0.15 

5-30 

0 — 15 

* Handbook of Chemistry and Physics, 9 Kent’s Mechanical Engineers' Handbook, 11 Mechanial 

Engineers’ Handbook, 7 

and Pirsson* 



t Great range owing 

to variations in the porosity of the rock 



Table 2.9.51 —Composition of Stainless Steel, Type-347* (High-chromium steel) 


Composition 


Material 

Wt-% 

Vol-% 

Fe 

68.35 

66.06 

Cr 

18.0 

19.29 

Ni 

10.5 

8.96 

Mn 

2.00 

2.13 

Si 

1.00 

3.19 

C 

0.08 

0.15 

P 

.04 

.15 

S 

.03 

.07 


* Handbook of Chemistry 15 and Handbook of Chemistry and Physics 8 
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Table 2.9.52 —Physical Properties of Stainless Steel, Type- 347 * 


Property 


Value or description* 


Density, gm/cc 

Specific heat, gm-cal/gm 

Thermal conductivity, cal/(sec)(cm)(°C) 

Thermal expansion coefficient, per *C 

Elongation, % 

Tensile strength, lb/sq in. 

Yield strength, lb/sq in. 

Ultimate strength, lb/sq in. 

Melting point, °C 
Brinell hardness 


7.8 

0.113 

.042 

17.3 x 10" 6 
40 
85,000 
33,000 
85,000 
1430-1470 
150 


* Handbook of Chemistry 15 and Handbook of Chemistry and Physics 9 


BORON-CONTAINING MATERIALS 

It is convenient to group the boron-containing substances separately, not only because 
of their importance to shield design, but also to clearly demonstrate the diversified man¬ 
ner in which boron may be incorporated into a shield. Data on boral, an alloy of boron and 
aluminum, are given in Tables 2.9.53 and 2.9.54; data on boron-bearing concretes are given 
in Tables 2.9.19 through 2.9.24; and data on boron, boron oxide, and boron carbide will be 
found in Volume 3 of this Handbook. 

BORA TION OF WA TER 

Capture gamma-ray production within water shields may be suppressed by the addition 
of small amounts of boron to the water, which is accomplished by virtue of the large ther¬ 
mal capture cross section of boron. The relatively soft gamma ray ( l / 2 mev) subsequently 
emitted is more easily absorbed within the shield than the harder gammas which are char¬ 
acteristic of capture in most other materials (Table 2.1.7). 

Table 2.9.55 lists the solubilities of several boron-containing substances in water and 
the present boron concentrations of saturated solutions. 

BORON COATINGS FOR METALS 

Recent experiments by the ceramics group at Y-12 plant, Carbide & Carbon Chemical 
Company, Oak Ridge, Tennessee have indicated that it is possible to coat iron to a thick¬ 
ness of 0.020 in. with a boron-containing glass. 1 The method, developed for small samples, 
is:« The sample to be coated is first cleaned and sandblasted, and a boron glass (a chemical 
analog of silica glass with borates replacing silicates) is prepared and ground to size 
(150—200 mesh). The sample is then heated to a dull red heat far above the melting range 
of the glass (~800°C), and the ground boron glass is flame-sprayed onto the surface. 

The final product has a smooth glaze-like appearance much like a porcelanized coating. 

The color ranges from black or chalk gray for very thin coatings (1 mil) to whitish gray 


'References appear at end of chapter. 
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or yellowish for coatings 20 mils thick and over. The coating is very brittle and will chip 
off under bending or deformation of the metal. 

So far no coatings above about 25 mils thickness have been successful. Thicker coatings 
tend to peel and crack. Not much work has been done in multiple layer coatings. It is 
White’s opinion that multiple-layer coatings would not be successful but that it may be 
possible to prepare sandwich-type samples built up of alternate layers of metal and coating. 

This type of coating has been tried only on iron and aluminum. The coating is not suc¬ 
cessful on aluminum but may possibly be made to work on copper and on stainless steel. 

The coating will not withstand temperatures above the melting range of the glass (600°C). 

The glass used in the sample-coating was made from the following percentages of raw 
materials by weight: 


H 3 BO s —42.83% 

Pb 3 0 4 - 54.55% 

ZnO- 2.61% 

An analysis of the finished glass had the following composition by weight: 


B 2 O s -35% 

PbO-62.5% 

ZnO- 2.5% 

The flame-spraying technique works best on small samples. For large samples, a 
different procedure is necessary to produce even coatings. A 5- by 5-ft slab of iron is 
now being coated for test in the ORNL Bulk Shielding Facility. The coating is put on in a 
furnace. 
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Table 2.9.53—Composition of Boral* 

(Kitzes and Hullings; 28 original boral composition reported by McKinney and Rockwell 2 *) 

Component Without A1 cladding, wt-% With A1 cladding (V 4 in. 

sheet), wt-% 


Molecular composition 


Aluminum (2S1 

65.0 

80.0 

Boron carbide 

35.0 

20.0 


Elemental composition 


Aluminum (2S) 

65.0 

80.0 

Boron 

27.5 

15.7 

Carbon 

7.5 

4.5 


* Boral, an engineering material for absorption of thermal neutrons, is a mixture of B 4 C 
and Al. The alloy is held in an aluminum cladding 20 /iooo * n - thick, without which the material 
is brittle and difficult to handle. The standard boral composition, supplied by Carbide and 
Carbon Chemicals Company, Y-12 Plant, Oak Ridge, Term., shown above is available in V 4 
and V 8 in. thick sheets. The B 4 C content in the alloy can be as high as 50%; impurities less 
than 1%; major impurity is iron 


Table 2.9.54 —Physical Properties of Boral 


Property 

Appearance 

Density, gm/cc 

Specific heat, gm-cal/gm 

Thermal conductivity, Btu/(hr)(ft)(°F) 

Elongation, % 

Tensile strength,* lb/sq in. 

Shear strength,* lb/sq in. 

Heat generation from (n,a) reaction, 
watts/(ft 2 ) (nv) 

Cost (1953)$ 


Value or descriptiont 

Aluminum-like alloy; can be rolled, sheared, 
sawed, drilled, tapped, hot-formed, die- 
cast, welded 

2.53 

0.175 

25 at 200°F 
19 at 500°F 
0.4 
5500 
8240 

7.4 x 10" 1# 

$18 per sq ft for V 4 -in.-thick sheets; 

$15 per sq ft for %-in.-thick sheets; 


* The strength of the sheets of boral lies in the aluminum cladding and does not vary with 
the composition of the B 4 C-A1 alloy 
t McKinney 28 and Kitzes and Hullings 2 * 

{Rinderer 3 ® 
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Table A. 1.1 — Constants 
(CF-51-8-10) 


Velocity of light (C): 


“Absolute” zero (T 0 ): 
Faraday constant (F): 
Avogadro’s number (N 0 ): 
Chemical/physical mass unit: 
Plank’s constant (h): 

Charge of electron (e): 


Compton wavelength (X 0 ): 

/e 2 \ 

Fine structure constant I — = al: 
Boltzman constant (k): 


Stefan-Boltzmann constant (or): 

Bohr nuclear magneton ^ 2 Mp C = ** n ) 


(2.99776 dt 0.00004) x lO 10 cm/sec = (9.8356 ± 0.00013) 
x 10 s ft/sec 

-273.16 ± 0.01°C = -459.69 ± 0.02®F 
96514.0 ± 10 abs coulombs/phys. gm equiv. 

(6.02283 ± 0.0011) x 10 23 molecules/chem-mole 
1.000272 ± 0.000005 

6.6242 x 10" 27 erg-sec = 4.1349 x 10” 15 ev-sec 
4.8025 x 10“ 10 abs esu = 1.60203 x 10“ 2 ° abs emu 
= 1.60203 x 10 -19 abs coulombs 
2.4265 x 10 -, ° cm 


0.0072977 = 


1 

137.030 


1.38047 x 10~ 16 erg/deg = 3.2982 x KT 24 
= 8.6170 x 10" 5 ev/deg 
5.6728 x 10" 5 erg/(cm 2 )(deg 4 )(sec) 


cal/deg 


5.049 x 10 -24 erg/gauss 


Table A. 1.2 — Conversion Factors 


Multiply 

By 

To obtain 


Energy 


Btu 

6.59 x 10 15 

mev 

Btu 

1054.8 

joules 

Btu 

2.930 x 10" 4 

kw-hr 

Btu 

3.929 x lO -4 

hp-hr 

Btu 

252 

gm-cal 

cal (15°) 

2.6126 x 10 19 

ev 

cal (15°) 

4.1855 x 10 7 

ergs 

cal (15®) 

4.1855 

joules 

ergs 

6.2421 x 10 11 

ev 

ergs 

10 _T 

joules 

ergs 

2.3892 x 10 -8 

cal (15°) 

ev 

1.60203 x 10" 12 

ergs 

ev 

1.60203 x 10~ 19 

joules 

ev 

3.8276 x 10 _2 ° 

cal (15®) 

gm 

5.6095 x 10 32 

ev 

gm 

8.9866 x lO 20 

ergs 

gm 

8.9866 x 10 13 

joules 

gm 

2.1471 x 10 13 

cal (15®) 

gm-cal 

2.616 x 10 13 

mev 

gm-cal 

4.186 

joules 

gm-cal 

1.163 x 10" 6 

kw-hr 

gm-cal 

1.559 x 10 -8 

hp-hr 

gm-cal 

3.969 x 10" 3 

Btu 

hp-hr 

1.677 x lO” 

mev 

hp-hr 

2.684 x 10 e 

joules 

hp-hr 

0.7457 

kw-hr 

hp-hr 

6.413 x 10 8 

gm-cal 
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Multiply 

Table A. 1.2—(Continued) 

By 

To obtain 

hp-hr 

Energy 

2545 

Btu 

joules 

6.25 x 10 12 

mev 

joules 

2.778 x 10' 7 

kw-hr 

joules 

3.722 x 10- 7 

hp-hr 

joules 

0.2389 

gm-cal 

joules 

9.480 x 10~ 4 

Btu 

joules 

6.2421 x 10 ,B 

ev 

joules 

1 x 10 7 

ergs 

joules 

0.23892 

cal (15°) 

kw-hr 

2.25 x 10 19 

mev 

kw-hr 

3.6 x 10 6 

joules 

kw-hr 

1.341 

hp-hr 

kw-hr 

8.60 x 10 s 

gm-cal 

kw-hr 

3.413 x 10 3 

Btu 

mev 

1.6 x 10 -13 

joules 

mev 

4.44 x 10* 20 

kw-hr 

mev 

5.95 x 10' 2 ° 

hp-hr 

mev 

3.82 x 10" u 

gm-cal 

mev 

1.517 x 10" 16 

Btu 

days 

Time 

2.738 x 10~ 3 

yr 

days 

24 

hr 

days 

1440 

8.640 x 10 4 

min 

days 

sec 

% 

hr 

1.141 x 10" 4 

yr 

hr 

0.04167 

days 

hr 

60 

min 

hr 

3600 

sec 

min 

1.901 x 10 _B 

yr 

min 

6.944 x 10" 4 

days 

min 

1.667 x 10* 2 

hr 

min 

60 

A 

sec 

sec 

3.169 x 10" B 

yr 

sec 

1.157 x 10" 5 

days 

sec 

2.778 x lO -4 

hr 

sec 

1.667 x 10‘ 2 

min 

yr 

yr 

365.26 

days 

8766 

hr 

• 

yr 

5.260 x 10 s 

min 

«/ 

yr 

3.156 x 10 7 

sec 

cm 

Length 

0.01 

m 

cm 

.3937 

in. 

cm 

.03281 

ft 

ft 

.3048 

m 

ft 

30.48 

cm 

ft 

12 

in. 

in. 

0.0254 

m 

in. 

2.54 

cm 

in. 

0.0833 

ft 




PHYSICS 


Table A. 1.2—(Continued) 


Multiply 

By 

To obtain 


Length 


meters 

100 

cm 

meters 

39.37 

in. 

meters 

3.281 

ft. 

microns 

10" 6 

meters 

microns 

10- 4 

cm 

microns 

3.937 x 10“ 5 

in. 

microns 

3.281 x 10" 6 

ft 


Volume 


cu cm 

10 -6 

m 3 

cu cm 

6.102 x 10 -2 

in. 3 

cu cm 

2.642 x 10~ 4 

gal 

cu cm 

3.531 x 10“ 5 

ft 3 

cu cm 

1.308 x 10“ 6 

yd 3 

cu ft 

2.832 x 10~ 2 

m 3 

cu ft 

2.832 x 10 4 

cm 3 

cu ft 

1728 

in. 3 

cu ft 

28.32 

liters 

cu ft 

3.704 x 10" 2 

yd 3 

cu ft 

7.481 

gal 

cu in. 

1.639 x 10 _s 

m 3 

cu in. 

16.39 

cm 3 

cu in. 

5.787 x 10 -4 

ft 3 

cu meter 

1 x 10 6 

cm 3 

cu meter 

6.102 x 10 4 

in. 3 

cu yd 

7.646 x 10 5 

cm 3 

cu yd 

27 

ft 3 

cu yd 

764.6 

liters 

cu yd 

202 

gal 

gal 

3785 

cm 3 

gal 

0.1337 

ft 3 

gal 

3.785 

liters 

gal 

4.951 x 10 -3 

yd 3 

liters 

1000 

cm 3 

liters 

3.531 x 10 -2 

ft 3 

liters 

1.308 x 10 -3 

yd 3 

liters 

0.2642 

gal 


Angular displacement 


deg 

1.745 x 10" 2 

rad 

deg 

2.778 x 10" 3 

rev 

rad 

57.3 

deg 

rad 

0.1592 

rev 

rev 

360 

deg 

rev 

6.283 

rad 


Pressure 


atm 

76 

cm Hg 

atm 

1033 

gm/cm* 
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Table A. 1.2 — (Continued) 
Multiply By 


To obtain 


Pressure 


atm 

2177 

lb/ft 2 

atm 

14.70 

lb/in. 2 

cm Hg 

1.316 x lO -2 

atm 

cm Hg 

13.6 

gm/cm 2 

cm Hg 

27.85 

lb/ft 2 

cm Hg 

0.1934 

lb/in. 2 

gm/cm 2 

9.678 x 10“ 4 

atm 

gm/cm 2 

7.356 x 10" 2 

cm Hg 

gm/cm 2 

2.048 

lb/ft 2 

gm/cm 2 

1.422 x 10' 2 

lb/in. 2 

lb/ft 2 

4.725 x 10‘ 4 

atm 

lb/ft 2 

3.591 x 10“ 2 

cm Hg 

lb/ft 2 

0.4882 

gm /cm 2 

lb/ft 2 

6.944 x 10“ 3 

lb/in. 2 

lb/in. 2 

6.804 x lO -2 

atm 

lb/in. 2 

5.171 

cm Hg 

lb/in. 2 

70.3 

gm/ cm 2 

lb/in. 2 

144 

IV ft 2 


Density 


gm/cm 3 

1 x 10 3 

gm/liter 

gm/cm 3 

62.43 

lb/ ft 3 

gm/liter 

1 x 10" 3 

gm/cm 3 

gm/liter 

6.243 x 10' 2 

lb/ft 3 

lb/ft 3 

1.602 x 10 -2 

gm/cm 3 

lb/ft 3 

16.02 

gm/liter 


Thermal conductivity 


Btu/(hr)(*F) (ft) 

4.134 x 10‘ 3 

gm-cal/(sec) (*C)(cm) 

Btu/ (hr) (*F) (ft) 

12 

Btu/(hr)CF)(ft 2 /in.) 

Btu/(hr)CF)(ft 2 /in.) 

3.44 x 10‘ 4 

gm-cal/(sec)(*C)(cm) 

Btu/(hr)(*F)(ft 2 /in.) 

8.33 x 10“ 2 

Btu/(hr )<°F) (ft) 

gm-cal/(sec)CC)(cm) 

241.9 

Btu/(hr)CF)(ft) 

gm-cal/(sec)(“C)(cm) 

2903 

Btu/(hr)(°F)(ft 2 /in.) 


Table A. 1.3 — Radiation Dose Units 


Radiation Roentgen 

Energy absorbed, 
roentgen 
equivalent 
physical (rep) 

Biological damage, 
roentgen equiva¬ 
lent man (rem) 

Relative biological 
effectiveness (rbe) 

X-ray 1 

1 

1 

• • • 

Gamma 1 

1 

1 

1 

Beta 

1 

1 

1 

Thermal-neutron 

1 

5 

5 

Fast-neutron 

1 

10 

10 

Proton 

1 

10 

10 

Alpha-particle 

1 

20 

20 
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Table A. 1.4 — Gamma Energy Flux to Dose Rate 


Gamma energy, mev 


To produce 1 r/hr, To produce 0.3 r/40-hr wk, 

10 s mcv/(cm 2 )(sec) 10 3 mev/(cm 2 )(sec) 


0.5 


5 


1 

2 

5 

10 


5.5 

6 

8 

10 


3.75 

4.125 

4.5 

6.0 

7.5 


Table A. 1.5—Neutron Flux to Dose Rate 

(W. S. Snyder and J. Neufeld, Maximum Permissible Neutron Flux for Fast and Thermal 
Neutrons, Symposium on the Biophysical and Biological Effects of Neutrons, Mar. 17-18, 1952) 

To produce 1 rem/hr, To produce 0.3 rem/40 hr, 

Neutron energy 10 3 r/(cm 2 )(sec) r/(cm 2 )(sec) 


Thermal 

240 

1800 

5 kev 

220 

1650 

0.5 mev 

11 

82.5 

2.5 mev 

5.2 

39 

5.0 mev 

3.2 

24 

10 mev 

3.33 

25 


Table A. 1.6 — Neutron Wavelengths for Various Energies 


Energy 


KT 20 o 


1 ev 


1 mev 


Neutron,* A 
Photon,t A 


0.28635 x 10‘ 8 
0.0049068 


0.045512 x 10“ 8 
12.395 x 10' 8 


4.5501 x 10" 13 


0.012395 x 10 


-8 


♦Entries are X = = - 

tEntries are A * P 
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Table A.1.7 — 

-Neutron Energy, Wavelength, Velocity, and Time of Flight* 

(X = 2 ttX = wavelength, 

A (10 8 cm); E 

= energy, ev; v = 
psec/m) 

velocity, cm/sec; t 

= time of flight. 

X - . . . 

6.2832X 

0.28696//E 

3.9554 x 10Vv 

0.0039554t 

X = 0.159155-X 

• • • 

0.045512/VE 

62,452/v 

0.00062952t 

E = 0.081774 X 2 

0.0020714/X 2 

• • • 

5.2269 x 10- ,3 v 2 

5226.9/t 2 

v = 3.9554 x 10 5 /X 

62,952 A 

1.3832 x 10 6 /E 

• • • 

10 8 /t 

t = 252.82X 

1588.5 + X 

4 — 

72.297/ -/E 

10 8 /v 

• • • 


•This table is valid to 1% percent for E < 10 mev 


Table A. 1.8—Low-energy Neutrons 


Energy, ev 

Wavelength, A 

Velocity, 

cm/sec 

0.001 

9.0430 

4.3740 

X 

10 4 

.01 

2.8596 

1.3832 

X 

10 s 

.02 

2.0221 

1.9561 

X 

10 s 

.0259* 

1.7786 

2.2239 

X 

10 s 

.03 

1.6510 

2.3957 

X 

10 s 

.04 

1.4298 

2.7664 

X 

10 s 

.05 

1.2789 

3.0929 

X 

10 5 

.06 

1.1674 

3.3881 

X 

10 s 

.07 

1.0808 

3.6596 

X 

10 5 

.08 

1.0110 

3.9122 

X 

10 5 

.09 

0.95321 

4.1495 

X 

10 5 

.1 

.90430 

4.3740 

X 

10 5 

.2 

.63944 

6.1858 

X 

10 s 

.4 

.45215- 

8.7480 

X 

10 5 

.6 

.36918 

1.0714 

X 

10 6 

.8 

.31972 

1.2372 

X 

10 s 

1 

.28596 

1.3832 

X 

10 6 


*0.025851 ev = kT 30(n< 
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Table A. 1.9 —Miscellaneous Factors and Definitions 


(1) 1 atomic mass unit (amu) = 1.65990 x lO" 24 gm = 931.12 mev 

( 2 ) 1 barn = nuclear unit of cross section = 10“ 24 cm 

(3) 1 curie = 3.68 x lO 10 disintegrations/sec 

(4) 1 rutherford = 1.00 x 10 6 disintegrations/sec 

(5) Width of level having lifetime of 1 sec = 4.1349 x 10 -15 ev 

(6) Lifetime of state with width of 1 ev = 4.1349 x 10" 15 sec 

k J<f C = °-°f 54 eV; kT i5*c = 0.02483 ev; kT 20 . c = 0.02526 ev; kT 300 . K = 0.02585 ev 

(8) Relaxation length (r) is the thickness of absorber which will reduce the radiation intensity 
to 1/e times its initial value 


2.3r - distance to reduce radiation to 0.1 times its initial value 
Tcm to fall to l/e I 0 = >0.906 t in. to fall to 0.10 Iq 


(9) In a reactor operating at a power level of P watts, P x 3.1 x lO 10 fissions/sec occur 

(10) Conversion Factors for Gamma-ray Cross Section 

crj - microscopic cross section in Thompson units per electron 
a b = microscopic cross section in barns (10 -24 cm 2 ) 
p = linear absorption coefficient in cm -1 
Pm= mass absorption coefficient in cm 2 /gm 
r 0 = classical electron radius 


1 Thompson unit = 0..665 b = ~ irr§ cm 2 

3 

In a medium of Z electrons/molecule and molecular weight A: 


9 


- 0.665 Zo - , 


Pm = 


0.6023 


= 


0.6023Z 


x 0.665 <7 t 


H = p 


u 


0.6023p _ ( 

=-:— c <r L = o . -a x 10 24 


Pel 


where: p 

Pe i 

1 gm/cm 2 


- mass density in gm/cm 3 
= electron density per cm 3 
= 0.4882 lb/ft 2 
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Table A.2.3 — ORNL Graphite Reactor (X-10) 
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Table A.2.5 — Materials Testing Reactor (MTR) 
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Table A. 2 .6 — Low-Intensity Training Reactor (LITR) 
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Table A.2.12—Los Alamos Water Boiler (SUPO) 
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INDEX 


A 

Absorption coefficients, narrow-beam, combinations 
for mixtures of elements, 641-642 
components of, 640-641 
definition for monochromatic gammas, 640 
filtration effect, 648 

(See also Energy-absorption coefficients and Mass 
absorption coefficients) 

Absorption of capture gammas, 705-707 
Activity-mass formula, 630-631 
Adjoint equation for infinite homogeneous medium, 
428 

Adjoint operator. 471 
Age, definition of, 401 

of fission neutrons, in moderators, 485 
in water-metal mixtures, 486 
for lattice reactors, 482, 485 
measurement of, 49-51 

of Ra-a-Be neutrons in water-metal mixtures, 

486 

and slowing-down length, 402 
of water lattices, 501 
Age equation, with absorption, 402 

solutions for homogeneous regions, 402-403 
for variable-density medium, 470 
Age theory, 401-405 

continuity equation in, 401 

deviation from, 412 

group method for, 418-419 

and group theory, 422 

migration area in, 404 

moment improvements without absorption, 

409-410 

slowing-down distance in, 409 
two media problems in, 402 
Aging, in finite homogeneous medium, 403 
followed by diffusion, 403-408 
in finite homogeneous media, 405 
in infinite homogeneous medium, 404 
in infinite homogeneous medium, 402 
Air, composition of, 741 
density of, 742 

mass absorption coefficient of, 721 
Albedo, 446 

approach to neutron attenuation, 695 
effective, 696-698 
table, 698 

fast-neutron, for concrete, 696, 697 
for water, 696, 697 
gamma-ray for concrete, 698 


Albedo, wall, in single-bend duct, 696 
in straight duct, 695 

Alpha (see Cross sections, capture-to-fission ratio 
of) 

Alpha particles, emission in fission, 67 
range of, 66-67 

Aluminum, o e (1-cos 9 ) value for, 110 
Ammonia, atomic density of, 720 
mass absorption coefficient of, 721 
molecular density of, 721 
molecular weight of, 721 
physical properties of, 733 
Amu (see Atomic mass unit) 

Analysis of U. S, waters, 736 
Argonne Heavy Water Reactor, 769 
Argonne Research Reactor, 770 
Ash, atomic density of hydrogen in, 721 
mass absorption coefficient of, 722 
white, composition of, 738 
physical properties of, 739 
Atomic density, of elements, 717 
of hydrogen, in compounds, 720 
in organic compounds, 720 
Atomic mass unit, definition of, 61 
energy equivalent of, 61 
Atomic numbers of elements, 717-719 
Atomic weights of elements, 717-719 
Attenuation, gamma, by air ducts and voids, 698 
by single straight duct, 698 
neutron, dependence of visible wall region at 
bend on angle of bend, 696, 697 
by multiple-bend duct, 696-697 
by single-bend duct, 696 
by single straight duct, 695, 696 
by voids, 698 

Attenuation constant, for linear anisotropy, 430 
(See also Diffusion length and Transport theory) 
Attenuation function, definition of, 677-678 
Attenuation kernel (see Attenuation function) 

B 

Balsa, atomic density of hydrogen in, 721 
composition of, 738 
physical properties of, 739 
Barytes aggregate, composition of, 727 
Beryllium, lattices moderated by, 484 
(n, 2n) reaction in, 82-83 
o e (l-cos 9 ) value for, 110 
slowing-down density in, 507 
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Beryllium, total cross section of, 78-79, 142 
use of, for neutron monochromator, 22 
in neutron sources, 1 
Beta decay (see Radioactive decay) 

Binding energy, 61, 626 
of additional neutron, 62, 86-105 
and packing fraction, 62 
Biological dose, 677 

Boiling points of organic compounds, 741 
Boltzmann equation, 365 
for anisotropic scattering, 380 
solutions, 455 

spherical harmonics in, 381 
for energy-independent cross sections, 450 
integral equation formulation for one-velocity 
theory, 378-380 

integro-differential formulation for infinite 
homogeneous region, 376-378 
for isotropic scattering, 378 
kernel for, 378 
plane kernel for, 379 
for slab geometry, 378 
time-dependent treatment of, 379 
variational formulation of, 380-381 
(See also Transport equation) 

Boral, composition of, 750 

mass absorption coefficient of, 721 
physical properties of, 750 
Boration of water, 748 
Boron, use in neutron detectors, 23-24, 29 
Boron coatings for metals, 748-749 
Boron-containing materials, 748-751 
solubility of, 748, 751 
Boron frits, composition of, 731 
Boundary conditions for black medium, 423 
Boundary equations, in diffusion theory, across 
interface between two media, 390 
between medium and vacuum, 390-391 
in group-diffusion method, 418 
for group method, 465 
for slowing down with absorption in finite 
regions, 422-423 

for slowing-down density, for Greuling-Goertzel 
approximation, 423 
for Wigner approximation, 423 
in spherical-harmonic method, 390 
in transport theory, 390 

Breit-Wigner formula, for capture cross section, 71 
for scattering cross section, 72 
Bricks, composition of, 742 
mass absorption coefficient of, 721 
physical properties of, 743 
Broad-beam attenuation, 649, 650 
apparent absorption coefficient, 649 
gamma deflection, 649 
Brookhaven Graphite Research Reactor, 765 
Buckling, 435 

effective value of, 608 
geometric, 443, 444 

stationary formula for, 443 
material, approximations for, 435 
for heavy-water system, 494 
measurement of, 55 
for water lattices, 501 
values for cylindrical shapes, 614 
for water lattices, 499, 500 


Build-up factors, 651-652, 684-685 

for gamma-ray absorptions, 701-702 
linear, definition of, 686 

NDA-NBS calculation, tables, 660, 661 
trend at great depths, 655 
data, 656 

unitary, definition of, 686 
Bulk Shielding Reactor, 768 
spectral distributions of, 704 


c 

Cadmium ratio, 18, 51 
for water lattices, 500 
Capture gammas, absorption of, 705-707 
Carbon, total cross section of, 78-79, 143 
(See also Graphite) 

Cements, colemanite borated, composition of, 723 
physical properties of, 724 
composition of, 723 
mass absorption coefficient of, 722 
physical properties of, 724 
plain, composition of, 723 
physical properties of, 724 
Portland, composition of, 723 
Chemical binding, 78-80, 144-145 
Chicago Pile No. 1, 762 
Chicago Pile No. 2, 763 
Chopper, neutron, 19 
Chromium, o c (1-cos 0) value for, 110 
Collision mechanics, 75-78, 110, 134 
Collision reactions, 11, 70-84, 110-114, 128-157, 
351-363 

laboratory and center-of-mass coordinates for, 70 
Composition, of air, 741 
of barytes aggregate, 727 
of barytes concrete, 726 
of barytes-limonite concrete, 728 
of boral, 750 
of boron frits, 731 
of bricks, 742 
of cements, 723 
of concretes, 730 
of fuel oil, 733 
of gasoline, 734 
of glass, 743 
of iron, 744 
of lucite, 735 
of lumnite, 731 
of masonite, 740 
of MO concrete, 725 
of ordinary concrete, 725 
of paraffin, 736 
of rocks, 746 
of rubber, 735 
of sand, 724 

of shield materials, 723-748 
of stainless steel type 347, 747 
of woods, 738 

Compound nucleus, excitation of, 62 
fission of, 68 
formation of, 71, 75 

cross section for, 80-81 
Compounds in shield materials, 720 
atomic densities of hydrogen in, 720 
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Compounds in shield materials, densities of, 720 
molecular densities of, 720 
removal cross sections of, 723 
Compressive strength of concretes, 732 
Compton scattering, 639 
probability of, 639 

removal of incident photon energy, 643, 644 
Concretes, barytes, composition of, 726 
elemental composition of, 728 
physical properties of, 727 
barytes-limonite, composition of, 728 
compressive strength of, 728 
density of, 728 

elemental composition of, 728 
boron frits-barytes, composition of, 730 
compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
colemanite-barytes, composition of, 730 
compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
composition of, 674, 730 
compressive strength of, 732 
density of, 732 

elemental composition of, 732 
iron-portland, composition of, 730 
compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
lumnite-colemanite-barytes, composition of, 730 
compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
lumnite-portland-colemanite-barytes, composi¬ 
tion of, 730 

compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
mass absorption coefficient of, 722 
MO, composition of, 725 
physical properties of, 726 
ordinary, composition of, 725 
physical properties of, 725 
Cone of radiation, 683, 684 
Constants, 754 

Continuity equation, 365, 382 
for slowing-down density, 367 
Control (see Reactor dynamics) 

Control boundaries, 614 
Control gaps, 614-615 
Control regions, 609-614 
Control rods, effective radius of, 602, 605-607 
for black bars, 606 
for non-black bars, 605-607 
flux flattening by, 612 
multiple, shadowing effect for, 605, 608 
shape of, relative effectiveness for, 605, 607 
single, 602-605 
effective radius of, 602 
longitudinal displacement of, 602, 604 


Control rods, single, radial displacement of, 602, 603 
transfer function of, 583-584, 593 
Conversion factors, angular displacement, 756 
density, 757 
energy, 754 - 7 5 5 
gamma-ray cross section, 760 
length, 755-756 
pressure, 756-757 
thermal conductivity, 757 
time, 755 
volume, 756 

Copper, o e (1 -cos 9) value for, 110 
Counters (see Neutron detectors) 

Critical equation, for bare thermal reactor, 
in terms of migration area, 464 
eigenvalue formulation of, 471 
for infinite homogeneous medium, 427 
for thermal reactor, by mode method, 463 
for two-group theory, 466 
Critical mass, 477-478, 485-495 
data for water boilers, 488 
minimum, for water reactor, 478, 512 
of reactors, deuterium-moderated, 478, 491-495, 

515 

heavy-water-moderated, with graphite reflectors, 
493 

with heavy-water reflector, 491-493 
without reflector, 492 

homogeneous, with moderated cores, 477-478, 
488-495, 510-515 

hydrogen-moderated, 477-478, 488-490, 510-514 
water-moderated, 477 
effect of reflector on, 478, 490 
Critical size, of bare spheres, 430 
effect of density on, 445 
for odd-shaped reflected reactors, 449 
for simple geometries, 431 

for thermal reactor, with Gaussian slowing down, 

458 

Cross sections, absorption, 42-45 

measurement of, by activation method, 44 
by change in reactor reactivity, 43-44 
by depletion method, 44 
by diffusion length, 45 
by substitution method, 42-43 
by transmission method, 42 
average values for, 376 
capture, 73 

Breit-Wigner formula for, 71 
measurement of, 47-48 
capture-to-fission ratio of, 69 
measurement of, 48-49 
definition of, 41 

differential, in center-of-mass and laboratory 
systems, 70 

effect of density on, 554 
effective value of, 562 

elastic scattering, value of, 78, 110-111, 129, 

135-141, 351-363 
fission, 68, 117-126 
measurement of, 47 
free-atom, 80 

inelastic, data for, 80, 112-114 
of iron, 47 

for inverse process, 74 
measurement of, 41-49 
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Cross sections, neutron, 71-74, 128-132 
radiative capture, 62, 130 

Breit-Wigner fit for cadmium, 83, 152 
for 1-mev neutrons, 84, 130 
removal, 451 
scattering, 45-46, 71-72 
Breit-Wigner formula for, 72 
differential, measurement of, 45 
for large angles, 46 
by poor-geometry experiment, 46 
by recoil counters, 45-46 
inelastic, 47 

measurement of, by direct spectrum method, 47 
by gamma-ray method, 47 
by transmission method, 47 
total, 46 

measurement by transmission, 46 
thermal values of, 351-363 
total, 41-42 

of beryllium, 79, 142 
of carbon, 79, 143 
of deuterium, 145 
of hydrogen, 144 

measurement by transmission experiment, 41 
for total transport reaction, 74, 131 
transport, 78, 111 
definition of, 78 
values of, 111, 487 
Crystal effects, 78-80, 142-145 
Crystal monochromator, 21-22 
resolution of, 21 
Curie, 630-631 
Current, definition of, 677 
neutron (see Neutron current) 

D 

Danger coefficients, and absorption cross-section 
measurement, 43 

for measurement of capture-to-fission ratio, 

48-49 

Density, of air, 742 

of compounds in shield materials, 720 
of concretes, 732 
of elements, 717 
of organic compounds, 741 
of wood, and volume composition, 740 
Deuterium, reactors moderated by, critical mass of, 
478, 491-495, 515 
slowing down in, 370, 374 
total cross section of, 145 
Diffusion, in crystalline matter, 425 
of gamma rays, 646 
hardening effect in, 425 
in high-atomic-weight material, 425 
softening effect in, 425 
of thermal neutrons, 423-425 

with energy-independent cross sections, 424-425 
Diffusion coefficient, 302, 389 
correction to, 389 
effect of density on, 554 
thermal, effect of temperature on, 562 
Diffusion constant, 443 

Diffusion equation, for homogeneous multiplying 
region, 435 


Diffusion equation, solutions of, 466, 468 
asymptotic, 393 
for bare reactors, 443-445 
for cylindrical geometries, 446, 447 
near free boundary, 393 
for plane geometries, 446 
for spherical geometries, 446, 447 
time-dependent, 389-390 
useful formulations of, 383 
validity of, 389 
Diffusion kernel (see Kernel) 

Diffusion length, 386, 389 
for anisotropic scattering, 392 
measurement of, 52-54, 56 
thermal, 425 

for lattice reactors, 482, 487 
values of, 487 
for water lattices, 501 

Diffusion theory, boundary conditions in, across 
interface between two media, 390 
between medium and vacuum, 390-391 
effect of anisotropic scattering in, 389 
extrapolation length in, 391 
for homogeneous reactors, 435, 443-450 
integral equations of, 383-384 
prescriptions for improving, 389 
near source, 389 

for strongly absorbing media, 389 
results of transport theory in, 389 
for linear scattering law, 391 
for quadratic scattering law, 391 
retardation time in, 385 
time-dependent, 384-385 
Green’s function for, 384-385 
telegrapher’s equation in, 385 
transport correction to, 382 
validity of, 385 

variational formulation of, 384 
Diffusion time, 385 
Doppler effect, 73, 597 
and reactivity, 556 
Dosage rate, 630 
Ducts, air, 695 
albedo approach, 695 
multiple-bend, 696 
principal investigations of, 695 
single-bend, 696 
straight, 695 

Dynamics (see Reactor dynamics) 


E 

Effective removal cross section, 670-671 
definition of, 671 
of Iron, 723 
of lead, 723 

specific values for, iron, 673 
lead, 671 
oxygen, 671, 672 
table, 673 

use in calculating shields, 673 
(See also Removal cross section) 
Effective source area, 683-684 
Einstein energy-mass formula, 61 
Elastic scattering, 668 
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Elastic scattering, angular distribution of, 668 
definition of, 667 
‘‘potential/’ 668, 671 
“resonance,” 668, 671 
Electrons, range of, 66 
Elemental composition, of concretes, 732 
barytes, 728 
barytes-limonite, 728 
Elementary interaction processes, 637-647 
classification by effect on photons, 638 
classification by mechanism, 637-638 
probability, 640-643 
Elements, atomic densities of, 717 
atomic numbers of, 717-719 
atomic weights of, 717-719 
densities of, 717 

mass absorption coefficients of, 718-719 
removal cross sections of, 723 
Energy absorption, of core, 703 
of core and reflector, 703 
of shield, 703 

of spherical core and reflector, 703 
Energy-absorption coefficients, 702 
narrow-beam, 646 
table, 647, 661 
Energy dissipation, 643-647 
energy transport, 645-646 
by electrons, 645 
distance traveled, 645 
by neutrons, 645 

distance traveled, 645 
by positrons, 645 

distance traveled, 645 
by protons, 646 

distance traveled, 646 
sidewise gamma escape, 643-645 
annihilation, 645 
bremsstrahlung, 645 
fluorescence, 643, 644 
fluorescent yield, 644 
scattering, 643, 644 
energy fraction scattered, 644 
Energy range, 637 

Exponential integral functions, definition of, 686 
figures, 690-692 
table, 688 

Exponential law of attenuation, 640, 641 
importance for penetration problem, 651 
Exponential pile, 55-56 
Extrapolation distance, 399 
for anisotropic scattering, 392 
for black cylinders, 391, 395 
for black spheres, 391, 394 
in diffusion theory, 391 
effective, 423 
in group method, 418 
measurement of, 54-55 
for plane geometry, 392 
in transport theory, 391 

Extrapolation length (see Extrapolation distance) 


Feynman-Welton method, 450-456 
Fick’s law, 382, 387 
validity of, 385 

in asymptotic region, 389 
Fission, 67-70,106-110, 117-127 
alpha-particle emission in, 68 
cross sections for, 68, 117-126 
energy release in, 70, 110 
gamma-ray spectrum, 69 
neutron spectrum, 69 
neutron yield, delayed, 67 
spontaneous, 68 

decay constant, 106 
thresholds, 68, 106 

of uranium 235, energy distribution in, 110 
Fission products, 68-69, 106-108, 109, 127 
delayed neutrons, 623, 624 
gamma rays, 623, 624 
gross activity of, 623 
hard emitters, 623, 624 
half-lives of, 106-108 
kinetic energy of, 67, 68, 70, 108, 110 
radiation from, time dependence of, 68-69, 110 
range of, 67, 105 

thermal absorption cross sections of, 106-108 
yields of, 68, 106-108, 127 
Fission sources, 621-624 
Flux, definition of, 677 
Flux distribution, in sigma pile, 53, 54 
for water boiler, 477, 511 
Foils, thick, 677 
thin, 677 

Fuel oil, atomic density of hydrogen in, 721 
composition of, 733 
mass absorption coefficient of, 722 
physical properties of, 734 


G 

Gamma rays, attenuation of, 637-666 
capture, 624-626 

materials for suppression of, 716 
emission probability, 66 
experimental information on, 660, 662-664 
backscattering, 662-664 
distribution near boundary, 662 
distribution in “phantoms,” 662 
effect of inhomogeneities, 662 
radiation emerging from barrier, 662 
radiological shielding, 662 
sidescattering, 662 
fission, 623, 624 
spectrum of, 69 

flux-dose conversion factor, 758 
inelastic scattering, 625-626 
instruments for measuring, 625 
prompt, 623 

Gamma sources, (y.n), 701 
inelastic-scattering, 701 
primary, 701 

Gaps, effect on multiplication, 56 

Gasoline, atomic density of hydrogen in, 721 
composition of, 734 
mass absorption coefficient of, 722 
physical properties of, 734 


F 

Fermi age theory, 370, 401-405 

(See also Age theory and Slowing down) 
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Geometry, shielding. 677-693 
Glass, composition of, 743 
mass absorption coefficient of, 722 
physical properties of, 744 
Granite, composition of, 746 

mass absorption coefficient of, 722 
physical properties of, 747 
Graphite, lattices moderated by, 483-484, 499, 
522-528 

react ors m oderated by, flat flux for, 465 
o c (1 - cos 9) value for, 110 
slowing down in, 412, 413 
slowing-down density in, 412, 505 
Group-diffusion method, 417-422 
boundary conditions in, 418 
choice of parameters in, 419-420 
flux equations for, 417-418 
iteration technique in, 420 
kernels for, 420-422 

slowing-down density in, equations for, 418-419 

H 

Half-value layer of absorber, 642 
Heat generation in shields, 701-708 
Heavy-water system, material buckling for, 494 
Hickory, atomic density of hydrogen in, 721 
composition of, 738 
physical properties of, 739 
Homogeneous Reactor Experiment, 774 
Homogeneous reactors, bare, 463-464 

comparative accuracy of methods for, 430-431 
end-point method for, 430, 431 
flux in, 444 

iterative method for, 429-430 
critical mass of, 477-478, 485-495 
diffusion theory for, 435, 443-450 
hydrogen-moderated, 464 
multiregion, two-group treatment of, 465-469 
multivelocity, anisotropic scattering in, 455-456 
approximate solutions for, 452-453 
Feynman-Welton method for, 450-456 
one-velocity treatment of, 450-456 
with nonuniform moderator, 470 
odd shapes of, 470 
one-velocity treatment of, 429-450 
reflected, 445-449 

and cylindrical geometry, 449-450 
approximate solutions for, 450 
end-point method for, 431 
solutions for odd shapes, 449-450 
two-group theory for, 453-455 
Serber-Wllson method for, 431, 433-434 
thermal, mode methods for, 462-463 

treatment of, for Gaussian slowing down, 
456-461 

for symmetric slowing-down kernel, 459 
transport approximation for, 431, 432 
treatment for energy-dependent cross sections, 
451-453 

with uniform moderator, 456-465 
with flat thermal flux, 4.64 
with minimum mass, 464 
with nonuniform fuel loading, 464-465 
with uniform power density, 464 


Homogeneous reactors, with variable-density moder¬ 
ator, 470 

with variable fuel distribution, 470 
water-moderated, 462 

(See also Critical mass and Critical size) 
Hydrogen, atomic density of, in compounds, 720 
in organic compounds, 720 
cross section, 669-670 
total, 144 

exact solutions for slowing down, 369 
and heavy element, slowing down in, 370 
reactors moderated by, 464 
critical mass of, 477-478, 488-490, 510-514 
scattering by, energy distribution from, 76-77 
slowing down in, 367, 369 
slowing-down density in, 412, 414-416 
slowing-down length in 415 
use in neutron detector, 32 
(See also Water) 


I 

Image method, 423 
Importance, 473-474 
definition of, 532 
of delayed neutron emitters, 533 
and generation time, 473-474 
and reactivity, 473 
Indium, use as neutron detector, 25 
Inelastic scattering, 668-669 
cross sections, 668 
definition of, 667 
gamma rays in, 668-669 
Intensity of radiation, 630 

Interaction processes, elementary (see Elementary 
interaction processes) 

Ion pairs, 629 

Iron, atomic density of, 717 
composition of, 744 

effective removal cross section of, 723 
inelastic cross section of, 47 
mass absorption coefficient of, 718, 722 
physical properties of, 745 
cr e (1-cos 9) value for, 110 
Isotopes, table of, 158-350 


K 

Kernel, for Boltzmann equation, 378 
convolution of, 421 
diffusion, 383, 384 
group-diffusion, 420-422 
plane, for Boltzmann equation, 379 
point diffusion, 421 
for slowing down, 368 
symmetric, slowing down by, 459 
synthetic, for slowing down, 368-370, 373 
solutions for, 369 

use for critical mass of water reactors, 477 
transport, 380 

solution by Fourier transforms, 379-380 
Kinetic theory of neutrons, 365-426 
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L 

Lattice reactors, 478-485, 487, 495-503, 516-528 
age for, 482, 485 

diffusion length for, thermal, 482, 487 
effective resonance integral for, 481-482 
experimental and numerical results for, 483-484, 
499-501, 522-528 

fast-fission effect for, 479, 483, 495-496, 516 
data for, 495 

interaction effects for, 479 
uranium metal rods, 496 
values of, 496 

multiplication factor for, 484 
resonance escape probability for, 480-483, 
497-498, 502-503, 520-521 
surface and volume absorption in, 481 
thermal utilization for, 479-480, 483, 487, 

497, 517-519 

Lead, atomic density of, 717 
effective removal cross section of, 723 
mass absorption coefficient of, 719, 722 
physical properties of, 746 
Leakage, reactor, for shielding calculations, 693 
Limestone, composition of, 746 

mass absorption coefficient of, 722 
physical properties of, 747 
Los Alamos Water Boiler, 773 
Low-intensity Training Reactor, 767 
Low Power Research Reactor, 772 
Lucite, atomic density of, 720 
composition of, 735 
mass absorption coefficient of, 722 
molecular density of, 720 
molecular weight of, 720 
physical properties of, 735 
Lumnite, composition of, 731 

M 

Masonite, atomic density of hydrogen in, 721 
composition of, 740 
physical properties of, 740 
Mass absorption coefficients, of elements, 718-719 
narrow-beam, 641 
table, 642 

of shield materials, 721-722 
Materials Testing Reactor, 766 
Maximum permissible contamination, 633-634 
Maximum permissible exposure, 633 
Maxwell-Boltzmann distribution, 425, 556-557 
and averages, 376 
for thermal neutrons, 375, 376 
Metals, boron coatings for, 748-749 
Migration area, 464 
effect of temperature on, 598 
measurement of, 56 
Milligoat, 677 

Moderation (see Slowing down) 

Molecular densities, of compounds in shield ma¬ 
terials, 720 

Molecular weights, of organic compounds in shield 
materials, 720 

Multigroup diffusion theory, calculation techniques 
for, 469 


Multigroup diffusion theory, iteration method for, 469 
(See also Two-group theory) 

Multiplication, interpretation of, 57 
measurement of, 56-57 
Multiplication factor, 56 
effect of fuel on, 499 
effective change by control rods, 614 
for homogeneous region, 435 
for lattice reactors, 484 

for lattices, effect of fuel composition on, 484, 499 
metal-rod, 484, 522 
one-group, 383 

stationary expression for, 533 
for uranium rods in graphite, 522 
for water lattices, 501 
Multiplication length, 386 

N 

Neutron attenuation, 667-675 
build-up factor in, 670 
in concrete, 673-674 
relaxation lengths for, 674 
in iron, 673 

in large thickness of heavy material, 673 
in lead, 671 
in water, 671, 672 

Neutron balance (see Continuity equation) 

Neutron current, definition of, 382 
Neutron detection, of fast neutrons, 40-41 
by fission chambers, 33 
of slow neutrons, by activation, 25-29 
standardization of activation foils, 40 
by threshold detectors, 33-35 
(See also Neutron detectors) 

Neutron detectors, 23-36 
for fast neutrons, 32-36 
“long” counter as, 32 
photographic emulsions as, 35 
proton recoil counters as, 32-33 
scintillation counters as, 35-36 
isotopes useful for, 25 
and photographic emulsions, 30-32 
and resonance scatterers, 29-30 
for slow neutrons, 23-32 
fission counters as, 24 
ionization chambers as, 23-24 
proportional counters as, 23-24 
scintillation counters as, 32 
threshold, isotopes for, 34 
use of indium as, 25 
(See also Neutron detection) 

Neutron energy, 759 

Neutron flux, conversion to dose rate, 758 
thermal, standardization of, 39 
Neutron reactions, 71-84, 110-114, 128-157 
351-363 

cross sections for, hydrogen, angular distribution 
of, 669 
total, 669 

approximate formula for, 669 
total, 667 
(n,a), 84, 155-157 
(n,p), 84, 114 

(n,2n), approximate formulas for, 83 
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Neutron reactions, (n,2n), approximate formulas for, 
in beryllium, 82 
in copper, 82, 114 
in nickel, 82 
in thallium, 82 

in photographic emulsions, 30 
radiative capture, 83-84, 130, 152-154 
(See also Cross sections and Scattering) 

Neutron sources, 1-23 

gamma-ray intensity of, for Po-Be, 3-4 
for Ra-Be, 3 
mock fission, 19 

production of monoenergetic neutrons, 19-23 
by crystal monochromator, 21-22 
by filters, 22-23 
by pulsed cyclotron, 21 
by time-of-flight spectrometer, 19-21 
from reactors, 16-18 
and fission plate, 16 
and thermal column, 16 
spectrum of, for Po-B, 5, 6 
for Po-Be, 4 
for Ra-Be, 3 
use of beryllium in, 1 
use of polonium in, 1, 2 
use of radium in, 1 

using alpha particles, from polonium, 3-5 
from radium, 1,5 
from radon, 4-5 

using gamma-ray bombardment, of beryllium, 5-6 
of deuterium, 5-6 
manufacture of, 10-13 
neutron energy from, 6 
properties of, 8-9 
spectrum of, 7 
yield of, 8-10 

using particle accelerators, 11, 14-15 
and D-D reaction, 14 
and (d,n) reactions, 15 
and (p,n) reactions, 15 
yields of, measurement of, absolute, 36-37 
relative, 37-39 
use of reactor for, 37-39 
for Ra-B, 5 
from thick targets, 1,2 
time dependence for, 1 
Neutron temperature, 375 
measurement of, 49 
in various reactors, 49 
Neutron time of flight, 759 
Neutron velocity, 759 
average value of, 376 
Neutron wavelength, 758, 759 
Neutron width, for capture, 73 
for decay of nucleus, 75 
for scattering, 13 

Neutrons, “cold,” production of, 425 
delayed, 69-70, 109, 623, 624 
and circulating fuel, 589 
energy of, 109 
mean life of, 109 
parents of, 109 
yields of, 109 
fission, 621-622 
spectrum of, 69 
low-energy, 759 


Neutrons, prompt, 621-622 
thermal (see Thermal neutrons) 

Nickel, cr e (1-cos 8 ) value for, 110 
Nuclear physics, 61-364 
nomenclature in, 61, 84 
Nuclear plates, deuterium-loaded, 625 
Nuclear reactions, kinetic energy available for, 70 
momentum conservation in, 70 
reciprocity theorem for, 74-75 
schematic theory of, reaction cross section from, 
74, 132 

total cross section from, 74, 129 
transport cross section from, 74, 131 
Nucleus, binding energy of (see Binding energy) 
compound (see Compound nucleus) 
cross sections of (see Cross sections) 
level density of, 75, 80-81, 133 
level spacings of, 62, 130 
level width of, 71 
“magic,” 62 

mass of, 61-62, 86-105, 115-116, 130 
empirical formula for, 62 
packing fraction of, 86-105 
radioactive, 621 
radius of, 61, 85 
spin of, 63, 158-350 
stability plot of, 62, 115 
stable, properties of, 61-63, 85-105, 115-116, 

130, 158-350 

unstable (see Radioactive decay) 

o 

Oak, mass absorption coefficient of, 722 
white, atomic density of hydrogen in, 721 
composition of, 738 
physical properties of, 739 
One-group methods (see One-velocity theory) 
One-velocity theory, 376-401 

diffusion approximation in, 381-385 
for homogeneous regions in contact, 390-401 
in infinite homogeneous region, 376-390 
integral equation formulation for, 378-380 
for multivelocity reactors, 450-456 
spherical harmonics, expansion in, 381 
(See also Boltzmann equation) 

Organic compounds, boiling points of, 741 
densities of, 741 

mass absorption coefficients of, 721-722 
in shield materials, atomic densities of hydrogen 
in, 720 

molecular weights of, 720 
ORNL Graphite Reactor, 764 

P 

Packing fraction, 62 
and binding energy, 62 
experimental values of, 62, 116 
Pair production, 639 
probability of, 639 

Paraffin, atomic density of hydrogen in, 721 
composition of, 736 
mass absorption coefficient of, 722 
physical properties of, 736 
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Particle reactions, 669 
Penetration in homogeneous media, 646 
deep, 653-657 

critical spectral range, 654 
limited equilibrium, 654 

most penetrating spectral component, 653-654 
primary gammas, 653 
secondaries degraded to E m , 653, 654 
trends of penetration, 654-657 
factors affecting, 646, 648-650 

accumulation of secondaries, 649-650 
broad-beam effect, 649, 650 
degradation and deflection, 652 
energy degradation only, 651-652 
filtration effect, 648 
penetration of primaries, 651 
moderate, 657-661 
polynomial method, 657-658 
calculation of parameters, 658 
choice of analytical expression, 658 
distribution defined by parameters, 657 
exploratory calculations, 659 
NDA-NBS calculations, 659 
Perturbation theory, 470-474 
and reactivity, 554 
for reactivity change, 429 
Photoelectric effect, atomic, 639 
probability of, 639 
nuclear, 639-640 
probability of, 639 
Photoneutrons, 627 

Physical properties, of ammonia, 733 
of barytes concrete, 727 
of boral, 750 
of bricks, 743 
of cements, 724 
of fuel oil, 734 
of gasoline, 734 
of glass, 744 
of iron, 745 
of lead, 746 
of lucite, 735 
of masonite, 740 
of MO concrete, 726 
of ordinary concrete, 725 
of paraffin, 736 
of rocks, 747 
of rubber, 735 

of shield materials, 723-748 
of stainless steel type 347, 748 
of water, 737 
of woods, 739 

Pine, white, atomic density of hydrogen in, 721 
composition of, 738 
mass absorption coefficient of, 722 
physical properties of, 739 
Platinum filters, 632 

Plutonium 239, delayed-neutron data for, 109 
Poison, concentration of, time-dependent equation 
for, 564-565 

cross section, effective value of, 567-568 
fission-product, time-dependent equations for, 
566-567 

(See also Xenon) 

Poisson distribution law, 63 
Polonium, use in neutron sources, 1, 2 


Polymethyl methacrylate (see Lucite) 

Potential scattering, 72 
Protons, range of, 67 

R 

Radiation, dose units, 757 

permissible levels of, 629-635 
sources of, 621-628 
Radiative capture, definition of, 667 
gamma-ray energies in, 667 
suppression of gamma rays in 668 
Radioactive decay, 63-66, 158-350 
by alpha-particle emission, 65 
Geiger-Nuttali law for, 65 
by beta-particle emission, 65 
and delayed neutrons 69-70, 109 
disintegration constant for, 63 
by gamma-ray emission, 65-66 
half-life for, 63 

isotopic properties of, 66, 158-350 
law of, 63 
mean life for, 63 
statistics of, 63 

Radioactive decay chain, equations for, 63-65 
Radium, sources, 632 
use in neutron sources, 1 
Range, of alpha particles, 66-67 
of charged particles, 67 
of electrons, 66 

energy relations for, 66-67, 105 
of fission products, 67, 105 
of protons, 67 

Reaction cross sections, (n,p) for oxygen, values of, 

114 

(n,2n) values of, 114 

Reactivity, change of, perturbation calculation of, 
536 

coefficients of, 553-569 
definition of, 472-473 
direct temperature effect on, 556-564 
Doppler effect on 556 
effect of burn-up on, 565 
effect of concentration on, 564-569 
effect of density on, 554-555 
effect of fission products on, 566 
effect of flowing fuel on, 569 
effect of fuel content on, 429 
effect of gaps on, 614-615 
effect of pile boundary movement on, 556 
and importance, 473 
iterative method for finding, 474 
and period, effect of generation time on, 540 
and poisoning, effective value of, 567-568 
power coefficient of, 571, 581 
stationary expression for, 473 
temperature of, experimental values for lattices, 
601 

temperature coefficients of, for lattice piles, 
597-598, 601 
unit of, dollar, 553 
inhour, 552-553 

upper and lower estimates for, 453 
Reactor dynamics, 531-616 
and accidents, 574, 576-580 
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Reactor dynamics, and control servomechanisms 
591, 593-596 

and coupling to external system, 569-580 
and delayed neutrons, 531 
equations for, equivalent one-group space-inde¬ 
pendent form of, 533-534 
equations of motion for, 532 
space-independent one-group model, 531 
and generation time, 473-474, 533 
and heat sources, 570 
after shutdown, 597, 600 
and instability caused by xenon, 590-592 
Laplace transform method for, 536, 581-583 
linearization of equations for, 572-573 
solutions of, 578, 581-592 
and periods, 537, 548-549, 583 
and prompt rise, 537 

solutions of equations with constant k, 536-547 
solutions of non-linear equations for, 574-580 
solutions for step change in k, 540-547 
solutions for time-dependent k, 540, 548-552 
and stability, 571 

Nyquist criterion for, 586 
and transfer functions, 581-583 
of external system, 582-585 
measurement of, 586, 589-590 
roots of, 585-586 
and transport delay, 573 
and two-group bare thermal reactor, 534-536 
(See also Reactivity) 

Reactor oscillator, and absorption cross-section 
measurement, 43 

and resonance absorption integral, 52 
Reactor period (see Reactor dynamics) 

Reactor statics, theory and general results of, 
427-475 

Reactors, exponential (see Exponential pile) 
heterogeneous (see Lattice reactors) 
as neutron source, 16-18 
summary tables, 761-774 
(See also Homogeneous reactors) 

Reduced mass, 70 

Reflector savings, due to fast neutrons, 461 
due to thermal neutrons, 460 
for graphite lattices, 484 
for heavy-water-moderated reactors, 494 
for water lattices, 499, 500 
Reflectors, control by, 614 
effect of, 448 
elastic, 450-451 
inelastic, 453-455 

Relative biological equivalence, 6^1 
Removal cross section, of elements, 723 

effective (see Effective removal cross section) 
Resonance absorption integral, measurement of, 
51-52 

Resonance escape probability, 367, 480-482, 498, 
502-503, 520-521 
comparison of theories for, 373 
effect of temperature on, 557 
Fermi theory for, 402 
in finite homogeneous medium, 403 
improvements in, 410-411 
In infinite homogeneous medium, 402 
Resonance integral, 481 

effect of temperature on, 598, 601 


Resonance integral, effective, for thorium, 520 
for uranium, 497 

of uranium, effect of temperature on, 601 
values of, 497, 502-503 
Resonance neutron flux, 481-482 
Resonance scattering, 72-73 
Rocks, composition of, 746 
mass absorption coefficient of, 722 
physical properties of, 747 
Roentgen, 629-630 
Roentgen equivalent man, 631-633 
Roentgen equivalent physical, 631 
Roentgen-hour-meter, 632 
Rubber, composition of, 735 
mass absorption coefficients of, 722 
natural, atomic density of hydrogen in, 721 
physical properties of, 735 

s 

Samarium, production in fission, 569 
Sand, composition of, 724 

mass absorption coefficient of, 722 
Sandstone, composition of, 746 
mass absorption coefficient of, 722 
physical properties of, 747 
Scattering, angle of, 75 

angular distribution of, 78, 110, 135-141 
anisotropic, 77-78 

mean logarithmic energy loss for, 77 
slowing down by, 373, 375 
in center-of-mass and laboratory coordinate 
systems, 75, 134 
coherent, 79 
cross section for, 71-72 
Breit-Wigner formula for, 72 
elastic, 75-80, 110-111, 129, 134-145, 351-363 
average cosine of angle, 110 
capture, 82 

cross-section values for, 78, 110-111, 129, 
135-141, 351-363 
of gamma rays, 638 
isotropic, slowing down in, 367-375 
asymptotic solutions for, 370-374 
mean logarithmic energy loss for, 75 
values of, 110 

number of collisions to thermalize 2-mev 
neutrons by, 110 
Rayleigh, of gamma rays, 639 
probability of, 639 
incoherent, 79 

inelastic, 80-82, 112-114, 132-133, 146-151 
approximate formulas for, 81-82, 132-133, 
146-151 

neutron energy distribution, 80-81, 132-133, 
146-150 

total cross section, 81, 132, 151 
Compton, of gamma rays (see Compton scat¬ 
tering) 

effect on transport cross section, 79 
of gamma rays, 638 
slowing down by, 373, 375 
isotropic, 76-77, 110 
energy distribution from, 76 
mean logarithmic energy loss for, 76 
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Scattering, isotropic, mean scattering angle for, 76 
linear law of, effect on diffusion theory, 391 
quadratic law of, effect on diffusion theory, 391 
Scattering angle, mean square of, 387 
Schematic geometries, 653 
plane sources, 653 

flux calculations, 656-657 
point-collimated source, 653 
point-isotropic source, 653 
flux calculations, 656-657 
Secondary radiation, 646 
electrons, 646 
gammas, 646 

accumulation in lower portion of spectrum, 650 
critical spectral range, 654 
limited equilibrium of softer secondaries, 654 
Self-adjoint equations, 384 

Self-shielding, from resonance absorption, effect of 
temperature on, 55R 

Serber-Wilson method, boundary conditions for, 434 
for homogeneous reactors, 431, 433-434 
numerical results for, 434-442 
Shield materials, 715-752 
air, composition of, 741 
density of, 742 

mass absorption coefficient of, 721 
ammonia, atomic density of, 720 
mass absorption coefficient of, 721 
molecular density of, 720 
molecular weight of, 720 
physical properties of, 733 
barytes aggregate, composition of, 727 
barytes concrete, composition of, 726 
elemental composition of, 728 
physical properties of, 727 
barytes-limonite concrete, composition of, 728 
compressive strength of, 728 
density of, 728 

elemental composition of, 728 
boral, composition of, 750 

mass absorption coefficient of, 721 
physical properties of, 750 
boron coatings for metals, 748-749 
boron-containing, 748-751 
solubility of, 748, 751 
boron frits, composition of, 731 
boron frits-barytes concrete, composition of, 730 
compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
bricks, composition of, 742 

mass absorption coefficient of, 721 
physical properties of, 743 
cement, mass absorption coefficients of, 722 
colemanlte-barytes concrete, composition of, 730 
compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
colemanlte borated cement, composition of, 723 
physical properties of, 724 
composition of, 723-748 
compounds in, 720 
atomic densities of hydrogen in, 720 
densities of, 720 


Shield materials, compounds in, molecular densities 
of, 720 

concrete, descriptions of, 729 

mass absorption coefficients of, 722 
fuel oil, atomic density of hydrogen in, 721 
composition of, 733 
mass absorption coefficient of, 722 
physical properties of, 734 
gasoline, atomic density of hydrogen in, 721 
composition of, 734 
mass absorption coefficient of, 722 
physical properties of, 734 
glass, composition of, 743 

mass absorption coefficient of, 722 
physical properties of, 744 
granite, composition of, 746 

mass absorption coefficient of, 722 
physical properties of, 747 
iron, atomic density of, 717 
composition of, 744 

effective removal cross section of, 723 
mass absorption coefficient of, 718, 722 
physical properties of, 745 
iron-portland concrete, composition of, 730 
compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
lead, atomic density of, 717 

effective removal cross section, 723 
mass absorption coefficient of, 719, 722 
physical properties of, 746 
limestone, composition of, 746 
mass absorption coefficient of, 722 
physical properties of, 747 
lucite, atomic density of, 720 
composition of, 735 
mass absorption coefficient of, 722 
molecular density of, 720 
molecular weight of, 720 
physical properties of, 735 
lumnite, composition of, 731 
lumnite-colemanite-barytes concrete, composi¬ 
tion of, 730 

compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
lumnite-portland-colemanite-barytes concrete, 
composition of, 730 
compressive strength of, 732 
density of, 732 
description of, 729 
elemental composition of, 732 
masonite, atomic density of hydrogen in, 721 
composition of, 740 
physical properties of, 740 
mass absorption coefficients of, 721-722 
MO concrete, composition of, 725 
physical properties of, 726 
natural rubber, atomic density of hydrogen in, 721 
nuclear properties of, 716-722 
ordinary concrete, composition of, 725 
physical properties of, 725 
organic compounds in, atomic densities of hydro¬ 
gen in, 720 


787 



PHYSICS 


Shield materials, organic compounds in, boiling 
points of, 741 
densities of, 741 

mass absorption coefficients of, 721-722 
molecular weights of, 720 
paraffin, atomic density of hydrogen in, 721 
composition of, 736 
mass absorption coefficient of, 722 
physical properties of, 736 
physical properties of, 723-748 
plain cement, composition of, 723 
physical properties of, 724 
Portland cement, composition of, 723 
position of, 716 
properties of, 716-751 
rocks, composition of, 746 
mass absorption coefficient of, 722 
physical properties of, 747 
rubber, composition of, 735 

mass absorption coefficients of, 722 
physical properties of, 735 
sand, composition of, 724 

mass absorption coefficient of, 722 
sandstone, composition of, 746 

mass absorption coefficient of, 722 
physical properties of, 747 
selection of, 715 

stainless steel type 347, composition of, 747 
mass absorption coefficient of, 722 
physical properties of, 748 
structural, 716 

for suppression of capture gamma rays, 716 
types of, 715-716 
water, analyses of, 736 
atomic density of, 720 
molecular density of, 720 
molecular weight of, 720 
physical properties of, 737 
woods, atomic densities of hydrogen in, 721 
composition of, 738 

density of, and volume composition, 740 
mass absorption coefficients of, 722 
physical properties of, 739 
water content of, and relative humidity, 740 

Shields, gamma, 715 

heat generation in, 701-708 
neutron, 715 
optimization of, 709-713 
replacement length in, 710 
two-component, optimization of, 711 

Sigma pile, 52 

Slowing down, with absorption, boundary conditions 
for, in finite regions, 422-423 
Fermi approximation for, 409-410 
Greuling-Goertzel approximation for, 370, 

409- 410 

Hurwitz approximation for, 370 
improvements in resonance escape probability, 

410- 411 

Wigner approximation for, 370, 409-410 
by anisotropic scattering, 373, 375, 455-456 
approximation methods, for, 373, 375 
asymptotic solutions for, 371-372 
in deuterium, 370, 374 
for energy-dependent cross sections, 412 
for energy-independent cross sections, 450 


Slowing down, exact hydrogen solutions for, 369 
exact solutions for special sources, 373 
fluctuations near source energy in, 370, 373 , 375 
Gaussian, for uniform media, 456-461 
in graphite, 412, 413 
in heavy moderators, 369 
in hydrogen, 367, 369 
by inelastic scattering, 373, 375 
by isotropic elastic scattering, 367-375 
asymptotic solutions for, 370-374 
kernels for, 368 
Gaussian, 459 
synthetic, 368-370 
solutions for, 369 

mean length for measurement of, 50 
in mixtures, 370 

of hydrogen and heavy element, 370 
in multiplying medium, 412 
of neutrons, in crystal, 79 
with no space variation, 367-376 
basic equations for, 367 
in media of variable density, 367 
with space variation, 401-425 
treatment by symmetric kernel, 459 
in uniform media, 456-465 
(See also Group-diffusion method) 

Slowing-down density, in A1-H 2 0, 509 
asymptotic space dependence of, 412 
in beryllium, 507 

comparison of point and plane source solutions 
for, 412 

continuity equation for, 367 
deviations from Gaussian, 415 
equations for, in group-diffusion method, 418-419 
exact space dependence of, deviations from Gaus¬ 
sian distribution, 411-413, 415 
Fermi approximation for, 401 
in finite homogeneous medium, 403 
in graphite, 412, 505 
in heavy water, 504 
in H 2 0-Zr, 508 
in hydrogen, 412, 414-416 
moments of, 51 
without space variation, 367 
in water, 415, 422, 506 

Slowing-down length, and age theory, 402 
in group-diffusion method, for point source, 

421-422 

in hydrogen, 415 

Solid angle of radiation, 683-684 

Solubility of boron-containing materials, 748, 751 

Source strength, 632 

calculation of, inverse-square law for, 632 
platinum filter, 632 
radium source, 632 

Sources, anisotropic, 381 
of gamma rays, 637 
special, for exact solutions in slowing 
down, 373 

Spectral distribution, of Bulk Shielding 
Facility Reactor, 704 
of Los Alamos reactors, 704 

Spectrometer, gamma-ray, pair, 625 
scintillation, 625 

Spherical-harmonics methods, 396, 398-400 
boundary conditions at free surface, 399 


788 


INDEX 


Spherical-harmonics methods, expansion of cross 
section in, 377 
modified, 400 

P,-approximation in, 381-382 
validity of, 385 
P 2 -approximation in, 411 
Pj-approximation in, 398 
P n -approximation in, 381 
P 2n _,-approximation in, 398 
solutions for isotropic source, in slab ge¬ 
ometry, 398 

in spherical geometry, 399 
solutions for slab geometry, 396 
solutions for spherical geometry, 396 
use in one-velocity theory, 381 
Wick’s method, 400 

Spin, nuclear, values for ground state of stable 
nuclei, 63, 158-350 

Spruce, atomic density of hydrogen in, 721 
composition of, 738 
physical properties of, 739 
Stainless steel, type 347, composition of, 747 
mass absorption coefficient of, 722 
physical properties of, 748 
SUPO (see Los Alamos Water Boiler) 

Symbols, kinetic-theory, 366 

T 

Telegrapher’s equation, 390 

in time-dependent diffusion theory, 385 
Thermal column, neutron distribution in, 18 
Thermal neutrons, in capturing medium, 375 
diffusion of, 423-425 

with energy-dependent cross sections, 425 
with energy-independent cross sections, 
424-425 

hardening of, 49 

‘‘hardening” of velocity distribution, 375 
Maxwell-Boltzmann distribution for, 375, 

376 

in noncapturing medium, 375, 376 
(See also Neutron flux, thermal) 

Thermal Test Reactor, 771 
Thermal utilization, temperature dependence 
in lattice piles, 601 

Thorium, effective resonance integral for, 520 
Thorium 232, delayed-neutron data for, 109 
Threshold detectors, 33-35 
Time-of-flight spectrometer, 19-21 
properties of, 20 
resolution of, 19 

Transformations, shielding, for exponential 
attenuation with unitary or linear 
build-up, point to line, 687 
slab shields, 689 

for partly specified attenuation functions, 
681-684 

source on plane surface, 683-684 
source on quadric surface, 681-682 
for simple attenuation functions, 684-692 
for unspecified attenuation functions, 

678-681 

infinite plane to point, 678 
plane to cylinder, 681 


Transformations, shielding, for unspecified attenua¬ 
tion functions, plane disk to infinite plane, 679 
plane disk to point, 679, 680 
plane to sphere, 679, 681 
point to infinite plane, 678 
point to plane disk, 678 
Transport equation, asymptotic solution of, 

386 

for anisotropic scattering, 387 
exact solutions of, by Fourier transform, 386 
for isotropic scattering, 386-388 
plane sources, 386 
point sources, 386 

separable solution of, for anisotropic scat¬ 
tering, 387 

Transport kernel (see Kernel, transport) 

Transport mean free path for weakly absorbing 
media, 382 

Transport theory, attenuation constant of, 386, 387 
for anisotropic scattering, 387 
approximation for, 398 
boundary conditions in, 390 
correction to diffusion theory, 382 
end-point method in, 400-401 
extrapolation length in, 391 
Fourier transform in, 400 
kernels for, 380 

results applied in diffusion theory, 389 
(See also Boltzmann equation) 

Two-group theory, 465-469 
critical equation for, 466 
matrix method for, 466 

u 

Unshielded sources, cosine, 689 
isotropic, 689 
volume, plane-limited, 689 
Uranium, resonance integral of, effect of tempera¬ 
ture on, 601 

thermal data for, 478-485, 487, 495-503, 516-528 
Uranium 233, delayed-neutron data for, 109 
Uranium 235, delayed-neutron data for, 109 
fission of, energy distribution in, 110 
Uranium 238, delayed-neutron data for, 109 

V 

Variational methods, for Boltzmann equation, 380-381 
for buckling, 443, 445 
for diffusion theory, 384 
for water-moderated reactor, 462 
Voids, gamma-ray attenuation by, 698 
neutron attenuation by, 698 

w 

Water, analyses of, 736 
atomic density of, 720 
boration of, 748 

comparison of slowing-down theories for, 422 
heavy, reactors moderated by, reflector savings 

494 
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Water, heavy, reactors moderated by, slowing-down 
density in, 504 

(See also Deuterium and Heavy-water system) 
lattices moderated by, 484, 499-501 
metal mixtures in, age for, 486 
molecular density of, 720 
molecular weight of, 720 
physical properties of, 737 
reactors moderated by, critical mass of (see 
Critical mass) 

slowing-down density in, 415, 506, 508, 509 
Water boiler reactors, 477, 488 
critical-mass data for, 488 
Water lattices, age of, 501 
buckling for, 499, 500 
cadmium ratio for, 500 
diffusion length for, 501 
material buckling for, 501 
multiplication factor for, 501 


Water lattices, reflector savings for, 499, 500 
Watt s formula for fission neutrons, 621-622 
Woods, composition of, 738 
density of, and volume composition, 740 
mass absorption coefficients of, 722 
physical properties of, 739 
water content of, and relative humidity, 740 


X 

Xenon, build-up after shutdown, 597-599 
concentration in reactors, 566-567 
formation in fission, 567 
poisoning, effective value of, 568 
equilibrium value of, 566-567 
power coefficient for, 590 
power instability of, 590-592 
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